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Abstract

We evaluated six algorithms for computing egomotion
from image velocities. We established benchmarks for
guantifying bias and sensitivity to noise, and for quanti-
fying the convergence properties of those algorithms that
require numerical search.

Our simulation results reveal some interesting and sur-
prising results. Firdt, it is often written in the literature
that the egomotion problemis difficult because trandation
(e.g., along the X-axis) and rotation (e.g., about the Y-axis)
produce similar image velocities. We found, to the con-
trary, that the bias and sensitivity of our six algorithmsare
totally invariant with respect to the axis of rotation. Sec-
ond, itis also believed by some that fixating helps to make
the egomotion problem easier. We found, to the contrary,
that fixating does not help when the noise is independent
of the image velocities. Fixation does help if the noiseis
proportional to speed, but thisis only for thetrivial reason
that the speedsare slower under fixation. Third, itiswidely
believed that increasing the field of view will yield better
performance. We found, to the contrary, that this is not
necessarily true.

1 Introduction

Thefield of computer vision haswitnessed abewildering
array of approaches to the fundamental problem of com-
puting three-dimensiona camera motion from the motion
mesasured in the image plane. But systematic, quantitative
comparisons of methods for the computation of camera
motion have not been reported in the computer vision liter-
ature.

Our study is donein simulation because we want to be
sure about the data, and because simulation makes it trivial
to change one parameter at atime. For example, we report
interesting conclusions about the effect of increasing field
of view. This effect isrelated rather subtly to image reso-
[ution. The difficulty of carrying out such an investigation
with real cameras should be obvious.

Systematically spanning the Cartesian product of al pa
rameter intervalsisbothinfeasibleand hardly enlightening,
S0 we concentrate here on an interesting subset of our sim-
ulation results. For similar reasons, we only compare a
handful of algorithms. We picked methods based on how
different their underlying principles are, rather than for
their popularity or for the sake of exhaustiveness. If your
favorite agorithm is not listed here, we hope that you will
find in our comparison one whose general computational
strategy issimilar. Again, our goa isinsight, not ranking.
As a matter of fact, perhaps the clearest conclusion from
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our comparison is that agorithms cannot be ordered from
worst to best. All the methods we have considered have
strengthsin some situations and weaknesses in others.

Our code (Matlab implementations of the algorithms
themselves, and Matlab i mplementations of the simulation
code) and all of our simulation resultsison the World Wide
Web at URL http://white.stanford.edu. If you believe that
your favorite agorithmis better in some respect, then you
will be able to run the very same set of simulations for
direct comparison.

2 Methods

2.1 TheProblem

Asacamera moves with respect to arigid scene, theim-
age changesover time. Thegoa of egomotion computation
isto estimate 3d motion from a sequence of images. Tech-
niques for computing egomotion from image sequences
can be categorized either as discrete-time methods or as
instantaneous-time methods, depending on whether input
isimage displacement or image velocity. In this paper, we
concentrate on instantaneous-time a gorithms.

The image velocity, due to the motion of a camerawith
respect to arigid scene, and under perspective projection,
is given by the following familiar equation:

u(x):[(]j 9 :i;](%—l—ﬂxx). (1)

Here u(x) is the image velocity at image position x =
(z1,2,1)", T istrandationa velocity, € is rotational ve-
locity, 7 isdepth, and thefocal lengthistaken (withoutloss
of generality) to be 1. The egomotion problem is to esti-
mate the 3d motion, T and €2, from acollection of vel ocity
vectors sampled at some (perhaps all) image positions.
2.2 TheAlgorithms

Brussand Horn: Brussand Horn [1] applied asimple
algebraic manipulation to remove depth from Egn.1 and
obtained a bilinear constraint on T and €} for each image
pixel. Later MacLean and Jepson [10] derived exactly the
same hilinear constraint (by applying a different algebraic
manipulation), and expressed it as follows:

Tix xux)+ (T xx)'(xxN)=0 (2)

We chose the following method for using the bilinear con-
straint to estimate T. From the bilinear constraint, aleast-
squares estimate of rotation can be obtained as a function
of trandation T. Substituting this rotation estimate back



into the bilinear constraint gives a nonlinear constraint on
trandation, T. We estimated translation by minimizing
thi|s n|on|inear congtraint over all image velocities subject
to|T| =1

As we will see, thisagorithm performed quite well in
many of our simulations. However, a disadvantage of this
algorithmisthat it requires numerical optimization.

