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Abstract9

This paper presents universal algorithms for clustering problems, including the widely studied10

k-median, k-means, and k-center objectives. The input is a metric space containing all potential11

client locations. The algorithm must select k cluster centers such that they are a good solution12

for any subset of clients that actually realize. Specifically, we aim for low regret, defined as the13

maximum over all subsets of the difference between the cost of the algorithm’s solution and that of14

an optimal solution. A universal algorithm’s solution sol for a clustering problem is said to be an15

(α, β)-approximation if for all subsets of clients C′, it satisfies sol(C′) ≤ α · opt(C′) + β · mr, where16

opt(C′) is the cost of the optimal solution for clients C′ and mr is the minimum regret achievable17

by any solution.18

Our main results are universal algorithms for the standard clustering objectives of k-median,19

k-means, and k-center that achieve (O(1), O(1))-approximations. These results are obtained via a20

novel framework for universal algorithms using linear programming (LP) relaxations. These results21

generalize to other ℓp-objectives and the setting where some subset of the clients are fixed. We also22

give hardness results showing that (α, β)-approximation is NP-hard if α or β is at most a certain23

constant, even for the widely studied special case of Euclidean metric spaces. This shows that in24

some sense, (O(1), O(1))-approximation is the strongest type of guarantee obtainable for universal25

clustering.26
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1 Introduction37

In universal1 approximation (e.g., [8, 9, 10, 16, 20, 22, 27, 39, 40]), the algorithm is presented38

with a set of potential input points and must produce a solution. After seeing the solution,39

1 In the context of clustering, universal facility location sometimes refers to facility location where facility
costs scale with the number of clients assigned to them. This problem is unrelated to the notion of
universal algorithms studied in this paper.
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an adversary selects some subset of the points as the actual realization of the input, and the40

cost of the solution is based on this realization. The goal of a universal algorithm is to obtain41

a solution that is near-optimal for every possible input realization. For example, suppose42

that a network-based-service provider can afford to deploy servers at k locations around the43

world and hopes to minimize latency between clients and servers. The service provider does44

not know in advance which clients will request service, but knows where clients are located.45

A universal solution provides guarantees on the quality of the solution regardless of which46

clients ultimately request service. As another example, suppose that a program committee47

chair wishes to invite k people to serve on the committee. The chair knows the areas of48

expertise of each person who is qualified to serve. Based on past iterations of the conference,49

the chair also knows about many possible topics that might be addressed by submissions.50

The chair could use a universal algorithm to select a committee that will cover the topics51

well, regardless of the topics of the papers that are submitted. The situation also arises in52

targeting advertising campaigns to client demographics. Suppose a campaign can spend for53

k advertisements, each targeted to a specific client type. While the entire set of client types54

that are potentially interested in a new product is known, the exact subset of clients that55

will watch the ads, or eventually purchase the product, is unknown to the advertiser. How56

does the advertiser target her k advertisements to address the interests of any realized subset57

of clients?58

Motivated by these sorts of applications, this paper presents the first universal algorithms59

for clustering problems, including the classic k-median, k-means, and k-center problems. The60

input to these algorithms is a metric space containing all locations of clients and cluster61

centers. The algorithm must select k cluster centers such that this is a good solution for any62

subset of clients that actually realize.63

It is tempting to imagine that, in general, for some large enough value of α, one can find a64

solution sol such that for all realizations (i.e., subsets of clients) C ′, sol(C ′) ≤ α · opt(C ′),65

where sol(C ′) denotes sol’s cost in realization C ′ and opt(C ′) denotes the optimal cost66

in realization C ′. But this turns out to be impossible for many problems, including the67

clustering problems we study, and indeed this difficulty may have limited the study of68

universal algorithms. For example, suppose that the input for the k-median problem is a69

uniform metric on k + 1 points, each with a cluster center and client. In this case, for any70

solution sol with k cluster centers, there is some realization C ′ consisting of a single client71

that is not co-located with any of the k cluster centers in sol. Then, sol(C ′) > 0 but72

opt(C ′) = 0. Since it is not possible to provide a strict approximation guarantee for every73

realization, we instead seek to minimize the regret, defined as the maximum difference between74

the cost of the algorithm’s solution and the optimal cost across all realizations. The solution75

that minimizes regret is called the minimum regret solution, or mrs for short, and its regret is76

termed minimum regret or mr. More formally, mr = minsol maxC′ [sol(C ′) − opt(C ′)]. We77

now seek a solution sol that achieves, for all input realizations C ′, sol(C ′) − opt(C ′) ≤ mr,78

i.e., sol(C ′) ≤ opt(C ′) + mr. But, obtaining such a solution turns out to be NP-hard for79

many problems, and one has to settle for an approximation: sol(C ′) ≤ α · opt(C ′) + β · mr.80

The algorithm is then called an (α, β)-approximate universal algorithm for the problem.81

Note that in the aforementioned example with k + 1 points, any solution must pay mr (the82

distance between any two points) in some realization where opt(C ′) = 0 and only one client83

appears (in which case paying mr might sound avoidable or undesirable). This example84

demonstrates that stricter notions of regret and approximation than (α, β)-approximation85

are infeasible in general, suggesting that (α, β)-approximation is the least relaxed guarantee86

possible for universal clustering.87
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1.1 Problem Definitions and Results88

We are now ready to formally define our problems and state our results. In all the clustering89

problems that we consider in this paper, the input is a metric space on all the potential90

client locations C and cluster centers F . The special case where F = C has also been studied91

in the clustering literature, e.g., in [23, 14], although the more common setting, as in our92

work, is to not make this assumption. Of course, all results, including ours, without this93

assumption also apply to the special case. If F = C, the constants in our bounds improve,94

but the results are qualitatively the same. We note that some sources refer to the k-center95

problem when F ̸= C as the k-supplier problem instead, and use k-center to refer exclusively96

to the case where F = C.97

Let cij denote the metric distance between points i and j. The solution produced98

by the algorithm comprises k cluster centers in F ; let us denote this set by sol. Now,99

suppose a subset of clients C ′ ⊆ C realizes in the actual input. Then, the cost of each100

client j ∈ C ′ is given as the distance from the client to its closest cluster center, i.e.,101

cost(j, sol) = mini∈sol cij . The clustering problems differ in how these costs are combined102

into the overall minimization objective. The respective objectives are given below:103

k-median (e.g., [14, 25, 5, 34, 11]): sol(C ′) =
∑

j∈C′ cost(j, sol).104

k-center (e.g., [23, 15, 24, 30, 37]): sol(C ′) = maxj∈C′ cost(j, sol).105

k-means (e.g., [35, 28, 33, 21, 1]): sol(C ′) =
√∑

j∈C′ cost(j, sol)2.106

We also consider ℓp-clustering (e.g., [21]) which generalizes all these individual clustering107

objectives. In ℓp-clustering, the objective is the ℓp-norm of the client costs for a given value108

p ≥ 1, i.e., sol(C ′) =
(∑

j∈C′ cost(j, sol)p
)1/p

. Note that k-median and k-means are109

special cases of ℓp-clustering for p = 1 and p = 2 respectively. k-center can also be defined110

in the ℓp-clustering framework as the limit of the objective for p → ∞; moreover, it is111

well-known that ℓp-norms only differ by constants for p > log n, thereby allowing the k-center112

objective to be approximated within a constant by ℓp-clustering for p = log n.113

Our main result is to obtain (O(1), O(1))-approximate universal algorithms for k-median,114

k-center, and k-means. We also generalize these results to the ℓp-clustering problem.115

▶ Theorem 1. There are (O(1), O(1))-approximate universal algorithms for the k-median, k-116

means, and k-center problems. More generally, there are (O(p), O(p2))-approximate universal117

algorithms for ℓp-clustering problems, for any p ≥ 1.118

Remark: The bound for k-means is by setting p = 2 in ℓp-clustering. For k-median and119

k-center, we use separate algorithms to obtain improved bounds than those provided by the120

