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Abstract
In several applications such as databases, planning, and sen-
sor networks, parameters such as selectivity, load, or sensed
values are known only with some associated uncertainty.
The performance of such a system (as captured by some
objective function over the parameters) is significantly im-
proved if some of these parameters can be probed or ob-
served. In a resource constrained situation, deciding which
parameters to observe in order to optimize system perfor-
mance itself becomes an interesting and important optimiza-
tion problem. This problem is the focus of this paper. Un-
fortunately designing optimal observation schemes is NP-
Hard even for the simplest objective functions, leading to
the study of approximation algorithms.

In this paper we present general techniques for designing
non-adaptive probing algorithms which are at most a con-
stant factor worse than optimal adaptive probing schemes.
Interestingly, this shows that for several problems of interest,
while probing yields significant improvement in the objective
function, being adaptive about the probing is not beneficial
beyond constant factors.

1 Introduction

Consider a measurement scenario such as sensor net-
works or spectrograms, where we have errors in esti-
mation, but the distribution of the error is understood
through models of the measuring instrument, histori-
cal data, regression, Kalman filters, etc. Suppose we
have a few readings and measurements, and are asked
to evaluate a function, e.g., the maximum temperature.
Assume that we can repeat and refine a few of the mea-
surements, i.e, “probe” a few sensors to make detailed
measurements. Clearly it is inefficient for all nodes to
make a detailed measurement. A natural question is
which measurements do we refine, say if we wanted to
refine only k of them and wanted to maximize the ex-
pected maximum value? In many situations, we can
assume that the errors made by different instruments
are independent of each other – even then the problem
is NP–Hard [14].

The above is a typical example of a model driven
optimization problem. This has gained significant cur-
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rency in a variety of other research areas such as
database query optimization and route selection in net-
works. In a database query optimization setting sup-
pose the optimizer is presented with a set of sufficiently
complicated and unrelated (independent) queries. The
query-optimizer can estimate the resources needed by
the queries from historical information, cached statis-
tics, sampling of various sub-queries, or by performing
inexpensive filters [3, 8, 9]. Subsequent to this estima-
tion, the query optimizer schedules the tasks to optimize
the throughput or the average completion times. How-
ever, this estimation process itself consumes resources
such as time, network bandwidth, and space, and there-
fore the decision to choose the parameters to refine in es-
timate becomes a key optimization problem. A similar
problem arises in networking, where the current state
of multiple routes and servers can be probed and ob-
served before deciding which route/server to use for a
specific connection [1, 18, 17]. The above examples can
also be extended to planning over a network, where we
may wish to visit a sequence of nodes, about which we
have imprecise information and can only refine a small
number of them, to minimize total distance traveled –
such problems arise in query processing in sensor net-
works [12].

The above problems of measurement refinement or
optimizing independent query schedules can be formu-
lated abstractly as follows. Let X1, X2, . . . , Xn be non-
negative independent random variables, whose distribu-
tions are given as inputs (the distribution can be spec-
ified by samples and does not affect any result in this
paper). There is a function f(X1, X2, . . . , Xn) on these
variables which must be optimized. By spending probe
cost ci, the optimizer can find out the exact value of vari-
able Xi. There is a budget C(≥ maxi ci) on the total
cost of observation. The probing policy chooses a subset
of variables of total cost at most C to probe and observe.
Subsequent to this, the optimization policy chooses a
solution based on the outcome of the probes, which
optimizes E[f(X1, X2, . . . , Xn)|{Xi, i ∈ S}], where the
expectation is over the distributions of the unobserved
variables. We note that the solution is fixed after the
outcomes of the probes, but before the realization of
the unprobed variables. Therefore, given the set of
probed variables and their outcomes, the solution is



the same for all realizations of the unprobed variables.
The final goal is to choose that S which optimizes
E[f(X1, X2, . . . , Xn)|S is probed], where the expecta-
tion is now jointly over the outcomes of probes and the
distributions of unprobed variables.

As an example, suppose f = maxi Xi. Let E[Xi] =
µi. If the probing policy chooses a subset S of variables
to probe, after the probing, the optimization policy will
choose that variable as the solution which corresponds
to the maximum of maxi∈S Xi and maxi/∈S µi. There-
fore, E[f |{Xi, i ∈ S}] = max(maxi∈S Xi,maxi/∈S µi),
where the expectation on the LHS is over the outcomes
of the unprobed variables. Note that the solution is cho-
sen after {Xi, i ∈ S} is probed and revealed, but before
the values of {Xi, i /∈ S} is known. Averaging this over
all outcomes of probing S, we have E[f |S is probed ] =
g(S) = E[max(maxi∈S Xi,maxi/∈S µi)]. The goal is to
design a probing policy that chooses S which maximizes
g(S), subject to the budget constraint

∑
i∈S ci ≤ C.

Several conceptual and systems issues arise imme-
diately, the foremost of which is the benefit of being
adaptive in the probing policy. The above formulation
implicitly assumed that the probes are done in parallel
upfront, i.e., non-adaptively1. In contrast, adaptive ob-
servations are sequential, based on the outcomes of the
previous probes. It is clear that adaptive strategies yield
as good or better solutions than the non-adaptive coun-
terpart. The first issue with an adaptive strategy is the
complexity of expressing the solution; it is a priori not
clear that the decision tree that encodes the optimum
solution is polynomially bounded. The next interesting
issue, which is a consequence of the adaptivity, is the
budget. Note that while probing random variables, if a
suitable value is found already, then the probing can be
halted early, yielding significant cost savings. Thus it
makes sense to assume that the budget is in expectation
as well. This sets up two classes of problems, namely
with hard budgets and with soft budgets, i.e., budgets
are in expectation.