Jepson and Heeger: Rieger and Lawton [16] proposed
a method based on motion paralax. If two 3d points have
the same imagelocation but are at different depths, thenthe
vector difference between the two flow vectors is oriented
toward the focus of expansion (FOE). The Rieger-Lawton
algorithm locates the FOE from the loca flow-vector dif-
ferences. Hildreth [5] later modified the Rieger-Lawton
algorithm to improve its performance. But a problem with
both of these agorithmsisthat it is particularly difficult to
mesasure flow vectors near occlusion boundaries.

Motion pardlax is, fortunately, more generd than the
constraint used by Rieger and Lawton. Prazdny [15], for
example, noted that the difference between any two (not
necessarily adjacent) flow vectors gives a constraint on
trang ation, independent of rotation.

Jepson and Heeger built upon these previous effortsand
proposed a series of subspace methods for estimating ego-
motion [4, 6, 7]. The simplest of these is the so-called
linear subspace method [6, 7]. Given optica flow sampled
a N discretepointsintheimage, x*, k = 1--- N, onecan
construct aset of constraint vectors, 7;:

N

T = Z cik[u(xk) x x*] (3

k=1

such that the r; vectorsare orthogond to T, i.e., ;- T = 0.
Thetrickistochoosec; = [¢;1- - - ;]! to beorthogonal to
al quadratic polynomiasof =¥ and =5. This choicefor the
¢c; vectors effectively annihilates the rotational component
of the image velocities. For N image velocity samples,
there are N — 6 7; congtraint vectors. The estimate of T
isthe eigenvector corresponding to the smallest eigenvalue
of Z}"TZ’TJ.

The advantage of the linear subspace method is that T
is computed directly without requiring iterative numerical
optimization. The disadvantage is that this method does
not make use of all of the available information (N — 6
linear constraintsversus N bilinear constraints).

Tomas and Shi: Tomasi and Shi [18] developed a
method that uses motion parallax information in a rather
different way. Their method estimates trandation T from
image deformations, defined asthe change « in the angular
distanceor = arccos(x’ - x’ ) between pairs of image points
x*, x? asthe camera moves.

Sincetheimage deformationsare independent of camera
rotation, one can derivethefollowing bilinear constraint on
T and the two depth values Z(x*), Z(x7):

& = sna[Z(x'), Z(x"), 0[x}, x/, w]~TT

wherew® = (x" x x7)/||x" x x?||.

The combined hilinear constraints for a subset of al
possi ble point pai rs were minimized and solved for T using
thevariableprojection method [17] ontheunit sphere|T| =

1. The minimization involves solving for 3 trandation
parametersand N depth parameters, where NV isthenumber
of points. When N islarge, this algorithm is much more
expensive than our implementation of the Bruss and Horn
algorithm, which solves for only 3 parameters.

Prazdny: All of the algorithms discussed so far begin
by estimating T. Onceit isknown, T can be plugged back
into Eqn.2 to estimate 2. Prazdny [13] proposed an ago-
rithm that instead estimates rotation first. From atriple of
image points, the following constraint on rotation parame-
ters (independent of tranglation and depth) was derived by
algebraic manipulation on Egn.1:

n3~(n1><n2)20

wheren; = (2 x s; +v;) X s;, and s; and v, denoteimage
coordinateand vel ocity at unit spherica retina, respectively,
(:=1,2,3).

In Prazdny’s origina implementation, these constraints
were combined localy and three third-order polynomia
equations of three unknowns were solved numerically. In
our implementation, we combined al of the constraints
throughout the image. Each triple of points came from
atriangle of the Delaunay Triangulation of al the points.
Wefound, however, that different triangulationsresulted in
inconsi stent estimates, so we decided to use afixed uniform
sampling gridin order tofix the triangulation. The simplex
method was used to do the optimization.

Kanatani A: The so-called epipolar constraint serves as
the basis for severd linear discrete-time egomotion ago-
rithms[9, 19, 3, 20]. Let X and X’ bethepositionsof asur-
face point before and after acameramotion. Therigid mo-
tion constraint relates these two positions, X’ = RX + T,
where R isarotation matrix and T is atrandation vector.
The epipolar constraint statesthat the vectors (RX), T and
X’ dl lieinthe same plane.

Sinceimage velocity istheinfinitesimal limit of afinite
image displacement, there is an instantaneous-time ver-
sion of the epipolar constraint [11, 22, 8]. Based on this
instantaneous-time epipolar constraint, Zhuang, Thomas,
Ahuja, and Haralick [22] proposed a linear algorithm for
egomotion estimation. Kanatani [8] later reformulated
the instantaneous-time epipolar constraint in terms of es-
sential parameters and twisted flow (a rotated version of
the velocity vector). Since Zhuang et d.'s algorithm and
Kanatani's algorithm are equivalent to one another, we
chose Kanatani’s algorithm as representative for this class
of algorithms.