ℓp-clustering result. This is particularly noteworthy for k-center where ℓp-clustering only121

gives poly-logarithmic approximation.122

Universal Clustering with Fixed Clients. We also consider a more general setting123

where some of the clients are fixed, i.e., are there in any realization, but the remaining clients124

may or may not realize as in the previous case. (Of course, if no client is fixed, we get125

back the previous setting as a special case.) This more general model is inspired by settings126

where a set of clients is already present but the remaining clients are mere predictions. This127

surprisingly creates new technical challenges, that we overcome to get:128

▶ Theorem 2. There are (O(1), O(1))-approximate universal algorithms for the k-median,129

k-means, and k-center problems with fixed clients. More generally, there are (O(p2), O(p2))-130

approximate universal algorithms for ℓp-clustering problems, for any p ≥ 1.131

ICALP 2021
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Hardness Results. Next, we study the limits of approximation for universal clustering. In132

particular, we show that the universal clustering problems for all the objectives considered in133

this paper are NP-hard in a rather strong sense. Specifically, we show that both α and β are134

separately bounded away from 1, irrespective of the value of the other parameter, showing135

the necessity of both α and β in our approximation bounds. Similar lower bounds continue136

to hold for universal clustering in Euclidean metrics, even when PTASes are known in the137

offline (non-universal) setting [4, 31, 33, 37, 1].138

▶ Theorem 3. In universal ℓp-clustering for any p ≥ 1, obtaining α < 3 or β < 2 is NP-hard.139

Even for Euclidean metrics, obtaining α < 1.8 or β ≤ 1 is NP-hard. The lower bounds on α140

(resp., β) are independent of the value of β (resp., α).141

Interestingly, our lower bounds rely on realizations where sometimes as few as one client142

appears. This suggests that e.g. redefining regret to be some function of the number of143

clients that appear (rather than just their cost) cannot subvert these lower bounds.144

1.2 Techniques145

Before discussing our techniques, we discuss why standard approximations for clustering146

problems are insufficient. It is known that the optimal solution for the realization that147

includes all clients gives a (1, 2)-approximation for universal k-median (this is a corollary148

of a more general result in [29]; we do not know if their analysis can be extended to e.g.149

k-means), giving universal algorithms for “easy” cases of k-median such as tree metrics. But,150

the clustering problems we consider in this paper are NP-hard in general; so, the best we151

can hope for in polynomial time is to obtain optimal fractional solutions, or approximate152

integer solutions. Unfortunately, the proof of [29] does not generalize to any regret guarantee153

for the optimal fractional solution. Furthermore, for all problems considered in this paper,154

even (1 + ϵ)-approximate (integer) solutions for the “all clients” instance are not guaranteed155

to be (α, β)-approximations for any finite α, β. These observations fundamentally distinguish156

universal approximations for NP-hard problems like the clustering problems in this paper157

from those in P, and require us to develop new techniques for universal approximations.158

In this paper, we develop a general framework for universal approximation based on linear159

programming (lp) relaxations that forms the basis of our results on k-median, k-means,160

and k-center (Theorem 1) as well as the extension to universal clustering with fixed clients161

(Theorem 2).162

The first step in our framework is to write an lp relaxation of the regret minimization
problem. In this formulation, we introduce a new regret variable that we seek to minimize
and is constrained to be at least the difference between the (fractional) solution obtained by
the lp and the optimal integer solution for every realizable instance. Abstractly, if the lp
relaxation of the optimization problem is given by min{c · x : x ∈ P}, then the new regret
minimization lp is given by

min{r : x ∈ P ; c(I)·x ≤ opt(I) + r, ∀I}.

(For problems like k-means with non-linear objectives, the constraint c(I)·x ≤ opt(I) + r163

cannot be replaced with a constraint that is simultaneously linear in x, r. However, for a164

fixed value of r, the corresponding non-linear constraints still give a convex feasible region,165

and so the techniques we discuss in this section can still be used.)166

Here, I ranges over all realizable instances of the problem. Hence, the lp is exponential in167

size, and we need to invoke the ellipsoid method via a separation oracle to obtain an optimal168
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fractional solution. It suffices to design a separation oracle for the new set of constraints169

c(I)·x ≤ opt(I) + r, ∀I. This amounts to determining the regret of a fixed solution given by170

x, which unfortunately, is NP-hard for our clustering problems. So, we settle for designing171

an approximate separation oracle, i.e., approximating the regret of a given solution. For172

k-median, we reduce this to a submodular maximization problem subject to a cardinality173

constraint, which can then be (approximately) solved via standard greedy algorithms. For174

k-means, and more generally ℓp-clustering, as well as the setting with fixed clients, the175

situation is more complex, but can still be reduced to submodular maximization.176

The next step in our framework is to round these fractional solutions to integer solutions177

for the regret minimization lp. Typically, in clustering problems such as k-median, lp178

rounding algorithms give average guarantees, i.e., although the overall objective in the integer179

solution is bounded against that of the fractional solution, individual connection costs of180

clients are not (deterministically) preserved in the rounding. But, average guarantees are181

too weak for our purpose: in a realized instance, an adversary may only select the clients182

whose connection costs increase by a large factor in the rounding thereby causing a large183

regret. Ideally, we would like to ensure that the connection cost of every individual client184

is preserved up to a constant in the rounding. However, this may be impossible in general.185

Consider a uniform metric over k + 1 points. One fractional solution is to make k
k+1 fraction186

of each point a cluster center. In any integer solution, since there are only k cluster centers187

but k + 1 points overall, there is one client that has connection cost of 1, which is k + 1 times188

its fractional connection cost.189

To overcome this difficulty, we allow for a uniform additive increase in the connection190

cost of every client. We show that such a rounding also preserves the regret guarantee191

of our fractional solution within constant factors. The clustering problem we now solve192

has a modified objective: for every client, the distance to the closest cluster center is now193

discounted by the additive allowance, with the caveat that the connection cost is 0 if this194

difference is negative. This variant is a generalization of a problem appearing in [19], and195

we call it clustering with discounts (e.g., for k-median, we call this problem k-median with196

discounts.) Our main tool in the rounding then becomes an approximation algorithm for197

ℓp
p-clustering with discounts. For k-median, we use a Lagrangian relaxation of this problem198

to the classic facility location problem to design such an approximation. For k-means and199

ℓp-clustering, extra work is needed to relate the ℓp and ℓp
p objectives. For k-center, we give a200

purely combinatorial (greedy) algorithm.201

1.3 Related Work202

For all previous universal algorithms, the approximation factor corresponds to our parameter203

α, i.e., these algorithms are (α, 0)-approximate. The notion of regret was not considered. As204

we have explained, however, it is not possible to obtain such results for universal clustering.205

Furthermore, it may be possible to trade-off some of the large values of α in these results,206

e.g., Ω(
√

n) for set cover, by allowing β > 0.207

Universal algorithms have been of large interest in part because of their applications as208

online algorithms where all the computation is performed ahead of time. Much of the work209

on universal algorithms has focused on TSP, starting with the seminal work of Jia et al. [26]210

(later improved by [20]), with following work giving better approximations for Euclidean211

metrics [39], minor-free metrics [22], and tree metrics [40]. The universal metric Steiner tree212

problem was also considered by Jia et al. [26], with nearly matching lower bounds [2, 26, 9].213

The problem has also been considered for general graphs and minor-free graphs [10]. Finally,214

for universal (weighted) set cover, Jia et al. [26] (see also [17]) provide an algorithm and an215

ICALP 2021
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almost matching lower bound.216

The problem of minimizing regret has been studied in the context of robust optimization,217

with a focus on tree metrics. The robust 1-median problem was introduced for tree metrics by218

Kouvelis and Yu in [32] and several faster algorithms and for general metrics were developed219

in the following years (e.g. see [7]). For robust k-center, Averbakh and Berman[7] gave a220

reduction to ordinary k-center problems, which are tractable on tree metrics.221

Roadmap. We present the constant approximation algorithms (Theorem 1) for universal222

k-median, a sketch for k-means, and k-center in Sections 2, 4, and 5 respectively. The223

k-means result is given in full detail as a more general ℓp-clustering result in the full paper.224

In describing these algorithms, we defer the clustering with discounts algorithms used in225

the rounding to the appendix. We also give the extension to universal clustering with fixed226

clients for k-median in Section 3, with the extensions for k-means and k-center in the full227

paper. Finally, the hardness results (Theorem 3) appear in Section 6.228

2 Universal k-Median229

In this section, we prove the following theorem:230

▶ Theorem 4. There exists a (27, 49)-approximate universal algorithm for the k-median231

problem.232

The algorithm has two components. The first component is a separation oracle for the regret233

minimization lp based on submodular maximization, which we define below.234

Submodular Maximization with Cardinality Constraints. A (non-negative) function235

f : 2E → R+
0 is said to be submodular if for all S ⊆ T ⊆ E and x ∈ E, we have f(T ∪236

