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ABSTRACT
Recent years have witnessed the rise of many successful e-
commerce marketplaces like the Amazon marketplace, Uber,
AirBnB, and Upwork, where a central platform mediates
economic transactions between buyers and sellers. A com-
mon feature of many of these two-sided marketplaces is that
the platform has full control over search and discovery, but
prices are determined by the buyers and sellers. Motivated
by this, we study the algorithmic aspects of market segmen-
tation via directed discovery in two-sided markets with en-
dogenous prices. We consider a model where an online plat-
form knows each buyer/seller’s characteristics, and associ-
ated demand/supply elasticities. Moreover, the platform can
use discovery mechanisms (search/recommendation/etc.) to
control which buyers/sellers are visible to each other. This
leads to a segmentation of the market into pools, following
which buyers and sellers endogenously determine market-
clearing transaction prices within each pool. The aim of
the platform is to maximize the resulting volume of transac-
tions/welfare in the market. We develop efficient algorithms
with provable guarantees under a variety of assumptions on
the demand and supply functions. We also test the validity
of our assumptions on demand curves inferred from NYC
taxicab log-data, as well as show the performance of our al-
gorithms on synthetic experiments.

1. INTRODUCTION
Though markets are an ancient institution, they have

been transformed in recent years by the rise of online
marketplaces. At its core, a market is a means of facil-
itating any economic transaction between two distinct
groups of agents (henceforth, buyers and sellers). Many
of today’s most important marketplaces, however, are
based on online platforms – both for goods (Amazon,
eBay, Etsy), and increasingly, for services: transporta-
tion (Lyft, Uber); physical and virtual work (Taskrab-
bit, Postmates, Upwork); lodging (Airbnb); shipping
and delivery (Google Express, Amazon Fresh, Shyp);
etc. Unlike traditional markets, these online platforms
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enable more fine-grained monitoring of participants, and
more detailed control via pricing, terms of trade, visi-
bility and directed search, information revelation and
recommendation, etc. The challenge of harnessing this
increase in data and control has led to a growing liter-
ature in the design of online marketplaces.

The focus of this work is on the role of directed dis-
covery mechanisms in matching demand and supply in
modern online marketplaces. In particular, we consider
marketplaces exhibiting four characteristics:
i. Buyers/sellers are horizontally differentiated – each

having heterogenous valuations and preferences for
agents on the other side of the market.

ii. Each agent has a public type, i.e., a known list of
characteristics. An agents’ valuation is independently
distributed conditioned on her public type.

iii. The platform has full control over directed discovery
mechanisms – which sellers (buyers) are visible to a
buyer (seller) on the other side of the market.

iv. Transaction prices are endogenously determined by
agents, based on who they are shown on the other
side of the market.

These features are common in many online market-
places. For example, in AirBnB, although listing prices
are set by the ‘hosts’ (i.e., sellers), the platform can con-
trol which listings are visible to a ‘guest’ (i.e., buyer).
Similarly in Upwork, the price of a job is determined
via negotiation between contractors (buyers) and free-
lancers (sellers); the platform however determines which
job-postings are seen by which freelancers. In all these
settings, the platform has a lot of side-information on
an agents’ characteristics (i.e., their public type), but is
unaware of their exact utility except in aggregate.

Settings where a platform can directly control prices
to segment buyers is widely studied as price discrimi-
nation. These techniques however do not extend to the
settings illustrated above, where direct price control is
not allowed. This motivates developing a theory for
search discrimination, where a platform can segment
buyers and sellers in a market based on their types, but
prices emerge endogenously (via market clearing) based
on which segments have access to each other. We are
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interested in the algorithmic challenges of optimal seg-
mentation of marketplaces via directed-discovery.

1.1 Our Model and Results
We present the formal model in Section 3, and list its

salient features below.
Agent types and valuations: We consider non-atomic
agents, where each arriving buyer/seller belongs to one
of a finite number of demand/supply types. For any
demand-type i (or supply-type j), a continuum of agents
arrive at the marketplace at a rate di (sj). Moreover,
for any given price p, the platform knows the fraction of
arriving buyers (sellers) of that type willing to transact;
these correspond to the supply and demand curves for
each type. The supply curves are non-decreasing, while
the demand curves are non-increasing.

In Section 2, we use the New York City Taxicab
dataset to estimate such demand curves from log data,
and test our assumptions of heterogeneity in agent-
valuation distributions across public types. We segment
passengers (buyers) based on their trip destination, and
use the presence of negotiated fares to estimate the de-
mand curves from log data. Our imputed curves follow
natural distributions, and are heterogenous across seg-
ments; this provides support for our model. Since es-
timating demand curves from log data is typically dif-
ficult due to the censored nature of the data and the
lack of randomized controls, our analysis may be of in-
dependent interest.
Agent compatibility and directed discovery mechanisms:
A buyer/seller’s type also determines the set of compat-
ible types on the other side of the market (i.e., types of
agents with whom she can transact). For instance, on
Upwork, the requirements of a job should be reason-
ably close to the skills of the freelancer; on AirBnB,
the rough location the guest is searching for should be
close to the location of the host’s listing; and so on. As
we will see below, our problem becomes interesting and
challenging in setting where not all matches are feasible.

The platform only controls which buyer/seller types
have access to each other in the marketplace; subse-
quently, transactions take place at endogenously defined
market-clearing prices (cf. Section 3.1). The algorith-
mic challenge is to decide the bipartite visibility graph
between agent types in order to maximize a given ob-
jective. The objectives we consider are throughput (i.e.,
rate of successful matches), and welfare (i.e., social sur-
plus generated by the matches); the former is a proxy
for revenue in settings where the platform receives a
fixed commission per match.

Summary of our Results.
Given the above setting, we want efficient algorithms

to choose visibility graphs that (approximately) opti-
mize throughput and welfare. The main challenge in

doing so is that throughput and welfare are (approx-
imately) super-additive 1 (cf. Section 4.1). For such
functions, obtaining even a coarse approximation of the
maximum objective is NP-Hard; in fact, we show in
Theorem 4.3 that both throughput or welfare are NP-
Hard to approximate beyond a certain constant mul-
tiplicative factor.