In this paper, we design and analyze non-adaptive
probing strategies for the large class of objective func-
tions, and show that these strategies have a bounded
adaptivity gap, i.e., there exists a non-adaptive strategy
(as defined above) which is only a constant factor worse
compared to the best adaptive probing strategy with
soft budgets. Therefore for the problems we study, the
non-adaptive and adaptive models with hard and soft
budgets are all related to each other by constant fac-
tors. As a consequence, one of the main point we can
establish is that although probing helps significantly,

1Note that this notion of a non-adaptive policy is different from
that in [10].

adaptive probing is no better than non-adaptive prob-
ing by more than a constant factor in many problems of
interest. We focus on problems that have been consid-
ered in the known applications and literature to date,
namely, knapsack, average completion time scheduling,
metric clustering, spanning and Steiner trees. Further-
more, we demonstrate common techniques which we use
in analyzing seemingly disparate problems.

Related Work: The adaptivity gap in the absence
of probes has been considered in the literature earlier,
notably in [10, 11, 29, 32] for Knapsack and schedul-
ing problems. However, the model driven optimization
problem is considerably different from the settings in
those papers. In [10, 11, 29, 32] the optimum is allowed
to decide on the next item to schedule based on the
past, but once the next item is decided this is an irre-
vocable commitment. In contrast, in our problem, af-
ter probing we (as well as the optimum adversary) may
choose not to include an item in the Knapsack, arbitrar-
ily (re)order the schedule, come up widely different clus-
tering depending on the outcome of the probed values.
Hence, though we use linear programming based formu-
lations to lower bound the adaptive strategy, we need
completely different arguments and observation schemes
in the absence of the irrevocable commitment. The clas-
sic stochastic optimization (non-adaptive, non-probing)
versions of these scheduling problems were considered
in [27, 15]. In an earlier paper [14], we presented non-
adaptive probing schemes when the objective function
f captures the minimum value and the Knapsack prob-
lems. In [17] we present adaptive probing strategies with
soft budget constraints for the minimum value and max-
imum value objective functions . For correlated random
variables, the problem of minimizing residual informa-
tion is considered in [28].

The notion of refining uncertainty has been consid-
ered in an adversarial setting by several researchers [30,
13, 25, 4]. Here, the only prior information about
an input is the lower and upper bounds on its value.
The goal is to minimize the observations needed to
estimate some function over these inputs exactly, and
often strong lower bounds arise. We also note that
stochastic optimization problems were considered in
[23, 19, 22, 31, 33, 20, 21]; these problems appear to
be unrelated to adaptivity gaps.

1.1 Technical Contributions We now outline our
key contributions. For lack of space, several proofs are
omitted and can be found in the full version [16].

Packing problems: In this paper, we first focus on
the adaptivity gap of knapsack in the probing model.
We show that the adaptivity gap for this problem is a



constant factor, both when sizes are random variables,
and when profits are random variables. In a previous
paper [14], we showed that in the probing model, the
non-adaptive Knapsack problems can be reduced to
a maximizing submodular functions, implying greedy
constant factor approximation algorithms. However
the same sub-modularity based proofs cannot be used
to prove adaptivity gaps, since the adaptive optimal
solution is a decision tree. One of the contributions
of this paper (Section 2) is techniques for bounding the
adaptivity gap by a constant factor (hence showing that
the greedy non-adaptive algorithm can be used even in
an adaptive setting).

Note that in our case, since the final solution
involves a subset of the variables probed, the irrevocable
decision LP bounds for stochastic knapsack in [10]
are rendered inapplicable. The irrevocable decision
problems are quite different in nature; and to illustrate
the difference in techniques, we consider the probing
version of the stochastic knapsack problem in [16]. We
show that a different way of formulating the problem
yields the adaptivity gap – the excess of the profit
to size ratio of a variable over average profit to size
ratio of the non-adaptive optimal policy has a linear
contribution to the adaptive optimal policy. This yields
an approximate LP formulation which shows a constant
factor adaptivity gap.

Scheduling and metric problems: For these
problems, unlike packing problems such as knapsack,
the solution has to be constructed over all the variables
whether probed or unporbed. Now a different set of
ideas are needed to obtain lower bounds. We show
constant factor adaptivity gaps when the problems obey
a “recombinant” property – for an arbitrary partitioning
of the input variables, each of the parts have an induced
solution with the property that the objective function
values sum to no more than the respective quantities in
the original problem; furthermore, the two solutions can
be combined without a significant increase in value of
the resulting solution. Since encoding the value of the
probed part is unwieldy, this partitioning is necessary
to construct a solution that encodes just the unprobed
part. The recombination shows a small adaptivity
gap – the tricky part is to ensure that the interaction
of the probed and unprobed parts can be bounded.
This technique also yields non-adaptive algorithms in
addition to the adaptivity gap proof.