{x}) − f(T ) ≤ f(S ∪ {x}) − f(S). It is said to be monotone if for all S ⊆ T ⊆ E, we have237

f(T ) ≥ f(S). The following theorem for maximizing monotone submodular functions subject238

to a cardinality constraint is well-known.239

▶ Theorem 5 (Fisher et al. [38]). For the problem of finding S ⊆ E that maximizes a240

monotone submodular function f : 2E → R+
0 , the natural greedy algorithm that starts with241

S = ∅ and repeatedly adds x ∈ E that maximizes f(S ∪ {x}) until |S| = k, is a e
e−1 ≈ 1.58-242

approximation.243

We give the reduction from the separation oracle to submodular maximization in Section 2.1,244

and then employ the above theorem.245

k-median with Discounts. The second component of our framework is a rounding246

algorithm that employs the k-median with discounts problem, which we define next. In the247

k-median with discounts problem, we are given a k-median instance, but where each client j248

has an additional (non-negative) parameter rj called its discount. Just as in the k-median249

problem, our goal is to place k cluster centers that minimize the total connection costs of all250

clients. But, the connection cost for client j can now be discounted by up to rj , i.e., client251

j with connection cost cj contributes (cj − rj)+ := max{0, cj − rj} to the objective of the252

solution.253

Let opt be the cost of an optimal solution to the k-median with discounts problem.
We say an algorithm alg that outputs a solution with connection cost cj for client j is a
(γ, σ)-approximation if: ∑

j∈C

(cj − γ · rj)+ ≤ σ · opt.
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That is, a (γ, σ)-approximate algorithm outputs a solution whose objective function when254

computed using discounts γ · rj for all j is at most σ times the optimal objective using255

discounts rj . In the case where all rj are equal, [19] gave a (9, 6)-approximation algorithm256

for this problem based on the classic primal-dual algorithm for k-median. The following257

lemma generalizes their result to the setting where the rj may differ:258

▶ Lemma 6. There exists a (deterministic) polynomial-time (9, 6)-approximation algorithm259

for the k-median with discounts problem.260

We give details of the algorithm and the proof of this lemma in the full paper. We note that261

when all rj are equal, the constants in [19] can be improved (see e.g. [13]); we do not know262

of any similar improvement when the rj may differ. In Section 2.2, we give the reduction263

from rounding the fractional solution for universal k-median to the k-median with discounts264

problem, and then employ the above lemma.265

2.1 Universal k-median: Fractional Algorithm266

The standard k-median polytope (see e.g., [25]) is given by:

P = {(x, y) :
∑

i

xi ≤ k; ∀i, j : yij ≤ xi; ∀j :
∑

i

yij ≥ 1; ∀i, j : xi, yij ∈ [0, 1]}.

Here, xi represents whether point i is chosen as a cluster center, and yij represents whether267

client j connects to i as its cluster center. Now, consider the following lp formulation for268

minimizing regret r:269

min{r : (x, y) ∈ P ; ∀C ′ ⊆ C :
∑
j∈C′

∑
i

cijyij − opt(C ′) ≤ r}, (1)270

where opt(C ′) is the cost of the (integral) optimal solution in realization C ′. Note that the271

new constraints: ∀C ′ ⊆ C :
∑

j∈C′
∑

i cijyij − opt(C ′) ≤ r (we call it the regret constraint272

set) require that the regret is at most r in all realizations.273

In order to solve lp (1), we need a separation oracle for the regret constraint set. Note274

that there are exponentially many constraints corresponding to realizations C ′; moreover,275

even for a single realization C ′, computing opt(C ′) is NP-hard. So, we resort to designing an276

approximate separation oracle. Fix some fractional solution (x, y, r). Overloading notation,277

let S(C ′) denote the cost of the solution with cluster centers S in realization C ′. By definition,278

opt(C ′) = minS⊆F,|S|=k S(C ′). Then designing a separation oracle for the regret constraint279

set is equivalent to determining if the following inequality holds:280

max
C′⊆C

max
S⊆F,|S|=k

 ∑
j∈C′

∑
i

cijyij − S(C ′)

 ≤ r.

We flip the order of the two maximizations, and define fy(S) as follows:

fy(S) = max
C′⊆C

 ∑
j∈C′

∑
i

cijyij − S(C ′)

 .

Then designing a separation oracle is equivalent to maximizing fy(S) for S ⊆ F subject281

to |S| = k. The rest of the proof consists of showing that this function is monotone and282

submodular, and efficiently computable.283

ICALP 2021
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▶ Lemma 7. Fix y. Then, fy(S) is a monotone submodular function in S. Moreover, fy(S)284

is efficiently computable for a fixed S.285

Proof. Let d(j, S) := mini′∈S ci′j denote the distance from client j to the nearest cluster
center in S. If S = ∅, we say d(j, S) := ∞. The value of C ′ that defines fy(S) is the set of
all clients closer to S than to the fractional solution y, i.e.,

∑
i cijyij > mini′∈S ci′j . This

immediately establishes efficient computability of fy(S). Moreover, we can equivalently write
fy(S) as follows:

fy(S) =
∑
j∈C

(
∑

i

cijyij − d(j, S))+.

A sum of monotone submodular functions is a monotone submodular function, so it suffices286

to show that for all clients j, the new function gy,j(S) := (
∑

i cijyij − d(j, S))+ is monotone287

submodular.288

gy,j is monotone: for S ⊆ T , d(j, T ) ≤ d(j, S), and thus (
∑

i cijyij − d(j, S))+ ≤289

(
∑

i cijyij − d(j, T ))+.290

gy,j is submodular if:

∀S ⊆ T ⊆ F, ∀x ∈ F : gy,j(S ∪ {x}) − gy,j(S) ≥ gy,j(T ∪ {x}) − gy,j(T )

Fix S, T , and x. Assume gy,j(T ∪ {x}) − gy,j(T ) is positive (if it is zero, by monotonicity291

the above inequality trivially holds). This implies that x is closer to client j than292

any cluster center in T (and hence S too), i.e., d(j, x) ≤ d(j, T ) ≤ d(j, S). Thus,293

d(j, x) = d(j, S ∪ {x}) = d(j, T ∪ {x}) which implies that gy,j(S ∪ {x}) = gy,j(T ∪ {x}).294

Then we just need to show that gy,j(S) ≤ gy,j(T ), but this holds by monotonicity. ◀295

By standard results (see e.g., GLS [18]), we get an (α, β)-approximate fractional solution296

for universal k-median via the ellipsoid method if we have an approximate separation oracle297

for lp (1) that given a fractional solution (x, y, r) does either of the following:298

Declares (x, y, r) feasible, in which case (x, y) has cost at most α · opt(I) + β · r in all299

realizations, or300

Outputs an inequality violated by (x, y, r) in lp (1).301

The approximate separation oracle does the following for the regret constraint set (all302

other constraints can be checked exactly): Given a solution (x, y, r), find an e−1
e -approximate303

maximizer S of fy via Lemma 7 and Theorem 5. Let C ′ be the set of clients closer to S304

than the fractional solution y (i.e., the realization that maximizes fy(S)). If fy(S) > r,305

the separation oracle returns the violated inequality
∑

j∈C′
∑

i cijyij − S(C ′) ≤ r; else, it306

declares the solution feasible. Whenever the actual regret of (x, y) is at least e
e−1 · r, this307

oracle will find S such that fy(S) > r and output a violated inequality. Hence, we get the308

following lemma:309

▶ Lemma 8. There exists a deterministic algorithm that in polynomial time computes a310

fractional e
e−1 ≈ 1.58-approximate solution for lp (1) representing the universal k-median311

problem.312

2.2 Universal k-Median: Rounding Algorithm313

Let frac denote the e
e−1 -approximate fractional solution to the universal k-median problem314

provided by Lemma 8. We will use the following property of k-median, shown by Archer et315

al. [3].316
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▶ Lemma 9 ([3]). The integrality gap of the natural lp relaxation of the k-median problem317

is at most 3.318

Lemmas 8 and 9 imply that that for any set of clients C ′,319

1
3 · opt(C ′) ≤ frac(C ′) ≤ opt(C ′) + e

e − 1 · mr. (2)320

Our overall goal is to obtain a solution sol that minimizes maxC′⊆C [sol(C ′) − opt(C ′)].321