In view of the above, our aim is to find properties
of the supply and demand curves that are plausible in
practice, but moreover, admit polynomial-time approx-
imation algorithms. To this end, we show the following:
• (Section 4.3) For general supply and demand curves,

we provide algorithms that obtain a 4 approximation
to the optimal segmentation for throughput, and a
3.164 approximation for welfare.
• (Section 4.5.1) For concave supply/demand curves,

we provide a simpler algorithm that gets a 4 approx-
imation for throughput and 8 approximation for wel-
fare, and moreover, is oblivious to the exact curves,
only needing to know the maximum supply or de-
mand for each type.
• (Section 4.5.2) For identical and log-concave sup-

ply/demand curves, we provide a simple greedy al-
gorithm which improves the approximation ratio for
throughput to 3.164.
• (Section 5) Finally, we show via simulations the ef-

ficacy of pooling in markets compared to a natural
baseline where supply is matched to demand under
optimal uniform pricing.

A key technique underlying all our results is a com-
mon structural characterization (cf. Lemma 4.4): we
show that for any interaction graphs and arbitrary de-
mand/supply curves, there exists a 2-approximate solu-
tion where each segment either contains only one de-
mand type or only one supply type. Using this re-
sult, we show that the throughput (resp. welfare) func-
tions become sub-additive (resp. submodular) instead
of being super-additive! This makes the problem more
tractable and amenable to existing techniques.

1.2 Related Work
Two-sided markets have a rich literature in Economics.

There is a large body of work on two-sided matching
markets [17, 3] where one/both sides of the market
are assumed to be atomic, and prices can be set per
agent. In contrast, marketplace platforms typically deal
with a large mass of agents on both sides of the mar-
ket, with market-clearing determining the equilibrium
prices. Algorithmically, this makes the segmentation
problem NP-Hard in our setting, while it is polynomial
time if the price can depend on the matched agents.

Our work is closer in spirit to models of two-sided
markets with non-atomic agents which have been used

1Here, we consider throughput/welfare as set functions of
the supply and demand types that are pooled together.
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to model diverse settings like cable TV (channels versus
subscribers) and newspapers (advertisers versus read-
ers). Much of this work assumes that prices can be set
for different sides of the market with the goal of getting
agents to report their types truthfully [11], maximizing
social surplus or revenue of the platform [21], or mod-
eling competing platforms [2, 15]. In contrast, we focus
on search discrimination with endogenous prices, where
the platform only controls which type of users on either
side are visible to each other. This model is new to the
best of our knowledge and is relevant to the design of
recent two-sided platforms in diverse contexts.

Though search in two-sided markets has been studied
in the context of labor markets [8, 16] and dating plat-
forms [12], these models do not have prices; instead they
focus on how market segmentation determines probabil-
ity of discovery which in turn can lead to larger welfare.

In terms of algorithmic techniques, partitioning items
into sets in order to maximize welfare is a well-studied
problem, with constant factor approximation algorithms
for subadditive [9] and submodular [20] welfare func-
tions; for the latter, a classic greedy algorithm [14] pro-
vides a 2-approximation. Our functions are approxi-
mately super-additive, and in general, partitioning is a
computationally hard problem. There has been work
on developing good approximation algorithms for re-
stricted classes of super-additive functions [10, 1]; how-
ever, our functions do not fall into these classes.

2. MOTIVATING OUR PROBLEM
To motivate our problem and provide some context

to the reader, we first carry out a set of experiments
to show that a) supply and demand curves for differ-
ent market segments can be inferred from log data, and
b) these curves exhibit natural shapes within segments,
and heterogeneity across segments. Estimating demand
curves from log data is typically difficult due to data
censoring (only successful transactions are recorded),
fixed prices and the lack of randomized trials; it is
the subject of a growing literature on causal data min-
ing [18, 19], and to this end, our analysis may be of
independent interest.

We analyze large-scale log data on New York City
taxi cabs 2. The dataset consists of green and yellow
taxi trip records with fields capturing pick-up and drop-
off dates/times, pick-up and drop-off locations, trip dis-
tances, itemized fares, rate types, payment types, and
driver-reported passenger counts. Although many fares
are based on set formulas, we exploit the presence of the
negotiated fares 3; these serve as a natural experiment

2http://www.nyc.gov/html/tlc/html/about/trip_
record_data.shtml
3These are defined by the NYC government to be ‘out-of-
town’ trips with ‘a Flat Rate negotiated between the Driver
and Passenger’; in the dataset, they have RateCodeID 5.

0 5 10 15

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

Density function of price per mile

Price per Mile

P
ro

ba
bi

lit
y 

D
en

si
ty

0 5 10 15

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

Density function of price per mile

Black = 5-10 mile trips; Red = 10-15 mile trips
Price per Mile

P
ro

ba
bi

lit
y 

D
en

si
ty

Figure 1: Density function of price-per-mile for
different ranges of distance travelled.

for estimating demand curves. For our analysis, we use
the yellow cab data for the months of January and June
2015 with each month consisting of around 12 million
trip records. This allows us to consider any seasonal
variations in trip characteristics.

To understand the demand function, in Figure 1 we
bucket trips by distance traveled and plot the density
function of price per mile for two different ranges of
distances travelled: 10-15 miles and 5-10 miles. Unsur-
prisingly, the average price per mile is higher for shorter
distances compared to the longer distances. More inter-
estingly, the curves are close to Gaussian.

Next we analyze the yellow cab data from June 2015
for studying heterogeneity between different demand
segments based on trip source and destination (which
we take to be the public type of customers). We first
perform k-center clustering of the sources and destina-
tions in the trip records by greedily picking cluster cen-
ters and assigning all points within 10 miles geodesic
distance to this cluster; we then remove all these points
and proceed. We generate the source clusters and desti-
nation clusters separately. Since most of the rides orig-
inate in Manhattan, we restrict our analysis to include
only this source cluster.

We filter the data for each destination cluster to in-
clude records with at least 1 mile distance travelled,
and price-per-mile ∈ [0.5, 20]. This removes spurious
entries by the cab drivers as well as rides in extreme
weather conditions. Finally, for each destination clus-
ter with at least 50 destination points, we compute the
mean distance travelled, mean price/mile and standard
deviation of price/mile; this is shown in Table 1 for a
sample of destination clusters.

We observe that prices depend on two important fac-
tors: distance travelled and the destination cluster.

