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Abstract

Let f(z) = 2" + (an—1t + by—1)z" L+ - + (agt + by) be of constant degree n > 2 in x
and degree < 1 in ¢, where all a;, b; are randomly and uniformly selected from a finite
field [, of ¢ elements. Then the probability that the Galois group of f over I, () is the
symmetric group S,, on n elements is 1 — O(1/q). Furthermore, the probability that
the Galois group of f(x) over F,(t) is not S, is > 1/q for n > 3 and > 1/q — 1/(2¢?)
for n = 2.

1. Introduction

Let n be an integer constant > 2. The van der Waerden conjecture states that

n—1
Prob (Galois group over Q of z" + Z a;z" is not the symmetric group S,
i=0
1

| a; € Z and |a;| < H) =0(=).

H

n—1
Prob (Galois group over Q(t) of 2" + Z(ait + b;)z" is not the symmetric group S,
=0
1
| ai’bi € Z and ‘al, S H7 |bl‘ S H) = O(m)

(1)

In [Bhargava 2021] there is the first proof and an extensive bibliography; see also [Anderson,
Gafni, Oliver, Lowry-Duda, Shakan, and Zhang 2021].
asymptotically sharp: for ag = 0 all polynomials are reducible and have a smaller Galois
group. From (1) one can derive (see Section 3) the following function field analog:

Note that the probability (1) is

(2)
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Again, the probability (2) is asymptotically sharp. Here we consider the coefficient field F,(t)
where F, is a finite field with ¢ = p* elements, for £ > 1 and the prime characteristic p > 2.
We prove that

n—1

Prob (Galois group over F,(t) of 2" + Z(ait + b;)z" is not the symmetric group S,
i=0

1
| CL“bi - Fq> = 0(5) (3)

Again the probability (3) is asymptotically sharp: the probability that GCD(A(z), B(x)) # 1
for A(z) = 3.1 a;at and B(z) = 2™ + 3.1 bix’ is exactly 1/q (see, for instance, [Benjamin
and Bennett 2007]), so at least ¢>*~! polynomials 2" + """ (a;t + b;)2’ have smaller Galois
group. Note that the Galois group of a polynomial of degree n > 3 in F,[z] is not the
symmetric group S,. For n = 2, one subtracts the (¢*> — ¢)/2 irreducible 2% + byx + by at
ay = ag = 0 from the count.

2. Proof of Probability Estimate (3)

Let K be a field and f(z) € K[z] be a polynomial, not necessarily irreducible, over K of
degree n with leading coefficient = 1. A splitting field N = SFk(f) of f over K is constructed
by a tower of fields

LOIKCL1CL2C"'CLg:N, Lz:szl[y'L]/(ng/z)); i:1,2,...,€, (4)

where yy, . .., yp are fresh variables and where g;(z) € L;_[z] is an irreducible factor in L;_[z]
with deg,(g;) > 2 of

e f(x) .
f(z)ifi=1 and R R rE—— €Liqf[z]ifi>2. (5)
At index ¢ we have f(z) = (x — ay) -+ (z — a,) for a; € N. All fields N constructed in the
manner (4) are isomporhic with an isomorphism that is the identity function on K. Note that
for all 1 < i < ¢ the fields L; are the quotient rings K[y, ..., y;] modulo the triangular set
91(y1), g2(y1,92), - -, gi(y1, - .., y;) over K. Arithmetic in L; is done recursively as univariate
polynomial residue arithmetic in L;_1[y;]/(gi(vi)). By (4), N =SF,(f) forall 0 <¢ < {¢. The
Galois group I'njk of f(x) over K is the group of all field automorphisms ¢: N — N with
Y(a) = a for all a € K. Each automorphism ¢ uniquely permutes the distinct roots of f:
Y(a;) = azq), and if f(x) is separable, which means all roots are distinct: a; # «; for all
1 <i<j<n,then 7 € S5,, where S, is the symmetric group of permutations on 1,...,n,
and all permutations 7 form a subgroup.
In [van der Waerden 1940, Section 61] the permutations 7 in the Galois group of a
separable polynomial f over a field K are characterized as follows.