But, instead of optimizing over the exponentially many different opt(C ′) solutions, we use322

the surrogate 3 · frac(C ′) which has the advantage of being defined by a fixed solution323

frac, but still approximates opt(C ′) by Eq. 2. This suggests minimizing the following324

objective instead: maxC′ [sol(C ′) − 3 · frac(C ′)]. Minimizing this objective is equivalent to325

the k-median with discounts problem, where the discount for client j is 3fj . This allows us326

to invoke Lemma 6 for the k-median with discounts problem.327

Thus, our overall algorithm is as follows. First, use Lemma 8 to find a fractional solution328

frac = (x, y, r). Let fj :=
∑

i cijyij be the connection cost of client j in frac. Then,329

construct a k-median with discounts instance where client j has discount 3fj , and use330

Lemma 6 on this instance to obtain the final solution to the universal k-median problem.331

Theorem 4 follows using the above lemmas; we defer the proof to the full paper.332

3 Universal k-Median with Fixed Clients333

In this section, we extend the techniques from Section 2 to prove the following theorem:334

▶ Theorem 10. If there exists a deterministic polynomial time γ-approximation algorithm335

for the k-median problem, then for every ϵ > 0 there exists a (54γ + ϵ, 60)-approximate336

universal algorithm for the universal k-median problem with fixed clients.337

By using the derandomized version of the (2.732 + ϵ)-approximation algorithm of Li and338

Svensson [34] for the k-median problem, and appropriate choice of both ϵ parameters, we339

obtain the following corollary from Theorem 10.340

▶ Corollary 11. For every ϵ > 0, there exists a (148 + ϵ, 60)-approximate universal algorithm341

for the k-median problem with fixed clients.342

Our high level strategy follows similarly to the previous section. In Section 3.2, we343

show how to find a good fractional solution by approximately solving a linear program. In344

Section 3.3, we describe how to round the fractional solution in a manner that preserves345

its regret guarantee within constant factors. Similar techniques in conjunction with the346

techniques in Sections 4 and 5 are used for the universal k-means and k-center problems347

with fixed clients; due to space constraints, we only focus on universal k-median with fixed348

clients here.349

3.1 Preliminaries350

In addition to the preliminaries of Section 2, we will use the following tools:351

Submodular Maximization over Independence Systems. An independence system352

comprises a ground set E and a set of subsets (called independent sets) I ⊆ 2E with the353

property that if A ⊆ B and B ∈ I then A ∈ I (the subset closed property). An independent354

set S in I is maximal if there does not exist S′ ⊃ S such that S′ ∈ I. Note that one can define355

an independence system by specifying the set of maximal independent sets I ′ only, since the356
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subset closed property implies I is simply all subsets of sets in I ′. An independence system357

is a 1-independence system (or 1-system in short) if all maximal independent sets are of the358

same size. The following result on maximizing submodular functions over 1-independence359

systems follows from a more general result given implicitly in [38] and more formally in [12].360

▶ Theorem 12. There exists a polynomial time algorithm that given a 1-independence system361

(E, I) and a non-negative monotone submodular function f : 2E → R+ defined over it, finds362

a 1
2 -maximizer of f , i.e. finds S′ ∈ I such that f(S′) ≥ 1

2 maxS∈I f(S).363

The algorithm in the above theorem is the natural greedy algorithm, which starts with S′ = ∅364

and repeatedly adds to S′ the element u that maximizes f(S′ ∪ {u}) while maintaining that365

S′ ∪ {u} is in I, until no such addition is possible.366

Incremental ℓp-Clustering. We will also use the incremental ℓp-clustering problem which367

is defined as follows: Given an ℓp-clustering instance and a subset of the cluster centers S368

(the “existing” cluster centers), find the minimum cost solution to the ℓp-clustering instance369

with the additional constraint that the solution must contain all cluster centers in S. When370

S = ∅, this is just the standard ℓp-clustering problem, and this problem is equivalent to the371

standard ℓp-clustering problem by the following lemma:372

▶ Lemma 13. If there exists a γ-approximation algorithm for the ℓp-clustering problem,373

there exists a γ-approximation for the incremental ℓp-clustering problem.374

The lemma follows by an approximation-preserving reduction between the two problems,375

which simply adds many clients to the locations of cluster centers in S, forcing any low-cost376

solution to place cluster centers at these locations even in the standard ℓp-clustering problem.377

3.2 Obtaining a Fractional Solution for Universal k-Median with Fixed378

Clients379

Let Cf ⊆ C denote the set of fixed clients and for any realization of clients C ′ satisfying380

Cf ⊆ C ′ ⊆ C, let opt(C ′) denote the cost of the optimal solution for C ′. The same381

LP we used for universal k-median applies here, except we remove constraints on regret382

corresponding to realizations C ′ ̸⊆ Cf . Recall that to design an approximate separation383

oracle, it suffices to find a realization approximately maximizing the regret of the fractional384

solution.385

Let S(C ′) denote the cost of the solution S ⊆ F in realization C ′ (that is, S(C ′) =386 ∑
j∈C′ mini∈S cij). Since opt(C ′) = minS:S⊆F,|S|=k S(C ′), exactly deciding the feasibility387

of the constraints on regret in the LP is equivalent to deciding if the following holds:388

∀S : S ⊆ F, |S| = k : max
C′:Cf ⊆C′⊆C

 ∑
j∈C′

∑
i∈F

cijyij − S(C ′)

 ≤ r. (3)389

By splitting the terms
∑

j∈C′
∑

i∈F cijyij and S(C ′) into terms for Cf and C ′ \ Cf , we can390

rewrite Eq. (3) as follows:391

∀S ⊆ F, |S| = k : max
C∗⊆C\Cf

 ∑
j∈C∗

∑
i∈F

cijyij − S(C∗)

 ≤ S(Cf ) −
∑

j∈Cf

∑
i∈F

cijyij + r392
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For fractional solution y, let393

fy(S) = max
C∗:C∗⊆C\Cf

 ∑
j∈C∗

∑
i∈F

cijyij − S(C∗)

 . (4)394

Note that we can compute fy(S) for any S easily since the maximizing value of C∗ is the set395

of clients j for which S has connection cost less than
∑

i∈F cijyij . We already know fy(S) is396

submodular. But, the term S(Cf ) is not fixed with respect to S, so maximizing fy(S) does397

not suffice for separating the LP. To overcome this difficulty, for every possible cost M on398

the fixed clients, we replace S(Cf ) with M and only maximize over solutions S for which399

S(Cf ) ≤ M (for convenience, we will call any solution S for which S(Cf ) ≤ M an M -cheap400

solution):401

∀M ∈
{

0, 1, . . . , |Cf | max
i,j

cij

}
: max

S:S⊆F,|S|=k,S(Cf )≤M
fy(S) ≤ M −

∑
j∈Cf

∑
i∈F

cijyij + r. (5)402

Note that this set of inequalities is equivalent to Eq. (3), but it has the advantage that the403

left-hand side is approximately maximizable and the right-hand side is fixed. Hence, these404

inequalities can be approximately separated. However, there are exponentially many inequal-405

ities; so, for any fixed ϵ > 0, letting Zϵ :=
{

0, 1, 1 + ϵ, . . . , (1 + ϵ)⌈log1+ϵ(|Cf | maxi,j cij)⌉+1}
we406

relax to the following polynomially large set of inequalities:407

∀M ∈ Zϵ : max
S:S⊆F,|S|=k,S(Cf )≤M

fy(S) ≤ M −
∑

j∈Cf

∑
i∈F

cijyij + r. (6)408

Separating inequality Eq. (6) for a fixed M corresponds to submodular maximization of409

fy(S), but now subject to the constraints |S| = k and S(Cf ) ≤ M as opposed to just |S| = k.410

Let SM be the set of all S ⊆ F such that |S| = k and S(Cf ) ≤ M . Since fy(S) is monotone,411

maximizing fy(S) over SM is equivalent to maximizing fy(S) over the independence system412