For scheduling we consider the average completion
time (1||

∑
j wjCj) and minimum makespan on identical

machines; in both cases, the job sizes are random vari-
ables. We focus on the average completion time which
illustrates the main issues (Section 3). A surprising fea-
ture of this algorithm is that only the expected values

of job sizes are used in constructing the approximately
optimal probing scheme. The makespan problem is dis-
cussed in [16]. For both these problems we design non-
adaptive algorithm which shows that the adaptivity gap
is a constant, while increasing the cost of probing by a
small factor. The increase in probing cost is unavoid-
able in our technique which lower bounds the adaptive
solutions by linear programs which have similar gaps.
An interesting open question is to show a complexity
result that the increase in budget is unavoidable.

We next consider metric problems. We assume that
the input nodes are discrete distributions of polynomial
specification over points of the metric space. For these
problem a small but important added twist is needed
– we need to reformulate the problem on a different
but related metric. We consider MST (Steiner Trees
and TSP) and the k-Median problem. We discuss
the k-Median problem and the general setup for these
problems in Section 4. The MST problem is discussed
in [16]. For the k-median problem an interesting issue
comes to fore, which does not appear for deterministic
input. It is well known that over any space, there exists
a k-median solution which uses the input points and is
at most twice the optimum. For distributional input
we show that the adaptivity gap for obtaining exactly k
medians is polynomially large, short of a polynomial
blowup in the probing cost. However, if we restrict
all solutions to use fixed points in the metric space as
medians (as opposed to declaring an input node which
could possibly be a distribution over points as a median)
then the gap disappears! This exposes an interesting
contrast in the problem based on which points are
allowed to be medians. We expect these definitional
issues to be of independent interest as more problems
with distributions as input are investigated.

2 Adaptivity Gap for Knapsack

We show that for knapsack, the ability to observe
adaptively has only a constant factor benefit over ob-
serving non-adaptively. We discuss the version of knap-
sack where the profits are random variables; the version
where the sizes are random variables is presented in [16].

Item i has profit which is an independent random
variable Xi, size si ≤ B, and probing cost ci. The
knapsack capacity is B, and the probing budget is
C ≥ maxi ci. We will assume that si, B are (possibly
exponential in magnitude) integers. The probing policy
adaptively probes a subset of items to determine their
exact profit. Subsequently, an item selection policy
chooses a subset of probed and unprobed items to
place in the knapsack so that the expected profit
(over the distributions of the unprobed profit values)
is maximized. Note that the selection policy will simply



use profit E[Xi] for unprobed item i, while for a probed
item, it uses the exact profit. The goal is to design an
adaptive probing policy that maximizes the expected
profit, where the expectation is over the outcome of the
probes and over the distribution of the profit values of
the unprobed items.

In what follows, we will show an existence result
that the adaptivity gap is a constant, meaning that
there is a non-adaptive probing policy that upfront
chooses a subset of items to probe, which is a con-
stant factor approximation to the best adaptive probing
policy. Note that the benefit of probing itself is enor-
mous, because even for finding the maximum element
(each element of size 1, knapsack capacity 1), probing
all items yields profit E[maxi{Xi}], which can be Ω(n)
times maxi E[Xi], which is the expected profit of prob-
ing no item. However being adaptive does not give us
significantly more power.

Greedy Algorithm: We first describe a greedy
non-adaptive algorithm presented in [14] which is a
constant factor approximation to the optimal non-
adaptive probing policy. We first observe that after
the probes are completed, in any scenario, either half
of the profit arises from the probed variables or half of
the profit arises from the unprobed variables. Thus we
can compute two solutions: The first where the item
selection policy is restricted to using only unprobed
items (in this case, no probing is necessary, and the
optimal solution is the solution to the deterministic
knapsack problem where the item profits are E[Xi]),
and the solution where the selection policy is restricted
to using just the probed items. We choose the better of
the two solutions, losing a factor 2 in the approximation
ratio. Since the former solution is simple to construct,
we focus on the latter solution which is restricted to
using just probed items.

Consider the optimal fractional profit of non-
adaptively probing set S and selecting items fraction-
ally after the outcome of the probes. This is given
by f(S) = E[max~y≥0,yi≤1,

P
i∈S siyi≤B

∑
i∈S Xiyi]. It is

shown in [14] that (i) f(S) is sub-modular (ii) it can be
(approximately) computed efficiently and (iii) f(S) has
profit at most 2 times the expected profit of the integral
solution (yi restricted to 0/1). The greedy algorithm for
sub-modular function maximization [26] therefore yields
a constant factor approximation to the profit of the best
probed solution, which implies a constant factor approx-
imation to the profit of the best non-adaptive probing
policy.

We will now show that the greedy algorithm de-
signed in [14] is not only a O(1) approximation to the
best non-adaptive policy (as shown in [14]), but that
it is also a constant factor approximation to the best

adaptive observation policy! We need new techniques
since the sub-modularity based proof in [14] breaks
down when a non-adaptive policy is analyzed against
an adaptive policy. Our ”adaptivity gap” proof holds
against the optimal adaptive policy with either hard or
soft budgets.

The adaptivity gap: Let DX denote the proba-
bility density function (p.d.f.) of random variable X.
Let X∗ denote the fractional profit of the non-adaptive
optimal solution and let S∗ denote the set probed. That
is, X∗ = maxS|

P
i∈S ci≤C f(S). The average profit to

size ratio of the non-adaptive solution is r∗ = X∗/B.