3

http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml
http://www.nyc.gov/html/tlc/html/about/trip_record_data.shtml


Count Mean Stddev Destination Distance

116 4.83 1.55 Woodbridge, NJ 36.86
244 5.05 1.40 Morris Plains, NJ 34.69
711 5.24 2.48 JFK Airport 17.50
644 5.41 1.49 Irvington, NY 23.57
258 5.42 1.61 Plainview, Long Island 29.72
349 5.45 1.49 Glen Cove, Queens 20.49
328 5.57 1.99 South Orange NJ 25.94
418 5.99 1.55 Stamford CT 32.56
1128 6.20 2.16 Glen Rock, NJ 19.03
349 6.60 3.04 Fort Lee/GWB, NJ 12.96

Table 1: Price-per-mile differentiation between
different destinations in the NYC cab system.

1. Very short rides (within NYC) have high price/mile.
2. Rides to Stamford, CT, have statistically higher prices

than rides to New Jersey with comparable distance
travelled. Similarly, rides to JFK are cheaper than
comparable rides within NYC or to Queens.

In summary, this suggests that using destination as a
public demand-type leads to heterogenous demand seg-
ments, with well-behaved demand curves.

3. MARKETPLACE DIRECTED SEARCH:
PROBLEM FORMULATION

We consider the following problem setup. Each ar-
riving seller belongs to one of n supply-types in set S;
similarly, each buyer belongs to one of m demand-types
in set D. Every agent’s supply/demand type is public.
We use node and type interchangeably.

Each supply type j ∈ S is associated with a non-
decreasing reservation-cost distribution Fj(p), which de-
notes the fraction of agents whose private cost of sup-
plying (reservation cost) is at most p. Let sj denote the
arrival rate of agents of supply-type j; then the rate
of type j agents at price p (i.e., the supply curve) is
sjFj(p). We assume Fj has associated density fj , i.e.,
Fj(p) =

∫ p

x=0
fj(x)dx.

Similarly, each demand type i ∈ D is associated with
a non-increasing demand curve diHi(p), where di de-
notes the arrival rate of agents of this type, and Hi(p)
is the inverse CDF of the agents’ reservation-value dis-
tribution (i.e., Hi(p) is the fraction of agents of type
i willing to transact at price p). We denote gi as the
associated density function, i.e., Hi(p) =

∫∞
x=p

gi(x)dx.
An agent’s type also determines the set of compatible

types on the other side of the market; we encode this
via an interaction graph G(S ∪ D, E), where an edge
between i ∈ D and j ∈ S indicates the corresponding
demand and supply types can potentially be matched.
This can be thought of as modeling a {0, 1} preference
between types, or alternately, an interaction cost of 0
or ∞ 4; we describe later how some of our techniques
extend to other models for interaction costs.

4For example, a guest in AirBnB may search for listings only
in a small area based on its distance from a central location.

3.1 Equilibrium and Objectives
Given interaction graph G(S ∪D, E), we assume the

platform can realize any visibility subgraph by control-
ling which agent types see each other in the market-
place. The visibility subgraph then leads to equilib-
rium market-clearing prices. For ease of exposition, we
restrict ourself to considering visibility subgraphs which
partition the nodes into demand/supply pools, wherein
all buyer and seller types are connected. Formally, a
pool P is a subset of S ∪D such that for every i ∈ D∩P
and j ∈ S ∩ P, we have (i, j) ∈ E. In Section 4.4, we
discuss extensions to general visibility subgraphs.

For any pool P, we assume a separate market is cre-
ated for the associated demand and supply types. The
supply and demand in this pool equilibrate at a com-
mon market-clearing price p(P), such that the supply
is matched as much as possible to the demand

p(P) = argmaxp min

 ∑
i∈D∩P

diHi(p),
∑

j∈S∩P
sjFj(p)


In order to simplify notation, for a pool P we define

HP(p) =
∑

i∈D∩P
diHi(p) , FP(p) =

∑
j∈S∩P

sjFj(p)

Given the above equilibrium description, the market-
place directed search problem consists of designing a
visibility subgraph that partitions S ∪ D into a set of
disjoint pools P1,P2, . . . ,PK in order to maximize one
of two objective functions:
Throughput. The throughput T (P) of the pool P is
the rate of transactions in the pool at equilibrium.

T (P) = min (HP(p(P)), FP(p(P)))

Note that if the platform charges a fixed amount per
match, the throughput is proportional to the revenue
of the platform.
Welfare. The welfare W(P) of P is the sum of buyer
and seller surplus for agents in pool P

W(P) =
∑

i∈D∩P
diE

[
(V − p(P))+

]
+

∑
j∈S∩P

sjE
[
(p(P)− C)+

]
where V and C are the reservation value/cost of buy-

ers and sellers respectively, and where x+ = max(x, 0).
Equivalently, the welfare of a pool is the area under the
intersection of the supply and demand curves:

W(P) =

∫ p(P)

v=0

FP(v)dv +

∫ ∞
v=p(P)

HP(v)dv (1)

Finally, given a partition of S∪D into pools {Pi}i∈[K],
the total throughput/welfare is given by

Throughput =

K∑
k=1

T (Pk) , Welfare =

K∑
k=1

W(Pk)
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3.2 Curves
Our results depend on the nature of the supply/demand

curves. There are three broad classes we consider:

General Curves. Here, the {Fj , Hi} are arbitrary. For
some results, we require that the possible prices
belong to a finite set of polynomial size, and all de-
mand/supply curves Fj(p), Hi(p) are integer val-
ued in a small range.

Concave Curves. Here, Fj is non-decreasing and con-
cave, and Hi is non-increasing and concave.

Log-concave Curves. Here, all the demand curves,
and all the supply curves, are identical (i.e., Fi =
F ∀ i and Hj = H ∀ j). This means at price p, the
supply at i ∈ S is siF (p), and demand at j ∈ D
is djH(p). We further assume the corresponding
density functions f and g are continuous and log-
concave. Our analysis in Section 2 suggests that
the demand curves for NYC taxicabs are Gaussian,
which are a special case of log-concave densities.

4. MARKETPLACE DIRECTED SEARCH:
THEORY AND ALGORITHMS

In this section, we present constant factor approxima-
tion algorithms for the case where the interaction graph
and the supply/demand curves are either arbitrary or
satisfy certain restrictions. The main technical chal-
lenge is that neither the throughput nor the welfare are
sub-additive functions of the pool P. In particular, we
show below that for the complete interaction graph, the
welfare is always super-additive, while throughput is al-
ways approximately super-additive (within a factor 2).
For general super-additive functions, computing the op-
timal partitioning is a computationally hard problem,
even in an approximation sense. To circumvent this
problem, we consider a restricted type of pooling solu-
tion and show that this type of solution approximates
the overall optimum. Once we perform this restriction,
we show somewhat surprisingly that the problem be-
comes approximately sub-additive.