(F, IM ) with maximal independent sets SM .413

Then all that is needed to approximately separate Eq. (6) corresponding to a fixed M is414

an oracle for deciding membership in (F, IM ). Recall that S ⊆ F is in (F, IM ) if there exists415

a set S′ ⊇ S such that |S′| = k and S′(Cf ) ≤ M . But, even deciding membership of the416

empty set in (F, IM ) requires one to solve a k-median instance on the fixed clients, which is417

in general NP-hard. More generally, we are required to solve an instance of the incremental418

k-median problem (see Section 3.1) with existing cluster centers in S.419

While exactly solving incremental k-median is NP-hard, we have a constant approximation420

algorithm for it (call it A), by Lemma 13. So, we could define a new system (F, I ′
M ) that421

contains a set S ⊆ F if the output of A for the incremental k-median instance with existing422

cluster centers S has cost at most M . But, due to the unpredictable behavior of A, (F, I ′
M )423

may no longer be a 1-system, or even an independence system. To restore the subset closed424

property, the membership oracle needs to ensure that: (a) if a subset S′ ⊆ S is determined425

to not be in (F, I ′
M ), then S is not either, and (b) if a superset S′ ⊇ S is determined to be426

in (F, I ′
M ), then so is S.427

We now describe the modified greedy maximization algorithm GreedyMax that we428

use to try to separate one of the inequalities in Eq. (6), which uses a built-in membership429

oracle that ensures the above properties hold. Pseudocode is given in the full paper, and430

we informally describe it here. GreedyMax initializes S0 = ∅, F0 = F , and starts with a431

M -cheap k-median solution T0 (generated by running a γ-approximation on the k-median432

instance involving only fixed clients Cf ). In iteration l, GreedyMax starts with a partial433
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solution Sl−1 with l − 1 cluster centers, and it is considering adding cluster centers in Fl−1 to434

Sl−1. For each cluster center i in Fl−1, GreedyMax generates some k-median solution Tl,i435

containing Sl−1 ∪ {i} to determine if Sl−1 ∪ {i} is in the independence system. If a previously436

generated solution, T0 or Tl′,i′ for any l′, i′, contains Sl−1 ∪ {i} and is M -cheap, then Tl,i is437

set to this solution. Otherwise, GreedyMax runs the incremental k-median approximation438

algorithm on the instance with existing cluster centers in Sl−1 ∪ {i}, the only cluster centers439

in the instance are Fl−1, and the client set is Cf . It sets Tl,i to the solution generated by the440

approximation algorithm.441

After generating the set of solutions {Tl,i}i∈Fl−1 , if one of these solutions contains Sl−1∪{i}442

and is M -cheap, then GreedyMax concludes that Sl−1 ∪ {i} is in the independence system.443

This, combined with the fact that these solutions may be copied from previous iterations444

ensures property (b) holds (as the M -cheap solutions generated by GreedyMax are implicitly445

considered to be in the independence system). Otherwise, since GreedyMax was unable to446

find an M -cheap superset of Sl−1 ∪ {i}, it considers Sl−1 ∪ {i} to not be in the independence447

system. In accordance with these beliefs, GreedyMax initializes Fl as a copy of Fl−1, and448

then removes any i such that it did not find an M -cheap superset of Sl−1 ∪ {i} from Fl and449

thus from future consideration, ensuring property (a) holds. It then greedily adds to Sl−1450

the i in Fl that maximizes fy(Sl−1 ∪ {i}) as defined before to create a new partial solution451

Sl. After the kth iteration, GreedyMax outputs the solution Sk.452

Our approximate separation oracle, SepOracle, can then use GreedyMax as a sub-453

routine. Pseudocode is given in the full paper, and we give an informal description of the454

algorithm here. SepOracle checks all constraints not involving the regret, and then outputs455

any violated constraints it finds. If none are found, it then runs a k-median approxim-456

ation algorithm on the instance containing only the fixed clients to generate a solution457

T0. For each M in Zϵ, if T0 is M -cheap, it then invokes GreedyMax for this value of458

M (otherwise, GreedyMax will consider the corresponding independence system to be459

empty, so there is no point in running it), passing T0 to GreedyMax. If then checks the460

inequality
∑

j∈C′
∑

i cijyij − S(C ′) ≤ M −
∑

j∈Cf

∑
i cijyij + r for the solution S outputted461

by GreedyMax, and outputs this inequality if it is violated.462

Using the ellipsoid method where SepOracle is used as the separation oracle now gives463

the following lemma. The proof is deferred to the full paper.464

▶ Lemma 14. If there exists a deterministic polynomial-time γ-approximation algorithm465

for the k-median problem, then for every ϵ > 0 there exists a deterministic algorithm that466

outputs a (2γ(1 + ϵ), 2)-approximate fractional solution to the universal k-median problem in467

polynomial time.468

3.3 Rounding the Fractional Solution for Universal k-Median with469

Fixed Clients470

The rounding algorithm for universal k-median with fixed clients is almost identical to the471

rounding algorithm for universal k-median without fixed clients. The only difference is that472

in constructing a k-median with discounts problem, we give the fixed clients a discount of473

0 rather than a discount of 3fj , as these clients will always appear and thus we want their474

connection cost to always factor into the cost of the k-median with discounts instance. The475

cost of a solution alg to the k-median with discounts instance and the regret of alg against476

an adversary with costs 3fj now differs by
∑

j∈Cf
3fj (before, they were equal). However,477

as before
∑

j∈Cf
3fj is at most some constant times opt(Cf ) + mr, which lower bounds478

opt(C ′) + mr for all realizations C ′ ⊇ Cf . So an analysis of the rounding similar to that in479
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Section 2 still allows us to prove Theorem 10, as the the offset
∑

j∈Cf
3fj (and multiples of480

it appearing in the analysis) can be absorbed into the (α, β)-approximation guarantee.481

4 Universal k-means482

In this section, we sketch our universal algorithm for k-means with the following guarantee:483

▶ Corollary 15. There exists a (108, 412)-approximate universal algorithm for the k-means484

problem.485

This follows as a special case of a more general ℓp-clustering result, given in the full paper;486

due to space constraints, we focus on k-means here.487

Before describing further details of the universal k-means algorithm, we note a rather488

unusual feature of the universal clustering framework. Typically algorithms effectively489

optimize the ℓ2
2 objective (i.e., sum of squared distances) instead of the k-means objective490

because these are equivalent in the following sense: an α-approximation for the k-means491

objective is equivalent to an α2-approximation for the ℓ2
2 objective. But, this equivalence492

fails in the setting of universal algorithms for reasons that we discuss below. Indeed, we493

first give a universal ℓp
p-clustering algorithm, which is a simple extension of the k-median494

algorithm, and then outline our ℓp-clustering algorithm in the setting p = 2, which turns out495

to be much more challenging.496

Similar to k-median, we use the primitive of an algorithm for the ℓp
p-clustering with497

discounts problem: In this problem, are given a ℓp
p-clustering instance, but where each client498

j has an additional (non-negative) parameter rj called its discount. Our goal is to place k499

cluster centers that minimize the total connection costs of all clients. But, the connection500

cost for client j can now be discounted by up to rp
j , i.e., client j with connection cost cj501

contributes (cp
j − rp

j )+ := max{0, cp
j − rp

j } to the objective of the solution. (Note that the502

k-median with discounts problem that we described in the previous section is a special case503

of this problem for p = 1.)504

Let opt be the cost of an optimal solution to the ℓp
p-clustering with discounts problem.505

We say an algorithm alg that outputs a solution with connection cost cj for client j is506

a (γp, σ)-approximation2 if
∑

j∈C(cp
j − γp · rp

j )+ ≤ σ · opt. That is, a (γp, σ)-approximate507

algorithm outputs a solution whose objective function computed using discounts γ · rj for all508

j is at most σ times the optimal objective using discounts rj . We give the following result509

about the ℓp
p-clustering with discounts problem (see full paper for details):510

▶ Lemma 16. There exists a (deterministic) polynomial-time (9p, 2
3 · 9p)-approximation511

algorithm for the ℓp
p-clustering with discounts problem.512

The rest of this section is dedicated to sketching our algorithm for the universal k-means513

problem. As for k-median, we have two stages, the fractional algorithm and the rounding514

algorithm, that we sketch in the next two subsections.515

2 We refer to this as a (γp, σ)-approximation instead of a (γ, σ)-approximation to emphasize the difference
between the scaling factor for discounts γ and the loss in approximation factor γp.
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4.1 Universal k-means: Fractional Algorithm516

Let us start by describing the fractional relaxation of the universal k-means problem3 (again,517

P is the k-median polytope defined as in Section 2.1):518

min{r : (x, y) ∈ P ; ∀C ′ ⊆ C :

 ∑
j∈C′

∑
i

c2
ijyij

1/2

− opt(C ′) ≤ r}, (7)519

As described earlier, when minimizing regret, the k-means and ℓ2
2 objectives are no longer520

equivalent. For instance, recall that one of the key steps in Lemma 8 was to establish the521

submodularity of the function fy(S) denoting the maximum regret caused by any realization522

when comparing two given solutions: a fractional solution y and an integer solution S. Indeed,523

the worst case realization had a simple structure: choose all clients that have a smaller524

connection cost for S than for y. This observation continues to hold for the ℓ2
2 objective525

because of the linearity of fy(S) as a function of the realized clients once y and S are fixed.526