Definition 1. Define Eq[X] =
∫∞

y=q
yDX(y)dy. This

denotes the ”excess” of random variable X above q.

We first begin with a useful lemma (proved in [16])
showing that the expected maximum of a set of random
variables is approximately linear in their “excess”.

Lemma 2.1. (Implicit in Lemma 3.3 of [27]) For a set
of independent random variables S = {X1, X2, . . . Xk},
let t = E[maxi∈S Xi], then

∑
i∈S E2t[Xi] ≤ 2t.

Definition 2. Define Ri = Xi/si. This random vari-
able corresponds to the profit per unit size of item i.

For a subset S of items, recall: f(S) =
E[max~y≥0,yi≤1,

P
i∈S siyi≤B

∑
i∈S Xiyi]. Define r(S) =

f(S)/B. The next lemma is the main technical lemma.
We believe the techniques used in the proof of the lemma
would be of interest to other packing problems as well.

Lemma 2.2. For any subset S of items,∑
i∈S siE2r(S)[Ri] ≤ 5f(S).

Proof. Suppose
∑

i∈S siE2r(S)[Ri] > 5f(S). Define L =
2f(S)/B = 2r(S). We have

∑
i∈S siEL[Ri] > 5

2BL.
We will show this implies f(S) > BL/2, which is a
contradiction. In the rest of the proof we will show that
if

∑
i∈S siEL[Ri] > 5

2BL, then f(S) > BL/2.

We will show the above by creating feasible frac-
tional solutions. For each i create si perfectly correlated
copies of the random variable Ri. Denote these copies
Ri1, . . . , Risi

. Let R = ∪i∈S∪si
j=1Rij . Each variable Rij

correspond to a size unit. Note that we will be using
these variables to show proof of existence only – the pos-
sibly exponential number of variables will not affect the
algorithm. The fractional knapsack now corresponds to
accommodating B of these variables. Let R0 denote the
set of variables Rij such that EL[Rij ] > L. Let R1 de-
note the set of variables Rij such that EL[Rij ] ≤ L. We
have two cases to consider: either

∑
Rij∈R0

EL[Rij ] >

BL/2 or
∑

Rij∈R1
EL[Rij ] > 2BL.



Case 1,
∑

Rij∈R0
EL[Rij ] > BL/2: Suppose |R0| ≥

B, then we can choose a subset of variables of car-
dinality exactly B, and name them P . Otherwise
P = R0. The variables chosen in the subset P de-
fine a fractional knapsack solution. But for this fixed
fractional solution E

[∑
Rij∈P Rij

]
=

∑
Rij∈P E[Rij ] ≥∑

Rij∈P EL[Rij ] > BL/2. Now f(S) will only do better
than this fixed solution – because of the max. Thus in
this case we already have f(S) > BL/2.
Case 2,

∑
Rij∈R1

EL[Rij ] > 2BL: Split the knapsack
into unit size bins G1, G2, . . . , GB which are initially
empty. Consider the variables Rij ∈ R1 in increasing
order of EL[Rij ] (so that the variables corresponding
to any item i are considered consecutively), and assign
them to the bins in a round-robin fashion so that each
item is assigned to the next bin in the round-robin order.

Consider the sum σk =
∑

Rij∈Gk
EL[Rij ]. Since the

variables are being assigned in a round-robin fashion, we
have maxk,k′ |σk − σk′ | ≤ L because after the first item
is placed in k′ < k, all subsequent pairs of items placed
decrease the difference; an odd number helps lessen the
difference even more. We also have

∑B
k=1 σk > 2BL.

Therefore, σk > L for all k = 1, 2, . . . , B.
Since there are at most B variables Rij ∈ R1

corresponding to any item i, the round robin scheme
also ensures that the variables in a bin Gk corre-
spond to distinct items. Thus the variables in a sin-
gle fixed bin Gk are independent. For a fixed Gk,
let tk = E[maxRij∈Gk

Rij ]. By Lemma 2.1, we have
E[maxRij∈Gk

Rij ] ≥ 1
2

∑
Rij∈Gk

E2tk
[Rij ]. Now if 2tk ≤

L then we know that

∑
Rij∈Gk

E2tk
[Rij ] ≥

∑
Rij∈Gk

EL[Rij ] = σk > L

. Therefore tk = E[maxRij∈Gk
Rij ] > L/2. Note that

if 2tk > L then tk > L/2 trivially. Consider a fractional
solution where each bin Gk chooses the maximum and
the profit is maxRij∈Gk

Rij . We have:

max
~y≥0,yi≤1,

P
i∈S siyi≤B

∑
i∈S

Xiyi ≥
B∑

k=1

max
Rij∈Gk

Rij

Taking expectation, the left hand side yields f(S).
The right hand side by linearity of expectation is∑B

k=1 tk > BL/2. This proves the lemma.

Recall that X∗ = maxS|
P

i∈S ci≤C f(S), S∗ denotes
the corresponding probed set, and r∗ = X∗/B.

Lemma 2.3.
∑

i∈S siE2r∗ [Ri] ≤ 5X∗ for any set S with∑
i∈S ci ≤ C.

Proof. Since f(S) ≤ X∗ and r(S) ≤ r∗, from the
previous lemma we have:∑

i∈S siE2r∗ [Ri] ≤
∑

i∈S siE2r(S)[Ri] ≤ 5f(S) ≤ 5X∗

We now show that the optimal non-adaptive solu-
tion yields a constant factor approximation to the opti-
mal adaptive strategy with either hard or soft budgets.