4.1 (Approximate) Super-additivity
We first show that welfare is always a super-additive

function, while throughput is approximately super-additive.
We consider the case where the interaction graph is a
complete bipartite graph and show that merging all sup-
ply and demand types into one pool is optimal for the
welfare objective and within a factor 2 of optimal for
the throughput objective.

Welfare..
For any pool P, the welfare is given by Equation (1).

We first show the following.

Theorem 4.1. If the interaction graph is a complete
graph, then W(P) is a super-additive function of P.
Therefore, pooling all demand and supply nodes into one
pool is optimal for welfare.

Proof. Since all demand curves are non-increasing
while the supply curves are non-decreasing, it is easy to
check that the area under the intersection of the curves
can be written as a minimizer over prices p as:

W(P) = min
p

(∫ p(P)

v=0

FP(v)dv +

∫ ∞
v=p(P)

HP(v)dv

)
For each price p, the inner term is an additive func-
tion of P. The minimum of additive functions is super-
additive, completing the proof.

Throughput..
We next consider the throughput objective on a com-

plete interaction graph. We show that T (P) is super-
additive to within a factor of 2, and this bound is tight
in the sense that there is an instance where pooling ev-
erything together is sub-optimal by a factor of exactly
2.

Theorem 4.2. On a complete interaction graph, merg-
ing all nodes into a single pool induces throughput that
is at least half of the throughput-optimal partition, and
this bound is tight.

Proof. Let P = {P1, . . . ,Pk} be any partition of
a given set of nodes into pools with total throughput
T , and let P ′ be a single pool comprising of all the
nodes. We will prove that T (P ′) ≥ T /2. Recall from
Section 3.1, that the equilibrium price of a pool is the
one that maximizes the throughput. Hence, it suffices
to show that there exists some p̂ for which

min(HP′(p̂), FP′(p̂)) ≥ T /2

Let pk be the equilibrium price of pool Pk and sup-
pose the pools have been named in non-decreasing price
order. Our choice for p̂ is the price pq of pool Pq, where
q satisfies

q = min

k ∣∣∣ ∑
i≤k

T (Pi) ≥
T
2

 . (2)

In simpler words, q is the smallest index such that all
pools preceding and including the q-th one are responsi-
ble for at least half the throughput. Since, by definition,∑

i≤q−1 T (Pi) < T /2, it follows that∑
i≥q

T (Pi) ≥
T
2
. (3)

Note that all buyers who buy in pools {Pi}i≥q, are will-
ing to buy in P ′ as well, since p̂ is at most the equilib-
rium price of each of these pools. Similarly, all sellers
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who sell in pools {Pi}i≤q are willing to sell in P ′ as
well, since p̂ is at least the equilibrium price of each
of these pools. All these buyers contribute to HP′(p̂)
and all these sellers contribute to FP′(p̂). Combining
with (2) and (3), it follows that HP′(p̂) ≥ T /2 and
FP′(p̂) ≥ T /2, which completes the proof.

To show that the factor 2 is tight, we construct the
following example: Given ε > 0, the market comprises
two supply types with rates s1 = 1/ε and s2 = 1, and
two demand types with rates d1 = 1 and d2 = 1/ε.
p1, p, and p2 are the set of possible prices, with p1 <
p < p2. Both demand types have the same demand
curve H, with H(p1) = 1, H(p) = ε, H(p2) = ε; sim-
ilarly both supply types have the same supply curve
F with F (p1) = ε, F (p) = ε, and F (p2) = 1. Thus,
we have d1H(p1) = s1F (p1), d2H(p2) = s2F (p2) and
(d1 + d2)H(p) = (s1 + s2)F (p); thus p1 is the equilib-
rium price for the pool that includes the first supply
type and the first demand type (denoted pool P1), p2
is the equilibrium price for the pool that includes the
second supply type and the second demand type (pool
P2), and p is the equilibrium point of the pool that in-
cludes all types (pool P). Moreover, the throughput of
pool P1 is d1H(p1) = 1, of pool P2 is d2H(p2) = 1, and
for pool P is (d1 + d2)H(p) = 1 + ε. Hence, the parti-
tion of types as {P1,P2} induces throughput that is a
(1 + ε)/2 fraction of the throughput of partition {P}.
This completes the proof.

On the positive side, in Section 4.5.2, we show that
for log-concave functions f and g, pooling is indeed
throughput-optimal for a complete interaction graph.

Finally, we note that a reduction to an example given
in [7] (where we replace agents by demands and items
by supply) shows that it is NP-Hard to obtain better
than a 16/15 approximation for throughput.

Theorem 4.3. Even when the supply and demand
curves are concave, it is NP-Hard to obtain better than
a 16/15 approximation to throughput (resp. welfare).

4.2 A Restricted Pooling Solution
Our main technical contribution in this work is to

show that a restricted class of pooling policies, wherein
each pool either has one supply node or one demand
node, gives a 2 approximation for both welfare and
throughput. In subsequent sections, we show how this
structural result can be used to develop efficient approx-
imation algorithms.

Formally, we define the following two set functions:

Definition 4.1. For demand type i ∈ D and S ⊆ S,
let Ti(S) denote the throughput of the pool {i, S}, i.e.:

Ti(S) = max
p

min

Hi(p),
∑
j∈S

Fj(p)



We refer to pool {i, S} as a supply-pool with center i.
Similarly, we denote the welfare of {i, S} by Wi(S).

Definition 4.2. For supply type j ∈ S and D ⊆ D,
let Tj(D) denote the throughput of the pool {D, j}, i.e.:

Tj(D) = max
p

min

(
Fj(p),

∑
i∈D

Hi(p)

)

We refer to pool {D, j} as a demand-pool with center
j. Similarly, we denote the welfare of {D, j} byWj(D).

Our main structural result is the following:

Lemma 4.4. Given arbitrary interaction graph G and
demand/supply functions, for both welfare and through-
put, there is a 2-approximate solution where either all
pools are supply-pools, or all pools are demand-pools.

Proof. For both throughput and welfare, the proof
comprises three parts: (i) upper bounding the objec-
tive via an LP relaxation, (ii) characterizing a structural
property of the optimal LP solution, and (iii) construct-
ing feasible pools from the LP solution.