But, the k-means objective is not linear even after fixing the solutions, and as a consequence,527

we lose both the simple structure of the maximizing realization as well as the submodularity528

of the overall function fy(S). For instance, consider two clients: one at distances 1 and 0,529

and another at distances 1 + ϵ and 1, from y and S respectively. Using the ℓp objective, the530

regret with both clients is (2 + ϵ)1/2 − 1 < 1, whereas with just the first client the regret is 1.531

The above observation results in two related difficulties: first, that fy(S) is not submodular532

and hence standard submodular maximization techniques do not apply, but also that given y533

and S, we cannot even compute the function fy(S) efficiently. To overcome this difficulty,534

we further refine the function fy(S) to a collection of functions fy,Y (S) by also fixing the535

cost of the fractional solution y to at most a given value Y . Let frac2, frac2
2 denote the536

k-means and ℓ2
2-objectives of a given fractional solution, and S2, S2

2 the same for the solution537

using the set of cluster centers S. We can show that:538

max
C′⊆C

[frac2(C ′) − S2(C ′)] ≃2 max
Y

max
C′⊆C:frac2

2(C′)≤Y

[
frac2

2(C ′) − S2
2(C ′)

Y 1/2

]
,539

where ≃2 denotes equality to within a factor of 2. In turn, by guessing the maximizing540

value of Y we can (approximately) reduce maximizing the difference in k-means objectives541

to maximizing the difference in ℓ2
2 objectives, subject to the constraint frac2

2(C ′) ≤ Y .542

A separation oracle then just needs to (approximately) compute max{frac2
2(C ′)−S2

2(C ′) :543

C ′ ⊆ C, frac2
2(C ′) ≤ Y } for each fixed (discretized) value of Y . To do so, we show that544

allowing an adversary to choose fractional realizations of clients does not give them an545

advantage.546

▶ Lemma 17. For any two solutions y, S, there exists a global maximum of frac2(I) − S2(I)
over fractional realizations I ∈ [0, 1]C where all the clients are integral, i.e., I ∈ {0, 1}C .
Therefore,

max
I∈[0,1]C

[frac2(I) − S2(I)] = max
C′⊆C

[frac2(C ′) − S2(C ′)] .

3 The constraints are not simultaneously linear in y and r, although fixing r, we can write these constraints
as

∑
j∈C′

∑
i
cp

ijyij ≤ (opt(C′) + r)p, which is linear in y. In turn, to solve this program we bisection
search over r, using the ellipsoid method to determine if there is a feasible point for each fixed r.
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We then show that fy,Y (S) := max{frac2
2(I) − S2

2(I) : I ∈ [0, 1]C , frac2
2(I) ≤ Y } is a547

submodular function. Since we are allowed to use fractional clients, computing fy,Y (S)548

for a given S is a fractional knapsack problem which can be solved in polynomial time549

(whereas computing max{frac2
2(C ′) − S2

2(C ′) : C ′ ⊆ C, frac2
2(C ′) ≤ Y } requires solving an550

integer knapsack problem), giving an efficient separation oracle using the greedy algorithm551

for submodular maximization.552

4.2 Universal k-Means: Rounding Algorithm553

At a high level, we use the same strategy for rounding the fractional k-means solution as we554

did with k-median. Namely, we use Lemma 16 to solve a discounted version of the problem555

where the discount for each client is equal to the (scaled) cost of the client in the fractional556

solution. However, if we apply this directly to the k-means objective, we run into several557

problems. In particular, the linear discounts are incompatible with the non-linear objective558

defined over the clients. A more promising idea is to use these discounts on the ℓ2
2 objective,559

which in fact is defined as a linear combination over the individual client’s objectives. But,560

for this to work, we will first need to relate the regret bound in the ℓ2
2 objective to that in561

the k-means objective. We show that, roughly speaking, the realization that maximizes the562

regret of an algorithm alg against a fixed solution sol in both objectives is the same under563

a “farness” condition:564

▶ Lemma 18. Suppose alg and sol are two solutions to a k-means instance, such that there565

is a subset of clients C∗ with the following property: for every client in C∗, the connection566

cost in alg is greater than 2 times the connection cost in sol, while for every client not567

in C∗, the connection cost in sol is at least the connection cost in alg. Then, C∗ is a568

1/2-maximizer of alg2(C ′) − sol2(C ′).569

Given any solution sol, it is easy to define a virtual solution s̃ol whose individual570

connection costs are bounded by 2 times that in sol, and s̃ol satisfies the farness condition.571

This allows us to relate the regret of alg against s̃ol (and thus against 2 times sol) in the572

ℓ2
2 objective to its regret in the k-means objective.573

5 Universal k-Center574

In this section, we prove the following guarantee for universal k-center:575

▶ Theorem 19. There exists a (3, 3)-approximate algorithm for the universal k-center576

problem.577

First, note that for every client j, its distance to the closest cluster center in the minimum578

regret solution mrs is at most mrj := mini∈F cij +mr; otherwise, in the realization with only579

client j, mrs would have regret > mr. We first design an algorithm alg that 3-approximates580

these distances mrj , i.e., for every client j, its distance to the closest cluster center in alg is581

at most 3mrj . Since mini∈F cij lower bounds opt(C ′) for any C ′ containing j, this gives a582

(3, 3)-approximation. This algorithm actually satisfies a more general property: given any583

value r, it produces a set of cluster centers such that every client j is at a distance ≤ 3rj584

from its closest cluster center, where rj := mini∈F cij + r. Moreover, if r ≥ mr, then the585

number of cluster centers selected by alg is at most k (for smaller values of r, alg might586

select more than k cluster centers).587

Our algorithm alg is a natural greedy algorithm. We order clients j in increasing order588

of rj , and if a client j does not have a cluster center within distance 3rj in the current589

solution, then we add its closest cluster center in F to the solution.590
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▶ Lemma 20. Given a value r, the greedy algorithm alg selects cluster centers that satisfy591

the following properties:592

every client j is within a distance of 3rj = 3(mini∈F cij + r) from their closest cluster593

center.594

If r ≥ mr, then alg does not select more than k cluster centers, i.e., the solution produced595

by alg is feasible for the k-center problem.596

Proof. The first property follows from the definition of alg. To show that alg does not597

pick more than k cluster centers, we map the cluster center i added in alg by some client j598

to its closest cluster center i′ in mrs. Now, we claim that no two cluster centers i1, i2 in alg599

can be mapped to the same cluster center i′ in mrs. Clearly, this proves the lemma since600

mrs has only k cluster centers.601

Suppose i1, i2 are two cluster centers in alg mapped to the same cluster center i′ in602

mrs. Assume without loss of generality that i1 was added to alg before i2. Let j1, j2 be603

the clients that caused i1, i2 to be added; since i2 was added later, we have rj1 ≤ rj2 . The604

distance from j2 to i1 is at most the length of the path (j2, i′, j1, i1) , which is at most605

2rj2 + rj1 ≤ 3rj2 . But, in this case j2 would not have added a new cluster center i2, thus606

arriving at a contradiction. ◀607

Theorem 19 follows since there are only polynomially many possibilities for the k-center608

objective across all realizations (namely, the set of all cluster center to client distances) and609

thus polynomially many possible values for mr (the set of all differences between all possible610

solution costs). So we can simply run the algorithm of Lemma 20 with r equal to each of611

these values, and then choose the solution corresponding to the smallest r that results in the612

algorithm using at most k cluster centers, which will be at most mr by Lemma 20.613

We note that the greedy algorithm described above can be viewed as an extension of614

the k-center algorithm in [24] to a (3, 3)-approximation for the “k-center with discounts”615

problem, where the discounts are the minimum distances mini∈F cij .616

6 Hardness of Universal Clustering for General Metrics617

In this section we give some hardness results to help contextualize the algorithmic results.618

Much like the hardness results for k-median, all our reductions are based on the NP-hardness619

of approximating set cover (or equivalently, dominating set) due to the natural relation620

between the two types of problems. We state our hardness results in terms of ℓp-clustering.621

Setting p = 1 gives hardness results for k-median, and setting p = ∞ (and using the622

convention 1/∞ = 0 in the proofs as needed) gives hardness results for k-center.623