Theorem 2.1. The expected value of the non-adaptive
optimal observation strategy is a constant factor approx-
imation to the value of the optimal adaptive strategy.

Proof. Consider any adaptive algorithm. Let Zi be
random variable denoting whether Xi is observed, and
let zi = E[Zi]. Since the expected probe cost is at most
C, we have

∑
i cizi ≤ C.

Define Yi = Xi if Xi

si
≥ 2r∗, and 0 otherwise.

Therefore, E[Yi] = siE2r∗ [Ri]. Let Y =
∑

i ZiYi be
the sum of profits of probed variables whose profit to
size ratio is larger than 2r∗. By the independence of
Zi and Xi we have, E[Y] =

∑
i zisiE2r∗ [Ri]. The zi

values therefore define a fractional knapsack instance.
The best 0/1 setting of the zi yields

∑
i zisiE2r∗ [Ri] ≤

5X∗ by the previous lemma. Since the best fractional
solution can have at most twice this value (assuming all
ci ≤ C), we have E[Y] ≤ 10X∗.

Let OPT denote the value of the adaptive optimal
solution. The total profit it can derive from items
with profit to size ratio at most 2r∗ is at most 2X∗.
Therefore, OPT ≤ 2X∗+E[Y]. Therefore, the expected
value of the adaptive optimal solution is at most 12X∗.

3 Average Completion Time Scheduling

We consider the weighted completion time problem
(1||

∑
wjCj) of scheduling jobs on a single processor

to minimize the sum of the weighted completion times.
All jobs are released at time t = 0 and there are no
deadlines or precedence constraints.

In the probing model the sizes (or processing times)
of jobs J1, . . . , Jn are distributed according to indepen-
dent random variables X1, X2, . . . , Xn respectively. The
weight of job Ji is wi, which is not a random variable.
Let E[Xi] = µi. Each variable Xi corresponding to the
size of job Ji has probing cost ci; probing yields its exact
value. C denotes the (soft) budget on probing cost.

The solution is a strategy for adaptively probing a
subset the jobs so that the expected weighted comple-
tion time of scheduling all the jobs after the outcome of
the probes is known, is minimized. This expectation is
over the outcome of the probes, and over the distribu-
tion of the processing times of the unprobed jobs. We
note that the scheduling policy fixes the ordering of all
jobs after the results of the probes are known, but before
the sizes of the unprobed jobs are revealed. Therefore,



the scheduling policy will simply order the jobs in non-
decreasing order of the ratio of processing time to weight
(Smith’s Rule) – this processing time is exactly known
for probed jobs, and is the expected processing time for
unprobed jobs.

Roadmap: We show that there is a one-shot (non-
adaptive) probing scheme which is a constant factor
approximation to the optimal adaptive probing scheme.
We will write an LP over job pairs to bound the
contribution of only the unprobed part of the solution.
Therefore for the variables we do not probe, their
contribution would be a lower bound of the optimum.
We show via a recombinant property in the problem
structure that this lower bound is sufficient to achieve
a constant factor non-adaptive approximation to the
optimal adaptive solution.

The Recombinant Property: First consider n
deterministic jobs. Let l1, l2, . . . , ln denote the job-
lengths, and w1, w2, . . . , wn denote the job weights. Let
αi = li

wi
. Let γij = min(αi, αj). By Smith’s rule, the

optimal solution sorts the jobs in increasing order of
αj and schedules in this order. The completion time
of the optimal ordering can therefore be written as∑n

i=1

∑
j≥i wiwjγij . This summation is over job pairs.

We present the recombinant property of this summation.

Lemma 3.1. For any partitioning of n deterministic
jobs into two disjoint sets A and B, we have:∑

i,j∈A
j≥i

wiwjγij +
∑

i,j∈B
j≥i

wiwjγij ≥
∑
i∈A
j∈B

wiwjγij

Proof. First, suppose all γij = 1. We have:

(
∑
i∈A

wi −
∑
j∈B

wj)2 ≥ 0

⇒
∑

i,j∈A
j≥i

wiwj +
∑

i,j∈B
j≥i

wiwj ≥
∑
i∈A
j∈B

wiwj

We next consider the case of general αi. We will
prove this by induction on the number of jobs (the base
case being trivial). Let i∗ = argminiαi. For each job i,
let βi = αi − αi∗ , and let δij = min(βi, βj). We have:

wiwjγij = wiwj(αi∗ + δij)

From the proof of the γij = 1 case, we have:

αi∗(
∑

i,j∈A,j≥i

wiwj +
∑

i,j∈B,j≥i

wiwj) ≥ αi∗

∑
i∈A,j∈B

wiwj

The set of jobs with non-zero β values is strictly smaller
than n. Let Z be the set of jobs with βi = 0. By the

inductive hypothesis we have:∑
i,j∈A\Z

j≥i

wiwjδij +
∑

i,j∈B\Z
j≥i

wiwjδij ≥
∑

i∈A\Z
j∈B\Z

wiwjδij

Adding the previous two inequalities, we have the proof
of the lemma.