LP Relaxation..
First consider throughput. Let P be some pool in

the optimal solution, with equilibrium price p(P). We
claim that the throughput of P can be computed by the
following linear program LPT

5:

LPT : Maximize
∑

(i,j)∈E fij∑
j|(i,j)∈E fij ≤ Hi(p(P)) ∀i ∈ P ∩ D∑
i|(i,j)∈E fij ≤ Fj(p(P)) ∀j ∈ P ∩ S

fij ≥ 0 ∀(i, j) ∈ E

This can be seen via a simple max-flow min-cut argu-
ment on a network with source node s, destination node
t and a node for each demand type i and supply type j
in P; there exists an edge from s to each demand node
i, with capacity Hi(p(P)), and from each supply node j
to t, with capacity Fj(p(P)), and all edges from demand
nodes to supply nodes exist and have infinite capacity.

Next, for welfare, consider any pool P in the opti-
mal solution, with market-clearing price p(P). For all
supply/demand nodes in P, define bi , diHi(p(P)) and
aj , sjFj(p(P)); since p(P) is market-clearing, we have∑

j∈S aj =
∑

i∈D bi. We also define the equilibrium
surplus for each supply/demand node in P as

Aj =

∫ p(P)

p=0

sjFj(p)dp , Bi =

∫ ∞
p=p(P)

diHi(p)dp

We now claim that the welfare of pool P can be upper

5Note that this is a thought experiment since we do not
know the pools in OPT – however we can use it to infer the
structure of the optimal solution.
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bounded by the following linear program LPW :

LPW : Maximize
∑

(i,j)∈E fij

(
Aj

aj
+ Bi

bi

)∑
j|(i,j)∈E fij ≤ bi ∀i ∈ P ∩ D∑
i|(i,j)∈E fij ≤ aj ∀j ∈ P ∩ S

fij ≥ 0 ∀(i, j) ∈ E

This follows from a similar flow argument as above:
first, since

∑
j∈S aj =

∑
i∈D bi, there is a flow f such

that all inequalities above are tight. However, for this
flow, the objective is simply

∑
j∈S Aj +

∑
i∈D Bi, which

is exactly the welfare of P.

Structure of LP Optimum..
Next, we observe that for any pool P, the optimal so-

lutions f∗ij to both the above LPs admit a useful struc-
tural characterization:

Lemma 4.5. Let f∗ denote the optimal solution to
LPT (or LPW); then the edges (i, j) ∈ E with f∗ij > 0
define a forest on P ∩ (S ∪ D).

The above lemma is adapted from a similar lemma for
the maximum budgeted allocation problem [7]; essen-
tially, it shows that given any cycle in the support of
f∗, we can redistribute the flows to get an acyclic sup-
port while preserving the objective.

Finding a Feasible Pooling..
Finally, for both objectives, we show how to convert

the LP solution f∗ into a feasible pooling while losing
a factor of 2. This follows an outline similar to [7, 13]
for budgeted allocations.

First, for throughput, consider the forest output in-
duced by f∗ from LPT . Let T denote some tree in
this forest; note that any path in this tree has alternate
nodes from S and D respectively. Find a node v ∈ T
all but one of whose neighbors are leaves – we call these
leaves the children of v and the remaining neighbor as
the parent of v. Every tree with fractional f∗ij has at
least one such node. Since nodes in S and D are sym-
metric in LPT , w.l.o.g. assume v ∈ D. We assign v
a weight wv =

∑
j child of v

f∗jv, and orient the edges
from the children of v to v and from v to the parent
of v. Finally, we iterate on the remaining graph after
removing v and its children (see Figure 2).

Note that the constraints of LT imply wv ≤ Hv(p(P)),
and fjv ≤ Fj(p(P)) for all children j; thus, a pool com-
prising v and its children has throughput at least wv.
At the end, all nodes except the original leaves of T
have weights corresponding to the throughput of a pool
formed by that node and its downstream neighbors in
T 6. Since each fij contributes to exactly one wv, we

6We say that u is downstream of w if the edge (u,w) is
oriented from u to w.

Figure 2: Converting the LP solution to feasible pools:

Supply nodes {1, 2, 3, 4, . . .} are drawn as circles and de-

mand nodes {v, w, . . .} as squares. Here, we orient the

edges from the supply nodes {1, 2, 3} to demand node v,

then from v to supply node 4, and then 4 to u, assign-

ing weights as described below. Subsequently, we find

a maximum independent set in the resulting graph to

obtain a feasible pooling.

have ∑
v∈T

wv =
∑

(i,j)∈T

f∗ij ,

which is exactly the objective of LPT . Moreover, either
the nodes in S ∩ P, or the nodes in D ∩ P, have at
least half the total weight. In the former case, we get a
collection of supply-pools with at least 1/2 the value of
LPT ; in the latter case, we get a collection of demand-
pools with at least 1/2 the value of LPT .

For welfare, let f∗ be the solution to LPW . For any
supply-pool (j,D′) in P (i.e., j ∈ P ∩ S, D′ ⊆ P ∩ D
), we define the LP value of (j,D′) as LP (j,D′) =∑

i∈D′ f
∗
ij

(
Aj

aj
+ Bi

bi

)
. Similarly we define the LP value

of demand-pools (i, S′) with i ∈ D ∩ P, S′ ⊆ P ∩ S.
Now using exactly the same argument as for through-
put, we have that P can be partitioned into a collection
of either demand-pools or supply-pools such that the
total LP value of these pools is at least 1/2 the value of
LPW . Suppose this is obtained by supply-pools: then
for supply-pool (j,D′)

LPW(j,D′) =

∑
i∈D′ f

∗
ij

aj
·Aj +

∑
i∈D′

f∗ij
bi
·Bi

This is precisely the welfare of an alternate problem
where the supply curve for node j is scaled down by

factor
∑

i∈D′ f
∗
ij

aj
, and for each i ∈ D′, the demand curve

is scaled down by factor
f∗ij
bi

. Note that all these factors
are at most 1 since f∗ is feasible for LPW . Therefore,
the welfare of pool (j,D′) is at least LPW(j,D′), so that
the welfare of the pools we construct is at least 1/2 the
value of LPW , which in turn is the welfare of pool P in
the optimal solution.

To summarize: Lemma 4.4 uses an LP-relaxation ar-
gument to show that for arbitrary interaction graphs G
and demand/supply functions, and for both welfare and
throughput, there is a 2-approximate solution compris-
ing only supply-pools, or only demand-pools. Moreover,
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in Fig. 3, we show that LP-relaxation based pooling
cannot yield better than a 3/2 approximation.