The results in this section can be extended to Euclidean metrics by building off the624

reductions in [36], albeit with worse constants. Due to space constraints, we defer our results625

for Euclidean metrics to the full paper.626

6.1 Hardness of Approximating α627

▶ Theorem 21. For all p ≥ 1, finding an (α, β)-approximate solution for universal ℓp-628

clustering where α < 3 is NP-hard.629

Proof. To prove the theorem, given an instance of set cover, we construct the following630

instance of universal ℓp-clustering:631

For each element, there is a corresponding client in the universal ℓp-clustering instance.632
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For each set S, there is a cluster center which is distance 1 from the clients corresponding633

to elements in S and 3 from other all clients.634

If there is a set cover of size k, the corresponding cluster centers are an optimal solution635

for any realization of clients, i.e. mr = 0. Furthermore, in any single-client realization,636

opt = 1. So an (α, β)-approximate universal ℓp-clustering algorithm must find a solution637

within distance of α of every client to satisfy the regret guarantee in single-client realizations.638

If α < 3, this implies it is distance 1 from every client, in which case its cluster centers also639

correspond to a set cover. So this algorithm can be used to find set covers of size at most k640

if they exist, which is an NP-hard task. ◀641

Note that for e.g. k-median, we can classically get an approximation ratio of less than 3.642

So this theorem shows that the universal version of the problem is harder, even if we are643

willing to use arbitrary large β.644

6.2 Hardness of Approximating β645

We give the following result on the hardness of universal ℓp-clustering.646

▶ Theorem 22. For all p ≥ 1, finding an (α, β)-approximate solution for universal ℓp-647

clustering where β < 2 is NP-hard.648

Proof. Given an instance of dominating set G = (V, E), we construct the following instance649

of universal ℓp-clustering:650

For each vertex v ∈ V , replace it with a k-clique.651

For each (u, v) ∈ E, add an edge from every vertex in u’s clique to every vertex in v’s652

clique.653

To turn this modified graph into a clustering instance, place a client and cluster center654

at each vertex, and impose the shortest path metric on the clients, where all edges are655

length 1.656

Suppose a dominating set of size k exists in the modified graph (and thus in the original657

graph). Then the corresponding cluster centers are distance at most 1 from every client.658

Since any solution is distance 0 from at most k clients and distance at least 1 from all other659

clients, these cluster centers have regret at most k1/p. It now suffices to prove the claim that660

any k cluster centers that aren’t a dominating set have regret at least 2k1/p in a realization661

where opt has cost 0. The theorem follows since an (α, β)-approximate algorithm would662

produce a solution with cost at most βk1/p in any such realization, i.e. can be used to663

find dominating sets of size at most k if they exist when β < 2. The claim follows since if664

the cluster centers aren’t a dominating set, there is a k-clique they are distance 2 or more665

from. The realization containing exactly the clients in this k-clique satisfies the desired666

properties. ◀667

7 Future Directions668

In this paper, we gave the first universal algorithms for clustering problems. While we669

achieve constant approximation guarantees for these problems, the actual constants are670

orders of magnitude larger than the best (non-universal) approximations known for these671

problems. In part to ensure clarity of presentation, we did not attempt to optimize these672

constants. But it is unlikely that our techniques will lead to small constants for the k-median673
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and k-means problems. On the other hand, we show that in general it is NP-hard to find674

an (α, β)-approximation algorithm for a universal clustering problem where α matches the675

approximation factor for the standard clustering problem. Therefore, it is not entirely clear676

what one should expect: are there universal algorithms for clustering with approximation677

factors of the same order as the classical (non-universal) bounds?678

Another open research direction pertains to Euclidean clustering. Here, we showed that in679

Rd for d ≥ 2, α needs to be bounded away from 1, which is in stark contrast to non-universal680

clustering problems that admit PTASes in constant-dimension Euclidean space. But for681

universal clustering on a line, the picture is not as clear. On a line, the lower bounds on682

α are no longer valid, which brings forth the possibility of (non-bicriteria) approximations683

of regret. Indeed, there is 2-approximation for universal k-median on a line [29], and even684

better, an optimal algorithm for universal k-center on a line [6]. This raises the natural685

question: can we design a PTAS for the universal k-median problem on a line?686

References687

1 Sara Ahmadian, Ashkan Norouzi-Fard, Ola Svensson, and Justin Ward. Better guarantees688

for k-means and Euclidean k-median by primal-dual algorithms. In Proceedings of the 58th689

Annual IEEE Symposium on Foundations of Computing, pages 61–72, October 2017. doi:690

10.1109/FOCS.2017.15.691

2 N. Alon and Y. Azar. On-line steiner trees in the Euclidean plane. In Proceedings of the 8th692

Annual Symposium on Computational Geometry, pages 337–343, 1992.693

3 Aaron Archer, Ranjithkumar Rajagopalan, and David B. Shmoys. Lagrangian relaxation for694

the k-median problem: New insights and continuity properties. In Giuseppe Di Battista and695

Uri Zwick, editors, Algorithms - ESA 2003: 11th Annual European Symposium, Budapest,696

Hungary, September 16-19, 2003. Proceedings, pages 31–42. Springer Berlin Heidelberg, Berlin,697

Heidelberg, 2003. URL: https://doi.org/10.1007/978-3-540-39658-1_6, doi:10.1007/698

978-3-540-39658-1_6.699

4 Sanjeev Arora, Prabhakar Raghavan, and Satish Rao. Approximation schemes for Euclidean700

k-medians and related problems. In Proceedings of the Thirtieth Annual ACM Symposium701

on Theory of Computing, STOC ’98, pages 106–113, New York, NY, USA, 1998. ACM. URL:702

http://doi.acm.org/10.1145/276698.276718, doi:10.1145/276698.276718.703

5 Vijay Arya, Naveen Garg, Rohit Khandekar, Adam Meyerson, Kamesh Munagala, and704

Vinayaka Pandit. Local search heuristic for k-median and facility location problems. In705

Proceedings of the Thirty-third Annual ACM Symposium on Theory of Computing, STOC ’01,706

pages 21–29, New York, NY, USA, 2001. ACM. URL: http://doi.acm.org/10.1145/380752.707

380755, doi:10.1145/380752.380755.708

6 I. Averbakh and Oded Berman. Minimax regret p-center location on a network with709

demand uncertainty. Location Science, 5(4):247 – 254, 1997. URL: http://www.710

sciencedirect.com/science/article/pii/S0966834998000333, doi:https://doi.org/10.711

1016/S0966-8349(98)00033-3.712

7 Igor Averbakh and Oded Berman. Minmax regret median location on a network under uncer-713

tainty. INFORMS Journal on Computing, 12(2):104–110, 2000. URL: https://doi.org/10.714

1287/ijoc.12.2.104.11897, arXiv:https://doi.org/10.1287/ijoc.12.2.104.11897, doi:715

10.1287/ijoc.12.2.104.11897.716

8 D. Bertsimas and M. Grigni. Worst-case examples for the spacefilling curve heuristic for the717

Euclidean traveling salesman problem. Operations Research Letter, 8(5):241–244, October718

1989.719

9 Anand Bhalgat, Deeparnab Chakrabarty, and Sanjeev Khanna. Optimal lower bounds720

for universal and differentially private Steiner trees and TSPs. In Leslie Ann Goldberg,721

Klaus Jansen, R. Ravi, and José D. P. Rolim, editors, Approximation, Randomization, and722

http://dx.doi.org/10.1109/FOCS.2017.15
http://dx.doi.org/10.1109/FOCS.2017.15
http://dx.doi.org/10.1109/FOCS.2017.15
https://doi.org/10.1007/978-3-540-39658-1_6
http://dx.doi.org/10.1007/978-3-540-39658-1_6
http://dx.doi.org/10.1007/978-3-540-39658-1_6
http://dx.doi.org/10.1007/978-3-540-39658-1_6
http://doi.acm.org/10.1145/276698.276718
http://dx.doi.org/10.1145/276698.276718
http://doi.acm.org/10.1145/380752.380755
http://doi.acm.org/10.1145/380752.380755
http://doi.acm.org/10.1145/380752.380755
http://dx.doi.org/10.1145/380752.380755
http://www.sciencedirect.com/science/article/pii/S0966834998000333
http://www.sciencedirect.com/science/article/pii/S0966834998000333
http://www.sciencedirect.com/science/article/pii/S0966834998000333
http://dx.doi.org/https://doi.org/10.1016/S0966-8349(98)00033-3
http://dx.doi.org/https://doi.org/10.1016/S0966-8349(98)00033-3
http://dx.doi.org/https://doi.org/10.1016/S0966-8349(98)00033-3
https://doi.org/10.1287/ijoc.12.2.104.11897
https://doi.org/10.1287/ijoc.12.2.104.11897
https://doi.org/10.1287/ijoc.12.2.104.11897
http://arxiv.org/abs/https://doi.org/10.1287/ijoc.12.2.104.11897
http://dx.doi.org/10.1287/ijoc.12.2.104.11897
http://dx.doi.org/10.1287/ijoc.12.2.104.11897
http://dx.doi.org/10.1287/ijoc.12.2.104.11897