Kanatani B: Least-squares estimates of T are, as we
shall see, systematically biased. Kanatani [8] analyzed the
gtatistical bias using a simple Gaussian noise model, then
proposed a method (called the renormalization method)
that removes the bias by automatically compensating for
the unknown noise.

Summary: Altogether the six agorithms that we have
chosen differ from one another in a variety of ways. al-
gorithms that compute trangd ation-first versus those that
compute rotation-first, algorithms that do and do not re-
quire numerical optimization, algorithms that do and do
not attempt to compensate for bias, and agorithms based
on motion parallax versus those based on the epipolar con-
straint. We will concentrate on these differences between
the a gorithms when interpreting the simulation results.



2.3 Simulation Methods

In al of the smulations, the focal length was set to
1. All other distances and sizes were specified in units of
focal lengths. A random cloud of pointswas placed in the
simulated 3d space in front of the ssimulated camera. The
depth range was 2 to 8 (in units of foca length). Unless
otherwise stated, the entire image subtended 90 degrees
of visua angle. Various combinations of translation and
rotation were chosen (see below) and Eqn.1 was used to
compute the image velocities.

Zero-mean Gaussian noise of various amounts was
added to each component of each velocity vector. We
used two noise modelsin which: (1) the standard deviation
of the noise was independent of image velocity, or (2) the
standard deviation was proportional to the average speed,
averaged across the entire image and averaged across dl
possible depth vaues (since the depth val ues were chosen
randomly). For most of the simulations, unless otherwise
stated, thefirst (constant) noise model was used. The noise
level can be specified either in units of foca length or in
units of pixels. A noiselevel of 0.1 pixels, for example,
means that the standard deviation of the Gaussian noisewas
0.1 pixelsinab12 x 512 image.

The default trandational speed was chosen as follows.
We considered a camera trandating along the X-axis and
rotating around the Y-axis with afixed (see below) angular
velocity. We then picked the point a the center of theran-
dom depth cloud and chose the trangd ational speed so that
the camera would fixate on that point. We used this same
trangd ational speed even when we varied the trand ation di-
rection and/or therotation axis. The rotation rate was fixed
(0.23%frame) in our experiments.

For most of theal gorithms(except Prazdny’salgorithm),
we used sparse flow data (50 randomly chosen sample
points). For Prazdny’s agorithm, we found that different
triangul ationsresulted in inconsistent estimates, so we de-
cided to use afixed uniform (7x7) sampling grid of sample
pointsin order to fix the triangulation.

24 Benchmarks

We aimed to study the bias and noise-sensitivity of the
estimates for noisy flow data. The bias and the sensitivity
were measured as the mean and the standard deviation of
the estimates over a number of trials. One-thousand trias
(each with 50 velocity vectors) were performed for each
simulation condition.

Trangl ation bias was computed for each simulation con-
dition as the angle between the true trandation direction,
T, and the “average” of the 1000 estimated translation di-
rection vectors, T;. The “average’ vector, T, was chosen
to be the unit vector that was closest (measured in angular
units) to the 1000 estimates. In particular, T was chosen to
minimize;

> cosTHT; - T), (4)

subject to | T| = 1, and where N' = 1000.
Trang ation sensitivity was computed as.

J 1> [eos (T - T (5)

n=1

whichisthestandard deviation of the distribution of angles
between each estimated trandation vector and the “aver-
age” vector.

To quantify rotation bias, we first computed the average
of therotationestimates. Rotationmatrices, R.and R, were
constructed from the true sol ution and the average estimate,
respectively. The “difference rotation” matrix was defined
as. AR = R!'R, that is, the rotation matrix that takes
the average estimate to the true solution. This “difference
rotation” matrix AR. can be characterized by an axis and
an angle. We used the angle of the “difference rotation”
matrix as our measure of bias. Thisangleiscomputed from

ARt s Tr(AR) — 1
r —
oot [T 1]

where Tr(AR) isthetrace of the matrix.
Rotation sensitivity was quantified as follows. Rotation

matrices, R;, were constructed from each rotation estimate.
A rotation matrix, R, was computed as above, from the
average of therotation estimates. We computed the angular

difference, 6; between R; and R for each i, usi ngtheabove
formulae. Then rotation sensitivity was computed as:

\ 7D 0 (7)

the standard deviation of the angular differences.