In the above lemma, the LHS represents the con-
tribution to the optimal completion time which arises
from job pairs within A and within B. The RHS repre-
sents contributions of job pairs such that one of the jobs
is in A and the other in B. The above shows that the
interaction term across the two sides of any partition,
can be bounded by the sum of the interactions within
each side. This property will be crucial in our analysis.
Though our analysis is for stochastic processing times
(while the above lemma is for deterministic processing
times), we will apply this lemma sample by sample to
achieve the desired bounds.

We now show that the above recombinant property
implies the following: The adaptivity gap of a non-
adaptive algorithm based on solving a simple non-
stochastic outlier version of the problem is a constant
factor. In this outlier version, we first assume all jobs
have (deterministic) processing times equal to their
expected values, and choose a subset of jobs of total
probing cost at most C to be ”ignored” so as to
minimize the weighted completion time of scheduling
the remaining jobs. Note that no scheduling decisions
are made yet; the goal of this step is to simply compute
the subset to ”ignore”. Next, the probing policy probes
the subset of jobs which we ”ignored” in the previous
step. Finally, the scheduling policy schedules all the
probed and unprobed jobs using Smith’s Rule.

Algorithm. More formally, the following non-
adaptive algorithm has a constant adaptivity gap. The
LP in the first step encodes the outlier version of the
problem, where all jobs have processing times equal to
their expected values, and the goal is to discard a set of
jobs of cost at most C such that the weighted comple-
tion time of the remaining jobs is minimized.

1. Define the following LP and solve it

min
n∑

i=1

∑
j>i

e(i, j) min{wjµi, wiµj}+
n∑

i=1

(1−zi)wiµi

n∑
i=1

zici ≤ C

e(i, j) + zi + zj ≥ 1 for all i, j > i

e(i, j), zi ≥ 0 for all i, j ∈ {1, 2, . . . , n}



2. Round the LP solution as follows: Let S1 = {i|zi ≥
1
3}, and e(i, j) = 1 if i 6∈ S1 and j 6∈ S1. Let S2

be the set of jobs not in S1. The set S1 is the jobs
which are ”ignored” in the outlier solution.

3. Probe the jobs {Ji|i ∈ S1}. Let fi = Xi

wi
if i ∈ S1

(where Xi is the realized size of Ji) and let fi = µi

wi

for i ∈ S2. Sort Ji in increasing order of fi and
output the schedule.

Analysis. Let OPTLP denote the value of the
optimal solution of the linear program. Let ADAPT
denote the value of the optimal adaptive policy. The
next lemma is proved in [16].

Lemma 3.2. OPTLP ≤ ADAPT .

Proof. Given a strategy of optimum, denote b(i, j) be
the probability that between i and j, the optimum
solution probes i first (including the event that it does
not probe j at all). Likewise define b(j, i) to be the
probability that j is probed before i (or only j was
probed). Define n(i, j) to be the probability that neither
i nor j is probed. Thus b(i, j)+ b(j, i)+n(i, j) = 1. Let
event ϕ(i), ϕ(j) be the probabilities with which i and
j were probed respectively. Clearly ϕ(i) ≥ b(i, j) and
ϕ(j) ≥ b(j, i).

The adaptive optimal algorithm obeys
∑

i ϕ(i)ci ≤
C. Thus if we set zi = ϕ(i) and e(i, j) = n(i, j),
the quantities ϕ(i), n(i, j) satisfy the set of equations:∑

i zici ≤ C, and e(i, j) + zi + zj ≥ 1 for all i, j.
The solution of the optimum strategy is lower

bounded by∑
j>i

n(i, j) min{wiµj , wjµi}+
∑

i

(1− ϕ(i))wiµi

This follows from the fact that in the scenarios in
which neither i nor j is probed, the best strategy for
the optimum is to schedule the jobs according to their
expectation. Thus the LP is a lower bound of the
optimum adaptive policy.

The next lemma follows easily from the description
of the rounding scheme.

Lemma 3.3. The cost of probing set S1 is at most
3C. Furthermore, the weighted completion time of
the unprobed set S2 is

∑
i,j∈S2,j≥i min(wiµj , wjµi) ≤

3 ·OPTLP ≤ 3 ·ADAPT .

We now use Lemma 3.1 to show that the above
non-adaptive has a constant adaptivity gap against the
optimal (hard or soft) budget adaptive strategy.

Theorem 3.1. The non-adaptive strategy is a 8 ap-
proximation to the optimal (expected cost C) adaptive
strategy, and spends cost 3C.

Proof. Consider any sample σ of values of variables
in set S1. Let Pσ =

∑
i,j∈S1,j≥i min(wjXi, wiXj);

let Q =
∑

i,j∈S2,j≥i min(wjµi, wiµj) and let Rσ =∑
i∈S1,j∈S2

min(wjXi, wiµj). The expected value of the
non-adaptive solution is E[P ] + Q + E[R] where the
expectation is over all scenarios σ. From Lemma 3.3, we
have Q ≤ 3 · ADAPT . We also have E[P ] ≤ ADAPT ,
since the adaptive solution obtains the best value from
S1 by observing all the variables. Using Lemma 3.1,
we have Pσ + Q ≥ Rσ in all scenarios σ. Therefore,
E[P ] + Q ≥ E[R]. The value of the non-adaptive
solution is therefore at most 2(E[P ]+Q) ≤ 8 ·ADAPT .