Figure 3: Lower bound on pooling via LP re-

laxation: Consider the depicted setting with supply

types {S1, S2, S3}, demand types {D1, D2}, and capacities

{s1, s2, s3, d1, d2}. The LP solution, shown on the edges,

has value 2; the only feasible solutions are to either match

both D1 and D2 to S1 (value = 4/3) or match D1 to S1

and S3 to D2 (value = 4/3). The gap between any LP

relaxation and feasible solution is therefore at least 3/2.

4.3 General Demand/Supply Curves
We show how Lemma 4.4 can be used to get ap-

proximation algorithms for general supply and demand
curves. In particular, we present a 3.164-approximation
for welfare, and a 4-approximation for throughput.

4.3.1 Welfare and Submodularity
For welfare maximization, in addition to Lemma 4.4,

we need an additional technical lemma:

Lemma 4.6. Let W(S,D) denote the welfare of pool
P = S ∪D, where S ⊆ S and D ⊆ D.

1. For fixed S, W(S,D) is a non-decreasing submod-
ular function of D.

2. For fixed D, W(S,D) is a non-decreasing submod-
ular function of S.

Proof. We prove the first part; the second part is
symmetric. Consider sets D1 ⊂ D2, and t /∈ D2. Let p1
denote the clearing price of S ∪D1, p2 that of S ∪D1 ∪
{t}; p3 that of S∪D2, and p4 that of S∪D2∪{t}. Note
that p1 ≤ p2, and p3 ≤ p4. Now we have two cases:
(i) If p2 ≤ p3, then

W(S,D1 ∪ {t})−W(S,D1) ≥
∫ ∞
p=p2

dtHt(p)dp, and

W(S,D2 ∪ {t})−W(S,D2) ≤
∫ ∞
p=p3

dtHt(p)dp

Since p3 ≥ p2 by assumption, the second term is at
most the first, showing submodularity.
(ii) If p2 > p3, then consider the difference:

M =
(
W(S,D2)−W(S,D1)

)
−
(
W(S,D2∪{t})−W(S,D1∪{t})

)
Note that H(S,D2)(p) −H(S,D1)(p) = H(S,D2∪{t})(p) −
H(S,D1∪{t})(p). We have that M is at least:

M ≥
∫ ∞
p=p3

(
H(S,D2)(p)−H(S,D1)(p)

)
dp

−
∫ ∞
p=p2

(
H(S,D2)(p)−H(S,D1)(p)

)
dp

Since p2 > p3, the above term is non-negative, which
again shows submodularity.

We now combine Lemmas 4.4 and 4.6: Lemma 4.4
proves there is a 2-approximate solution to the welfare
where all pools are either demand-pools or supply-pools
– we can thus find approximately-optimal solutions of
each type and take the better of the two. We show how
to find an approximate solution comprising of supply-
pools – the process is symmetric for demand-pools.

As before, Wi(S) denotes the welfare of the supply-
pool (i, S). By Lemma 4.6, Wi(S) is a non-decreasing
submodular function of S. Thus, the problem of max-
imizing welfare via supply-pools is equivalent to split-
ting the supply nodes S among i ∈ D so as to maxi-
mize

∑
iWi(Si). This is isomorphic to the problem of

welfare-maximizing resource allocation with indivisible
items and submodular utility functions [20]. This prob-
lem has a known e/(e − 1)-approximation via a con-
tinuous greedy algorithm [20], and a 2-approximation
via the standard greedy algorithm [14]. Putting things
together, we have:

Theorem 4.7. There is an efficient 2e/(e − 1) ≈
3.164 approximation to the welfare-optimal solution for
general interaction graphs, and general supply and de-
mand curves. Furthermore, a natural greedy algorithm
gives a 4-approximation.

4.3.2 Throughput and Sub-additivity
We next present a pseudo-polynomial time algorithm

that computes a 2-approximation to the optimal through-
put with supply-pools, and similarly, with demand-pools;
we can then take the maximum of these two solutions.
Combined with Lemma 4.4, this yields a 4-approximation
to the optimal throughput.

Suppose demand nodes are labelledD = {1, 2, . . . , n}.
We assume transaction prices are drawn from a discrete
set of possible prices Q, and further, diHi(p) is an inte-
ger in [0, R], and similarly, for j ∈ S, the value sjFj(p)
is an integer in [0, R]. The goal is to find a partition of
S ∪D into supply-pools (1, S1), (2, S2), . . . (n, Sn), so as
to maximize throughput =

∑
i∈[n] Ti(Si). Our running

time will depend polynomially on |Q|, R,m, and n.

Lemma 4.8. For any i ∈ D, Ti(S) is a sub-additive
function over sets S ⊆ S.

Proof. Note that for a supply pool (i, S)

Ti(S) = maxp>0

[
min

(
diHi(p),

∑
j∈S sjFj(p)

)]
.

For any p, the inner term is the minimum of a fixed value
and an additive function in S, hence it is submodular
in S, and hence subadditive. The max of a collection
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of subadditive functions is also subadditive, hence the
outer maximization preserves subadditivity.

The throughput maximization problem for supply-
pools is thus isomorphic to welfare-maximizing resource
allocation with indivisible items and subadditive utility
functions. The best known approximation for this prob-
lem is a 2-approximation [9], given an efficient algorithm
for the following demand oracle problem:

Given shadow prices qj for j ∈ S, find i ∈ D and
S ⊆ S that maximizes

max
p∈Q

min

diHi(p),
∑
j∈S

sjFj(p)

−∑
j∈S

qj

The above maximization problem can be solved by dy-
namic programming in time poly(n,R, |Q|). Taking the
maximum over all p ∈ Q and all i ∈ D gives us:

Theorem 4.9. For arbitrary demand/supply curves,
there is a pseudo-polynomial time 4-approximation to
the throughput-optimal pooling solution.

4.4 Beyond Pooling: General Visibility Graphs
In the discussion so far, we have assumed that the

platform chooses visibility graphs such that each con-
nected component (i. e., each pool P) contains a com-
plete bipartite graph. The algorithms we present, how-
ever, achieve the same approximation with respect to
more general visibility graph. In particular, given any
visibility subgraph, the transactions at equilibrium re-
sult in flows fij between i ∈ D ∩ P and j ∈ S ∩ P,
which induce an equilibrium flow graph. P ools now
correspond to connected components of this equilibrium
flow graph, with each pool P corresponding to a market
cl earing price p(P) and flows {fij} that satisfy:

∀i ∈ D ∩ P :
∑

j∈S∩P fij = siHi(p(P))
∀j ∈ S ∩ P :

∑
i∈D∩P fij = djFj(p(P))

The existence of a single market clearing price in each
component follows from the fact that in equilibrium,
each supply nod e routes to the visible demand node
with largest price, and each demand node routes to
the visible supply node with smallest price – conse-
quently, all transaction prices in a pool must be the
same. Our structural characterization in Lemma ?? es-
sentially compares against an optimal visibility graph
(and resulting equilibrium) of this form.