For agorithms that involve nonlinear optimization
(search), we used the correct solution as the initial guess
to study bias and sensitivity. In addition, we tested the
convergence behavior of these algorithms by using initial
guesses distributed uniformly in the parameter space.

3 Reaults

Trandation Direction and Rotation Axis. We found
in an extensive series of preliminary simulations (data not
shown) that the axis of rotation had absolutely no impact on
bias and sensitivity of these algorithms. For example, we
ran oneset of simulationswith rotationabout the Y-axisand
another set of simulations with rotation about the Z-axis.
We used the same random number seed to choose the depth
values and the velocity noise. The trandation estimates,
on each individual trial, were exactly the same, regardless
of rotation axis. At first, we found this quite surprising; it
is often written in the literature that the egomotion prob-
lem is difficult because trandation (e.g., dong the X-axis)
and rotation (e.g., about the Y-axis) produce similar image
velocities. In retrospect, however, this result is not at all
surprising. The five trand ation-first algorithms were each
designed to eliminate rotation (by agebraic substitution,
subspace projection, etc.).

In a preliminary set of simulations we also evaluated
two other trand ation-first algorithms[14, 16] that were not
designed to entirel y/exactly eiminaterotation; the biasand
sengitivity of these algorithms did depend on the rotation
axis.

Since the performance of our six algorithmsisinvariant
with respect to the rotation axis, we plot results for only a
singlerotation axis. Figure 1 plotsbias and sensitivity, for
sidewaystrangd ation.

(6)
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Figure 1: Bias and sensitivity for sideways trandation and
X-axisrotation.

The performance of all six algorithms does, however,
depend on trandation direction. For all six agorithms,
trangd ation biasis smaller when the Z-component of trans-
lation is zero. Trandation sensitivity also depends on the
Z-component of tranglation, but not systematically. Some
algorithms perform better and some worse for trandation
in the X- versus Z- directions.

Fixation: Figure 2 shows the tranglation sensitivity for
fixating and non-fixating camera motions, as a function of
noise. The trandation was along the X-axis and rotation
was either clockwise or counter-clockwise about the Y-
axis. For the constant noise modd (a and b), these two
motionsyield exactly the same sensitivity even though the
average speed differs by afactor of four (in fact, the data
are identical in figures 2a, 2b, and 2c). When the noise
is proportional to average speed (c and d), fixating yields
much lower sengitivity.

This effect, however, has to do entirely with the noise
model, not the algorithms. Fixating resultsin slower image
velocities. When the noiseis proportional to image speed,
thisresultsin less noise. The first (constant) noise model
is probably more representative of the behavior of most
optical flow/feature tracking algorithms.

Fidd of View: Figure 3 shows the effect of varying
the field of view (FOV). Results are shown only for the
Jepson-Heeger (linear subspace) algorithm, but the conclu-
sions are the same for al six algorithms. Increasing the
FOV but fixing the number of pixels amounts to decreas-
ing image resolution (that is, increasing the pixe size).
There is a tradeoff between these two factors; increasing
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Figure 2: Trandation sensitivity for fixating motion (a and
¢) and non-fixating (b and d) motions, as a function of
noise. In (a) and (b) noise is independent of the image
velocities, expressed in units of pixels, foca length, and as
a percentage of the average speed of flow field. In (c) and
(d) noise is proportiona to the average speed of the flow
field. Sensitivity of Jepson-Heeger and Kanatani-A in (d)
goes down for large noise because trandation bias is close
to 90°.

the FOV helps, but decreasing the image resolution hurts.
We found that for sideways trandation, the benefits typi-
cally outweight the drawbacks and you end up better off.
But for straight-ahead trand ation, increasing the FOV typ-
ically yields worse results. Therefore, trying to increase
the FOV simply by replacing the lens with one that has a
shorter focal lengthis, in general, abad idea.

To take advantage of the benefits of increasing field of
view, one must also pay attention to image resolution. Ob-
vioudly, itisimpractical to replace the CCD chip each time
you switch lenses. But for some applications, it may be
possibleto take advantage of wide FOV without losingim-
age resolution. In particular, there has been much interest
recently in producing a panorama from a sequence of im-
ages, eg., collected by rotating a camera about its nodal
point [2, 12]. Such panoramas have both high resolution
and wide FOV, and are, therefore, ideally suited for ego-
motion estimation. We have found that the performance
of the Jepson-Heeger (linear subspace) a gorithmimproves
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Figure 3. Trandation bias and sensitivity of the Jepson-
Heeger linear subspace method as a function of field of
view for straight ahead trand ation and rotation around the
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dramatically for very wide FOV (180 deg or wider).