4 K-median Clustering

In this problem, we are given a metric space with point
set P, which defines a distance function l. The input is
a set of nodes V , where the location of node i follows an
independent distribution Xi over P. Distribution i ∈ V
has probe cost ci. The goal is to design an adaptive
policy to probe the nodes which spends expected cost
at most C. After probing, the algorithm opens K
centers and assigns all probed and unprobed nodes
to some center so that the expected distance cost (or
value) of the clustering is minimized. This expectation
is over the locations of the unprobed nodes. Note
that after probing, the center selection and assignment
policy assigns an unprobed node i to that open center
w which minimizes the expected distance E[l(Xi, w)]
where the expectation is over the random variable
Xi. The goal is to design a probing policy whose
resulting expected distance cost (or value) of K-median
clustering is minimized, where the expectation is over
the outcomes of the probes and the locations of the
unprobed nodes.

We consider two variants of the problem. In the
first variant, we assume that the center selection policy
is restricted to opening centers from a set S ⊆ P. This
means the centers can only be chosen from points of the
underlying metric space. Therefore, for an unprobed
node i assigned to a center w ∈ P, the expected
distance cost is E[l(Xi, w)], where the expectation is
over the random variable Xi. In the second variant,
the centers are allowed to be input nodes, and therefore
distributions. In this latter variant, an unporbed node
j can be opened as a center after probing a set of nodes.
Suppose an unprobed node i is assigned to this center,
then the expected distance cost is E[l(Xi, Xj)], where
the expectation is over both the random variables Xi

and Xj .
We present a constant factor adaptivity gap for the

former variant. We then show that the adaptivity gap
is polynomially large for the latter variant. This shows
a fundamental difference in the two variants.



4.1 Fixed Centers. We first consider the first vari-
ant where the centers can only be points from S ⊆ P.
We define a new metric space d over the points P ∪ V .
For i, j ∈ V , define d(i, j) = E[l(Xi, Xj)] where the
expectation is over the random variables Xi and Xj .
For i ∈ P, j ∈ V , define d(i, j) = E[l(i,Xj)], and for
i, j ∈ P, define d(i, j) = l(i, j). The function d defines a
metric space on the nodes V ∪P (refer [16] for a proof).

As before, we consider the outlier version of this
problem: The goal is to find the subset T ⊆ V of nodes
of total probing cost at most C such that the cost of
K-median clustering of the remaining nodes V \ T in
metric space d is minimized. The linear relaxation of
this problem is the following:

Minimize
∑

i∈V,s∈S

d(i, s)x(i, s)

∑
i∈V cizi ≤ C
x(i, s) ≤ ys ∀i ∈ V, s ∈ S∑

s∈S x(i, s) + zi ≥ 1 ∀i ∈ V∑
s∈S ys ≤ K

zi, ys, x(i, s) ∈ [0, 1] ∀i ∈ V, s ∈ S

Lemma 4.1. (Proved in [16]) The optimal LP value
lower bounds the value of the adaptive optimal policy.

Algorithm.
Step 1. Round the solution of the above LP to
construct a K-median solution with total cost of the
outliers is 5C and the distance cost at most a factor of
5 of the distance cost in the linear program. This is
achieved by the rounding procedure in [7]. Let the set
of outliers be T and let V \ T denote the remaining set
of nodes.
Step 2. Probe the set T . Let Tσ ⊆ P denote the
realization of these nodes. Construct the K-median
solution on the points V \ T ∪ Tσ in metric space
d using any approximation algorithm (either the 4-
approximation in [5, 24, 6] which work against the LP
bound, or the (3 + ε) approximation in [2]).

Analysis. Let ADAPT denote the value of the optimal
adaptive K-median solution. The following lemma is
immediate from the description of the algorithm and
Lemma 4.1.

Lemma 4.2. There is a polynomial time computable K-
median solution restricted to the unprobed node-set V \T
of value at most 5 ·ADAPT .

Using Lemma 4.2, we can see that the non-adaptive
strategy can spend probe cost 5C and find a solution
with 2K centers, K for the probed variables and K
for the unprobed, of expected value at most (8 + ε) ·

ADAPT . We reduce this to K centers below. The key
technical hurdle is that the K-median solutions are over
nodes which are distributions, and the optimal solution
and the non-adaptive solutions could probe different
sets of these nodes.

Theorem 4.1. The non-adaptive solution has probing
cost 5C and has value at most 29 ·ADAPT .

Proof. We construct the non-adaptive solution in two
phases: first, construct K medians on the unprobed
nodes V \ T using the outlier algorithm. Now move
the unprobed nodes to the corresponding centers, and
construct a K-median solution on the realization of the
nodes in T and the nodes in V \ T located at their
respective medians.

We will proceed by considering scenarios of the val-
ues of all nodes. Fix some sample σ of the locations
of all nodes. Let Aσ denote the value of the opti-
mal adaptive solution given this scenario. Therefore,
E[Aσ] = ADAPT where the expectation is over σ.

Focus now on the non-adaptive solution. For the
scenario σ, let Uσ denote the distance value of the
first phase which clusters just the unprobed nodes.
Therefore, E[Uσ] ≤ 5 ·ADAPT from Lemma 4.2.

Fix the realization r of the nodes in the probed set
T . Let Fr denote the set of samples σ corresponding to
this realization of T . For scenario σ ∈ Fr, let Pσ ⊆ P
denote the set of realized nodes for T , along with the
nodes of V \ T located at their corresponding medians
constructed in the first phase. Note that the set Pσ is
the same for all σ ∈ Fr; therefore, the non-adaptive
solution constructs a unique K-median solution for all
these scenarios in the second phase. We now construct
a fractional K-median solution on Pσ for σ ∈ Fr.