4.5 Efficient Algorithms for Specific Curves
Next, we show how Lemma 4.4 admits efficient ap-

proximation algorithms under additional structure on
the demand/supply curves.

4.5.1 Concave Supply and Demand Curves
First, we consider settings where both supply and

demand curves are concave. We assume the prices p
have domain [0, pmax]; now, we have the following claim:

Claim 4.10. Assuming the demand and supply curves
are continuous and concave, then for any pool P, there
exist αT (P ) ∈ [1/2, 1] and αW(P) ∈ [1/4, 1] such that

T (P) = αT (P ) ·min
(∑

i∈P∩D di,
∑

j∈P∩S sj

)
W(P) = αW(P ) · pmax ·min

(∑
i∈D∩P di,

∑
j∈S∩P sj

)
Proof. Let d =

∑
i∈P∩D di and s =

∑
j∈P∩S sj .

Consider plotting the total demand curve H and the
total supply curve F of the pool in the support [0, pmax]
(see Figure 4). The intersection of the two curves will
be (peq, T (P)), with peq the equilibrium price and T (P)
the throughput of the pool.

Suppose the curves are linear. Then the points (0, 0),
(pmax, 0), (0, d), and (pmax, s)) form a right trapezoid
whose diagonals are the supply and demand curves. If
d = s, then the trapezoid is a rectangle and the y coor-
dinate of the intersection of the diagonals is d/2 = s/2.
Increasing d (or s) while keeping s (correspondingly
d) constant can only increase the y coordinate of the
intersection, as it increases the value of H(p) (corre-
spondingly F (p)) for every p. To complete the proof
for throughput, it remains to argue that the same hap-
pens in case one of the two curves is converted from
linear to concave. This follows similarly, by observing
that such a transformation raises all values of H or F
for every p.

To show the result for welfare, simply note that the
area under the supply and demand curve is lower bounded
by the area of the triangle formed by the points (0, 0),
(pmax, 0), and the blue circle in Figure 4.

Using the above claim along with Lemma 4.4, we can
get an efficient approximation algorithm which more-
over is oblivious to the exact demand/supply functions,
and only requires knowledge of {sj} and {di}. This
follows from observing that for any pool P and any de-
mand/supply nodes i, j ∈ P, we can replace Hi(p(P))
with di and Fj(p(P)) with sj in the programs LPT and
LPW . This gives the following result:

Theorem 4.11. When all supply and demand curves
are concave, there is a 4-approximation to the optimal
throughput, and an 8-approximation to the optimal wel-
fare. Moreover, the algorithms are oblivious to the exact
shapes of the curves.

4.5.2 Identical Log-Concave Curves
Finally, we show that a simple greedy algorithm is

a 4-approximation when we have identical Log-Concave
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Figure 4: Potential demand D(p) =
∑

i∈P∩D diHi(p)

(dashed curve) and supply D(p) =
∑

j∈P∩S sjFi(p) (solid

curve) in pool P as a function of price. The market-

clearing price peq and match rate T (P) correspond

to the solid circle at their intersection. Since D(p)

and S(p) are concave, they lie above the lines join-

ing 0 and
∑

i∈P∩D di,
∑

j∈P∩S sj (respectively for de-

mand and supply); their intersection, indicated by the

hollow circle, is less than T (P), and also equals α ·
min

(∑
i∈P∩D di,

∑
j∈P∩S sj

)
for some α ∈ [1/2, 1]. Sim-

ilarly, for welfare, note that the area under the sup-

ply/demand curves includes the area of the triangle

formed by points (0, 0), (pmax, 0), and the hollow circle.

demand/supply curves [4]. Formally, we assume that
Fi = F for all demand-types i ∈ D, and Hj = H for all
supply-types j ∈ S; further, we assume the correspond-
ing density functions f and g are continuous and log-
concave. This is relevant since many commonly encoun-
tered density functions such as Exponential, Uniform,
Gamma, Poisson, Gaussian, etc. are log-concave 7.

We again use Lemma 4.4, and take the better of pool-
ing solutions based on demand-pools, and on supply-
pools. Recall that the throughput functions Ti(S), Tj(D)
are sub-additive for general curves 4.3. In this setting
however, we have a stronger result:

Lemma 4.12. Suppose the density functions for sup-
ply (resp. demand) are identical and log-concave. Then,
for any i ∈ D, Ti(S) is submodular in S ⊆ S and for
any j ∈ S, Tj(D) is submodular in D ⊆ D.

Proof. Consider some set S ⊆ S and i ∈ D and let

t =
∑

j∈S sj

di
. Suppose S is assigned to i; then, the

equilibrium price p is given by tF (p) = H(p). Let
t = α(p) = H(p)/F (p) and let β = α−1. Then the
throughput as a function of t is simply diH(β(t)). Since
i is fixed, showing Ti(S) is submodular in S follows by
showing that the function H(β(t)) is concave in t.

First note that α(p) is decreasing in p since H(p) is a
decreasing function and F (p) is an increasing function.
7Our analysis suggests that the NYC taci demand-curves are
Gaussian, which are a special case of log-concave densities.

The throughput H(p) is also a decreasing function of p.
Note that

dH(p)

dt
=

dH(p)
dp

dt/dp
=

g(p)(F (p))2

g(p)F (p) + f(p)H(p)

To show submodularity, we need to show that the
above expression is a decreasing function of t, but since
t is decreasing in p, we need to show this is increasing in
p. This means we need to show 1/F (p)+f(p)/(F (p))2×
H(p)/g(p) is decreasing in p. Since F (p) is increasing in
p, the first term is obvious. Since f(p) is log-concave,
f(p)/F (p) is decreasing in p, and so is f(p)/(F (p))2.
Similarly, since g is log-concave, so is H(p), so that
−g(p)/H(p) is decreasing in p, so that g(p)/H(p) is in-
creasing in p, so that H(p)/g(p) is decreasing in p. This
completes the proof that the throughput is concave in
t, so that the throughput is a submodular set function.