Theorem 2.1. Let f(z) = [[/_,(z — o) € K[z] where a; € N = SFk(f) with «; # o for all
1 <1<y <n, and let

F(zyuy, ... up,) = H (z — (iag(i)ui» € Klz,up, ..., upl. (6)
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Furthermore, let Fy be an irreducible factor of F in Klz,uy, ..., u,] such that z— (31 au;)
1$ a factor of Fy over N. Then the permutations T in the Galois group of f over K are exactly
those permutations such that z — (37, c-(yw;) is a factor of Fy.

Note that the assumption that the roots a; of f are distinct is a necessary condition. Let
K=T(t) and f(z) = 2%+t = (z+1)%. Then F(2) = (2 + uivVt +ugVt)? = 2% + 12t + udt,
which is irreducible over Fy(t)[z, u1, us], but the Galois group of f(x) over Fy(¢) has a single
element. Because x? +t is irreducible in F,(t)[z], it is squarefree in F,[z,¢] but not squarefree
(inseparable) over the algebraic closure of F,(t).

For generic polynomials the Galois group is the full symmetric group for all fields.

Theorem 2.2. For the generic polynomial fI¥! = :E”—I—Z?:_()l v 2 over Kl = K(vg, ..., 0,1)
the polynomial F! corresponding to (6) is a separable polynomial in z, hence OF™ [0z # 0,
and an irreducible polynomial in K[z, u1, ..., Up, Vo, ..., Vn_1], for all fields K.

Classically, one uses the Hilbert Irreducibility Theorem to count for which evaluations
of the v; at values in K one preserves irreducibility of F' [Kobloch 1956]. For K = T, (¢) we
can use our effective Hilbert Irreducibility Theorems [Kaltofen 1985, 1995]. We have the

following theorem.

Theorem 2.3. Let F(Xy,...,Xn) € K[X1,..., X, K a field, have total degree § and be
irreducible. Assume that OF/0X,, # 0. Let S C K be a finite set, and let as, ..., apm_1,
by, ..., b1 be randomly and uniformly sampled elements in S. Then the probability
Prob <F(b1, by, ... bm—1,2) € K[z] is of degree degy (F) and has discriminant # 0
. L 48 20
and F(t + by, ast + by, ..., a1t + by 1, 2) is irreducible in K[t, Z]) >1— W7 (7)
where |S| is the number of elements in the set S [Kaltofen 1985, Theorem 2 and its proof].

We apply Theorem 2.3 to
F[U}(z,ul, e Uy U0y ey Up1) € K(ugy ooy up) 2,00, -+ o U], (8)

which is defined above for the generic f*/(z). The leading coefficient of Fl in z is = 1
and FI! is irreducible over K(ug,...,u,). We have for randomly and uniformly sampled
Aty ... Qp_1, bo,..., b1 €S CTKCK(uy,...,u,) and

m(z,ul, . ,un,t)d:efF[”](z,ul, ce U, t+boyart + by, an gt 4 by q) 9)

the probability estimate

Prob (the discriminant of m(z, Uy, ..., Uy, t) in the variable z is # 0 and

461 90"

EI

m(z, UL, ..., Uy, t) is irreducible in K[z, uq, ..., uy, t]> >1-—



where 6" is the total degree of FI* in z vy, ..., v, 1. All polynomials f(z) = 2™ + (a,_1t +
bp_1)2" 1 + -+« + (agt + bo) for which FI!)(z, uy, ... u,,t) is irreducible and separable, the
latter of which implies that f(z) is separable, have Galois group S, over K(t). Because n is
a constant, 8l is a constant. For the actual probability estimate (3) we can set K = S =
F, and t = t/ag and multiply the probability (10) by (1 — 1/|S]) for ag # 0. The more
specific evaluation X; = ¢+ b; in Theorem 2.3 strengthens our effective Hilbert Irreducibility
Theorem.

3. Remarks

Better estimates than (7) in terms of the degree for the effective Hilbert Irreduciblity Theo-
rems for function fields are possible. An estimate 1 — O(deg(F)*/|S]) is in [Kaltofen 1995]
for perfect fields K, which includes all [F,.