In scenario σ send each probed node (in set T ) to its
assigned center in the optimal solution Aσ. Similarly,
send each unprobed node (which is located at its
assigned center in the solution Uσ) back to its realized
location in scenario σ and from there to its assigned
center in Aσ. This yields a mapping from the nodes Pσ

to K medians in scenario σ. The distance value of this
mapping is at most Aσ +Uσ by triangle inequality. Note
that the distances in this mapping are distances between
points in P, and do not involve the distributional nodes
V . This yields a valid K-median solution on Pσ.

Since there is a feasible K-median solution for each
σ ∈ Fr, these when averaged over σ ∈ Fr define a
fractional K-median solution for the set of points Pσ.
Note again that Pσ ⊆ P is the same set of points for
all σ ∈ Fr. Therefore, there is an integer K-median
solution on Pσ of value 4 times this fractional value.
The non-adaptive algorithm pays at most this integer
value for the second phase for scenarios σ ∈ Fr.



The expected value of this second phase solution
over all realizations r of nodes in T is therefore at most
4E[Aσ +Uσ] ≤ 24 ·ADAPT . The overall value the non-
adaptive algorithm is the sum of the values of the two
phases, and is therefore at most 29 ·ADAPT .

4.2 Arbitrary Centers. Consider now the case
where the centers themselves are allowed to be input
nodes, and therefore distributions. After probing, the
center selection policy could decide to open an unprobed
input node as a center, and assign probed and unprobed
nodes to this center. The distance cost between the cen-
ter and the assigned node is the expected distance be-
tween them, where the expectation is taken over possi-
ble locations of the center and the assigned node. Since
the LP relaxation is still a lower bound on the adaptive
optimal solution, we have:

Theorem 4.2. The previous algorithm yields a non-
adaptive probing strategy of cost 5C, using 2K-medians,
an (8+ε)-approximation to the adaptive optimal solution
using K medians.

We show that the above is the best possible in
the following sense. We show below that any non-
adaptive algorithm has polynomially large adaptivity
gap on both distance and probing cost if it is restricted
to opening at most (1 + ε)K centers for some constant
ε > 0. Intuitively what fails is the following: In the
proof for fixed centers, we mapped the unprobed nodes
of the non-adaptive solution to a set of nodes in P, and
constructed a fractional solution using these locations
for these nodes. This ensures that the metric space
is over P and independent of distributions. In the
current setting, an unprobed node could be mapped
to an unprobed center. Therefore across scenarios, the
metric space over the locations of the nodes changes.

Theorem 4.3. The adaptivity gap for K-medians when
centers can be input nodes is polynomially large on both
distance and probing cost.

Proof. Consider M distinct copies (at a mutual distance
of at least M3L from each other, L = M2) of the
following 2-dimensional node set. In copy m, there
are r + 1 “cheap” nodes X1m, X2m, . . . which cost 1 to
probe. Distribution Xim is 0 with probability 1/2 and
i + 1 otherwise. In addition, there are pairs of nodes
which are well-separated from other pairs by a large
distance L. Pair j corresponds to two distributions:
Yjm and Zjm. Yjm is (L + jL, 1) with probability
1 − log t/t and (L + jL, 0) with probability log t/t.
Zjm is (L + jL,−1) with probability 1 − log t/t and
(L + jL, 0) with probability log t/t. These distributions

are “expensive” with probing cost (r+1)M . Again note
that the nodes for each m are far removed from the
nodes corresponding to other m. Let K = (2t + r)M .
For each m, the adaptive solution will place 2t + r
medians. Assume r > 2 log Mt, and M � t2.

The adaptive algorithm probes the “cheap” distri-
butions X∗. For some m, if X∗m resolve to r + 1 values
distinct points (this happens with probability 1/2r+1

for a particular m and therefore M
2r+1 overall), then

probe all the “expensive” distributions Y∗ and Z∗. If
at most r distinct values are observed for all m, then
do not probe further, since there is a k median solution
of value 0 in which every one of the expensive nodes,
and the realized locations of the cheap nodes is a me-
dian. The expected probing cost of this scheme is at
most M(r + 1) + (r + 1)M ·Mt · M

2r+1 ≤ 2M(r + 1).
We now analyze the expected distance. For a

certain m, when the expensive nodes Y∗m and Z∗m are
probed, with probability 1 − (1 − log t/t)2t ≥ 1 − 1/t2

some pair collides on the x-axis. In this case, the
k medians solution has distance cost 0, else it has a
distance cost of at most 2. The expected distance cost
is therefore at most (1/2r+1) · (1/t2) · 2 for each m.
Therefore, the overall expected distance cost is M

t22r .
Any non-adaptive probing scheme must probe at

least one expensive distribution in each copy, else the
distance cost is at least 1

2r+2 � M
t22r in that copy (in the

case where the cheap distributions resolve to distinct
values w.p. 1/2r+1, the distance cost will be at least
0.5). Therefore, the probing cost needed is (r + 1)M2,
which implies that unless the probing cost is a factor M
larger than the adaptive scheme, the distance cost must
be t2

M times larger. Therefore, no non-trivial adaptivity
gap is possible.
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