A similar proof holds when supply types are the cen-
ters. Here, suppose for pool (D, i), the equilibrium price
is given by F (p) = xH(p), so that the throughput is
Tj(D) = siF (p). Then, we need to show that F (p) is a
concave function of x. Note that

dF (p)

dx
=

dF (p)
dp

dx/dp
=

1

1
H(p)

(
1 + g(p)

H(p)
F (p)
f(p)

)
Since x is an increasing function of the equilibrium price
p, we need to show that the above is decreasing in
p. This follows since H(p) is decreasing in p, while
g(p)/H(p) is increasing and f(p)/F (p) is decreasing in
p.

As a consequence, we can use the ideas outlined in
Section 4.3.1 to get:

Theorem 4.13. When supply and demand functions
are identical and log-concave, there is a 2e/(e − 1) ≈
3.164 approximation to the throughput. Furthermore, a
simple greedy algorithm yields a 4 approximation.

Moreover, Lemma 4.12 also proves that pooling is in-
deed optimal for throughput when the interaction graph
is a complete graph and the supply and demand curves
are identical and log-concave (in contrast to Theorem 4.2,
which shows it can be off by a factor of at most 2).

Theorem 4.14. For a complete interaction graph with
identical log-concave demand and supply functions, through-
put is maximized by pooling together all agent types.

Proof. Define r(x) = F (p(x)), where p(x) is the
solution to xH(p) = F (p) – in other words, r(x) is
throughput with unit supply volume and demand vol-
ume x. Lemma 4.12 implies that r(x) is concave in x

Consider any partition into more than one pools. In
pool Pk the equilibrium price pk satisfies

dkH(pk) = skF (pk),
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which gives

dkH(pk) = sk · r
(
dk
sk

)
.

Then the total throughput over all pools is

rnp =

K∑
k=1

sk · r
(
dk
sk

)
.

Now consider a single pooled market with total de-
mand volume d =

∑K
k=1 dk and total supply volume

s =
∑K

k=1 sk. The equilibrium price p satisfies

dH(p) = sF (p)

and the throughput is

rp = s · r
(
d

s

)
.

Then, using Jensen’s inequality, we get

rnp = s

K∑
k=1

sk
s
· r
(
dk
sk

)
≤ s · r

(
K∑

k=1

sk
s

dk
sk

)
= rp.

This completes the proof.

5. SIMULATIONS
In this section, we show results of our simulations to

show how pooling performs with respect to the follow-
ing natural baseline: All demand and supply nodes lie
in a single pool; this pool has a uniform price; sup-
ply is matched to demand by computing a max-flow
between them with values induced by the optimal uni-
form price. (See Section 4.4 for a justification of uniform
prices within a pool.) In our experiments we generate
local markets, each characterized by one Gaussian sup-
ply and one Gaussian demand with an edge between
them. For simplicity of exposition, each market i gets
richer in the market clearing price as i gets larger, i.e.,
the Gaussian means are approximately i.

In order to make the graph admit matchings across
markets, the supply i might also have an edge to de-
mand j with probability a/(|i− j|), for different values
of a, which essentially controls the density of the graph.
This models local bias in matching supply to demand.
We created 40 markets using the above approach.

While the mean for supply/demand i is approximately
i, we kept the variance to 1. The size of each supply
and demand is drawn uniformly in [1, 100]. The result-
ing markets had an average degree ∈ [2, 7]. Figure 5
illustrates the relative performance of pooling.

6. CONCLUSION
While our work is a first step in the algorithmic study

of two-sided platforms with non-atomic users, we list
some open questions below:

Figure 5: The relative performance of pooling
compared to the baseline.

• Complex constraints on pools: e.g., flow constraints in
an electricity market with generators and consumers [6].
• Incorporating heterogenous service-costs: Our work

extends to handle certain models for service costs;
however handling general models of cost depending
on supply and demand types is an open problem.
• Posted prices with endogenous customer choice: An

alternate setting is to set a price for each pool, and
allow agents to selfishly choose their optimal pool.
This has applications in settings where each pool cor-
responds to a time interval, and the platform matches
riders and rides with the goal of minimizing conges-
tion (cf [11, 5] for related models). Do such settings
admit to efficiently computable Walrasian equilibria?

7. REFERENCES
[1] I. Abraham, M. Babaioff, S. Dughmi, and

T. Roughgarden. Combinatorial auctions with
restricted complements. In Proceedings of the 13th
ACM Conference on Electronic Commerce, EC
’12, pages 3–16, 2012.

[2] M. Armstrong. Competition in two-sided markets.
RAND Journal of Economics, 37(3):668–691,
2006.

[3] E. M. Azevedo and J. D. Leshno. A supply and
demand framework for two-sided matching
markets. Available at SSRN 2260567, 2014.

[4] M. Bagnoli and T. Bergstrom. Log-concave
probability and its applications. Economic
Theory, 26(2):445–469, 2005.

[5] O. Besbes and I. Lobel. Intertemporal price
discrimination: Structure and computation of
optimal policies. Management Science,
61(1):92–110, 2015.

[6] S. Bose, D. W. H. Cai, S. H. Low, and
A. Wierman. The role of a market maker in
networked cournot competition. CoRR,
abs/1403.7286, 2014.

[7] D. Chakrabarty and G. Goel. On the
approximability of budgeted allocations and

11



improved lower bounds for submodular welfare
maximization and GAP. SIAM Journal on
Computing, 39(6):2189–2211, 2010.

[8] P. A. Diamond. Aggregate Demand Management
in Search Equilibrium. Journal of Political
Economy, 90(5):881–94, 1982.

[9] U. Feige. On maximizing welfare when utility
functions are subadditive. SIAM Journal on
Computing, 39(1):122–142, 2009.

[10] U. Feige, M. Feldman, N. Immorlica, R. Izsak,
B. Lucier, and V. Syrgkanis. A unifying hierarchy
of valuations with complements and substitutes.
In Proceedings of the Twenty-Ninth AAAI
Conference on Artificial Intelligence, AAAI’15,
pages 872–878, 2015.

[11] R. Gomes and A. Pavan. Price discrimination in
many-to-many matching markets. Technical
report, Northwestern University, Center for
Mathematical Studies in Economics and
Management Science, 2011.

[12] H. Halaburda, M. J. Piskorski, and P. Yildirim.
Competing by restricting choice: the case of
search platforms. Harvard Business School
Strategy Unit Working Paper, 10-098, 2015.

[13] J. K. Lenstra, D. B. Shmoys, and É. Tardos.
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