The estimate (2) follows from (1) by counting the irreducible F(z uy, ..., u,) for v; =
a;+1tb; with integers bounded by |a;| < H and |b;| < H and the variable evaluation t = 2H +1
which implies |v;| < 2H? + 2H, with (2H + 1)? values for each v;. The count implies that
GCD(a™ + 3277 agat, 3210 bia’) # 1 occurs with probability O(1/H?) for fixed n.
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4. Appendix

The norm normy,k(5(y1,-..,%)) of an element B(y1,...,y,) € N over K, where N is the
splitting field (4) of a possible inseparable polynomial f, is defined recursively:

k
normy,_, /k (Hﬁ(yl, e ,ye_l,%)> €K ge(x) =(x—m) - (x =) € Ny = ye. (11)

j=1

g

1
normy i, (B(y1,--ye))ELe—1

The definition (11) extends to the rational function fields N(X7, ..., X,,) over K(X1,..., X,,),
where we have the following theorem.

Theorem 4.1. Let G € N[ X1, ..., X,,] be an irreducible polynomial over N, where N is the
splitting field (4) of a not necessarily separable polynomial. Then normy(G) = H* where
H e K[X,...,X,,] is irreducible over K and k > 1.

Proof. Suppose normyk(G) = HiH, with Hy, H, € K[X,,...,X,,] and GCD(H,, Hy) = 1.
Note that relatively primeness as an arithmetic property over K remains valid over N. Now
suppose that G(X1,..., X, ¥1,-..,¥¢) is an irreducible factor of H; over N. By definition
(11) there exist roots v; € N of g;(x) such that G(Xq,..., X, 71,.-.,7) divides Hy over
N. The field N is isomorphic to K(y1,...,7) by ¥: y; — 7; and ¥(a) = a for all a € K,
so G(Xq,..., X0, 71, -+, ve) divides (Hy) = Hy over N, which contradicts that Hy, Hy are
relatively prime. [J

Note that for 3 € N we have normyk(z — 3) = h(x)* where h(z) € K[z] is the irreducible
minimum polynomial with A(3) = 0, which means that normyk(53) is k-th power of the
product of all conjugates of 8 over K, which are the roots of A with multiplicities. For
a separable polynomial f(z) and 8 € N = SFk(f), we have normy/k(3) = H%FN/K »(B),
where I'y/k is the Galois group as a group of field automorphisms.

Proof of Theorem 2.1. Let Fy = (z — (3, &yu;))G1 with Gy € N[z, uq,...,u,]. Then
Fo=y(F) = (z = (X1, ¥(a)w)) »(Gy) for all ¥ € Iyk. Because f is separable all
Yo (oi)u; are distinet, and therefore all z — (3.1 ¥(ay)u;) divide Fy over N, whose
product is the norm in the splitting field N(z,uq,...,u,) of f(x) over K(z,uq,...,u,), and
therefore € K[z, uq, ..., u,]. O

Second proof of Theorem 2.1. By Theorem 4.1 the norm of z — Y1 | cu; is H(z,up, ..., u,)"
with H irreducible in K[z, uy, ..., u,]. The norm’s discriminant in z is # 0 because the roots
are distinct, which implies £ = 1. [

!Note that normy,_, (B(y1,- .-, ye)) is the Sylvester resultant of g¢(x) and B(y1, ..., ye—1,7) with respect
to the variable z.



Proof of Theorem 2.2. First, fIl(x) is separable in x because it is irreducible over K and
its derivative with respect to z is # 0. The univariate polynomial discriminant is a non-zero
polynomial in the coefficients over fields of all characteristics, which is # 0 for exactly the
separable polynomials. Therefore, F"! is also separable in z implying that OF /92 # 0.

Let [T, (x —wi) = 2" 4+ epq(wr, ... ,wp)z"t + -+ eg(wr, ... wy,) € Klz, wy, ..., wy),
where e; are plus/minus the (n — i)’th elementary symmetric functions in fresh variables
wi, ..., w,, and let F’! be FI' evaluated at v; = e;(w1, ..., w,). We have FI"l = [T es, (z —
Yo We(iyt;). Now let Fl[v] be an irreducible factor of F in K[z, uy, ..., un, vo, ..., Un_i]
and let I} be Fl[v] evaluated at v; = e;(wy,...,w,). Then by definition of FI!, there is
a permutation 7 € S, such that z — (wyayur + -+ + W)Uy, divides F, with co-factor
G1 € Klz,ug, ..., up,wy, ..., w,]. Permuting the w;’s in that factorization of F; does not
change F; and shows that z — (wa(l)ul + - 4+ wa(n)un) divides F; for all permutations
o € S,. Therefore F| has degree n! in z. [J