Convergence: We also examined theconvergence prop-
ertiesof theegomotionalgorithmsthat requirediterativenu-
merical search (Brussand Horn, Tomasi and Shi, Prazdny).
In preliminary simulations we found that Prazdny’s algo-
rithm requiresavery closeinitia guess, becauseit involves
optimizing asystem of third-order polynomia sof threeun-
knowns. We did not study the convergence properties of
that algorithm further.

For the other two (Bruss and Horn, Tomasi and Shi)
algorithmswe performed an extensive seriesof simulations.
Noise-free data was used. We densely sampled the unit
hemisphere space of trandation direction, and started a
search from each trandation sample. This gave us a set of
trandation estimates. We then chose a set of bins on the
unit hemisphere, with binsize proportiona to the angular
distance from the correct solution, and counted the number
of estimates that fell into each bin. Although there was no
noise added, we ran 50 trials with different random-cloud
depth structures. For each of the 50 depth structures, we
started searches from each of 78 initia guesses, for atota
of 3900 searches. Idedlly, we would like there to be only
one (global) minimum. We found, for both a gorithms, that
there are multiple local minima, but not many (typicaly,
fewer than 5).

We proceeded to study where these loca minima are
located with respect to the correct solution. For straight
ahead motion, the Bruss and Horn a gorithm nearly always
converged to the correct solution. For sideways motion,
this algorithm converged to the correct solution about 50%
of the time (over al random depth clouds and over all
initial guesses). Therest of thetime, the search got stuck in
local minimathat were all nearly 90° away from the correct
solution. Thereisa good reason for the local minimato be
at 90°. Notethat T o x isan exact solution for the bilinear
constraintin Eqn.2, i.e., each constraint line passes through
the image point from which it is formed. For sideways
trangdation direction, therefore, a point near the center of
the image will be a reasonable solution (near al of the
constraint lines).

The Tomasi and Shi agorithm converged to the correct
solution about 70% of the time, for both straight ahead and
sideways motions. The rest of the time, the search got
stuck in local minimathat were widely distributed in their
angular errors.

In addition, we counted the number of times that the
search failed to converge after 400 iterations. The Bruss
and Horn agorithm and the Tomasi and Shi algorithmeach
failed 0.37% and 18% percent of the time, respectively.

4 Summary and Future Work
Here we list the main results of our simulations:

e The bias and senditivity of all six algorithms are in-
variant with respect torotationaxis. Thisisadesirable
property that is not true for all egomotion algorithms,
but istruefor these six algorithms.

o Performance does depend on trand ation direction, but
not systematically.

o Fixating does not help when the noise is independent
of theimage vel ocities. Fixation doeshelpif thenoise
is proportional to speed, but thisisonly for thetrivial
reason that the speeds are slower under fixation.

¢ Increasing the field of view does not necessarily im-
prove performance.

The Bruss and Horn agorithm, based on the bilinear
constraintin Eqn. 2, exhibited the best overall performance
withrespect to biasand sensitivity. However, it requiresnu-
merical optimization, and there are multiplelocal minima.
Jepson and Heeger's linear-subspace method is closaly re-
lated to the bilinear constraint used by Bruss and Horn’s
algorithm. However, the Jepson-Heeger algorithmis more
sensitive to noise because it uses only a subset of the con-
straints. The two Kanatani agorithms do not perform as
well as the Bruss and Horn al gorithm because the Kanatani
algorithms are based on the epipolar (coplanarity) con-
straint. The epipolar constraint is weaker than the bilinear
(rigidity) constraint because there are non-rigid motions
that satisfy the epipolar constraint. The Tomasi and Shi
algorithmis relatively insensitive to the direction of trans-
lation, but has local minima and often fails to converge.
Prazdny’s algorithm appears to have the worst noise sensi-
tivity. Webelievethat thisisbecauseitinvolvesminimizing
third-order polynomials.

The most important consideration, of course, iswhether
agiven vision system is good enough to be used in a non-
trivial, redlistic robotics application. To determine that,
we will need to perform extensive tests on real image se-
guences. Toward that end, we are installing and calibrating
an experimental apparatus for the accurate measurement
of the most important performance parameters of motion
sequence analysis systems. The core of the setup isa stage
that moves acamerainacontrolledway with high accuracy.
Thisapparatuswill be used to digitizealibrary of carefully
calibrated image sequences. These sequences will be used
to validate the simulation results reported in this paper. In
addition we plan to make the library of calibrated image
sequences available on the World Wide Web.
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