A. Ganesh, B. M. Maggs, and D. Panigrahi 59:19

Combinatorial Optimization. Algorithms and Techniques, pages 75–86, Berlin, Heidelberg,723

2011. Springer Berlin Heidelberg.724

10 Costas Busch, Chinmoy Dutta, Jaikumar Radhakrishnan, Rajmohan Rajaraman, and Srinivas-725

agopalan Srivathsan. Split and join: Strong partitions and universal Steiner trees for graphs.726

In 53rd Annual IEEE Symposium on Foundations of Computer Science, FOCS 2012, New727

Brunswick, NJ, USA, October 20-23, 2012, pages 81–90, 2012.728

11 Jaroslaw Byrka, Fabrizio Grandoni, Thomas Rothvoß, and Laura Sanità. Steiner tree approx-729

imation via iterative randomized rounding. J. ACM, 60(1):6:1–6:33, 2013.730

12 Gruia Calinescu, Chandra Chekuri, Martin Pál, and Jan Vondrák. Maximizing a monotone731

submodular function subject to a matroid constraint. SIAM J. Comput., 40(6):1740–1766,732

December 2011. URL: http://dx.doi.org/10.1137/080733991, doi:10.1137/080733991.733

13 Deeparnab Chakrabarty and Chaitanya Swamy. Approximation algorithms for minimum734

norm and ordered optimization problems. In Proceedings of the 51st Annual ACM SIGACT735

Symposium on Theory of Computing, STOC 2019, page 126–137, New York, NY, USA, 2019.736

Association for Computing Machinery. URL: https://doi.org/10.1145/3313276.3316322,737

doi:10.1145/3313276.3316322.738

14 Moses Charikar, Sudipto Guha, Éva Tardos, and David B. Shmoys. A constant-factor739

approximation algorithm for the k-median problem (extended abstract). In Proceedings740

of the Thirty-first Annual ACM Symposium on Theory of Computing, STOC ’99, pages 1–741

10, New York, NY, USA, 1999. ACM. URL: http://doi.acm.org/10.1145/301250.301257,742

doi:10.1145/301250.301257.743

15 Teofilo F. Gonzalez. Clustering to minimize the maximum intercluster distance. Theor.744

Comput. Sci., 38:293–306, 1985.745

16 Igor Gorodezky, Robert D. Kleinberg, David B. Shmoys, and Gwen Spencer. Improved746

lower bounds for the universal and a priori TSP. In Maria Serna, Ronen Shaltiel, Klaus747

Jansen, and José Rolim, editors, Approximation, Randomization, and Combinatorial Optimiz-748

ation. Algorithms and Techniques, pages 178–191, Berlin, Heidelberg, 2010. Springer Berlin749

Heidelberg.750

17 F. Grandoni, A. Gupta, S. Leonardi, P. Miettinen, P. Sankowski, and M. Singh. Set covering751

with our eyes closed. In Proceedings of the 49th Annual IEEE Symposium on Foundations of752

Computer Science, October 2008.753

18 Martin Grötschel, László Lovász, and Alexander Schrijver. The ellipsoid method and its754

consequences in combinatorial optimization. Combinatorica, 1(2):169–197, 1981.755

19 Sudipto Guha and Kamesh Munagala. Exceeding expectations and clustering uncertain756

data. In Proceedings of the Twenty-Eighth ACM SIGMOD-SIGACT-SIGART Symposium757

on Principles of Database Systems, PODS ’09, page 269–278, New York, NY, USA, 2009.758

Association for Computing Machinery. URL: https://doi.org/10.1145/1559795.1559836,759

doi:10.1145/1559795.1559836.760

20 Anupam Gupta, Mohammad T. Hajiaghayi, and Harald Räcke. Oblivious network design.761

In Proceedings of the Seventeenth Annual ACM-SIAM Symposium on Discrete Algorithm,762

SODA ’06, pages 970–979, Philadelphia, PA, USA, 2006. Society for Industrial and Applied763

Mathematics. URL: http://dl.acm.org/citation.cfm?id=1109557.1109665.764

21 Anupam Gupta and Kanat Tangwongsan. Simpler analyses of local search algorithms for765

facility location. ArXiv, abs/0809.2554, 2008.766

22 Mohammad T. Hajiaghayi, Robert Kleinberg, and Tom Leighton. Improved lower and upper767

bounds for universal TSP in planar metrics. In Proceedings of the Seventeenth Annual768

ACM-SIAM Symposium on Discrete Algorithms, pages 649–658, 2006.769

23 Dorit S. Hochbaum and David B. Shmoys. A best possible heuristic for the k-center problem.770

Math. Oper. Res., 10(2):180–184, May 1985. URL: http://dx.doi.org/10.1287/moor.10.2.771

180, doi:10.1287/moor.10.2.180.772

ICALP 2021

http://dx.doi.org/10.1137/080733991
http://dx.doi.org/10.1137/080733991
https://doi.org/10.1145/3313276.3316322
http://dx.doi.org/10.1145/3313276.3316322
http://doi.acm.org/10.1145/301250.301257
http://dx.doi.org/10.1145/301250.301257
https://doi.org/10.1145/1559795.1559836
http://dx.doi.org/10.1145/1559795.1559836
http://dl.acm.org/citation.cfm?id=1109557.1109665
http://dx.doi.org/10.1287/moor.10.2.180
http://dx.doi.org/10.1287/moor.10.2.180
http://dx.doi.org/10.1287/moor.10.2.180
http://dx.doi.org/10.1287/moor.10.2.180


59:20 Universal Algorithms for Clustering Problems

24 Dorit S. Hochbaum and David B. Shmoys. A unified approach to approximation algorithms773

for bottleneck problems. J. ACM, 33(3):533–550, May 1986. URL: http://doi.acm.org/10.774

1145/5925.5933, doi:10.1145/5925.5933.775

25 Kamal Jain and Vijay V. Vazirani. Approximation algorithms for metric facility location776

and k-median problems using the primal-dual schema and lagrangian relaxation. J. ACM,777

48(2):274–296, March 2001. URL: http://doi.acm.org/10.1145/375827.375845, doi:10.778

1145/375827.375845.779

26 L. Jia, G. Lin, G. Noubir, R. Rajaraman, and R. Sundaram. Universal algorithms for TSP,780

Steiner tree, and set cover. In Proceedings of the 36th Annual ACM Symposium on Theory of781

Computing, 2005.782

27 Lujun Jia, Guevara Noubir, Rajmohan Rajaraman, and Ravi Sundaram. GIST: Group-783

independent spanning tree for data aggregation in dense sensor networks. In Phillip B.784

Gibbons, Tarek Abdelzaher, James Aspnes, and Ramesh Rao, editors, Distributed Computing785

in Sensor Systems, pages 282–304, Berlin, Heidelberg, 2006. Springer Berlin Heidelberg.786

28 Tapas Kanungo, David M. Mount, Nathan S. Netanyahu, Christine D. Piatko, Ruth Silverman,787

and Angela Y. Wu. A local search approximation algorithm for k-means clustering. In788

Proceedings of the Eighteenth Annual Symposium on Computational Geometry, SCG ’02,789

pages 10–18, New York, NY, USA, 2002. ACM. URL: http://doi.acm.org/10.1145/513400.790

513402, doi:10.1145/513400.513402.791

29 Adam Kasperski and Pawel Zielinski. On the existence of an FPTAS for minmax regret792

combinatorial optimization problems with interval data. Oper. Res. Lett., 35:525–532, 2007.793

30 Samir. Khuller and Yoram J. Sussmann. The capacitated k-center problem. SIAM794

Journal on Discrete Mathematics, 13(3):403–418, 2000. URL: https://doi.org/10.1137/795

S0895480197329776, arXiv:https://doi.org/10.1137/S0895480197329776, doi:10.1137/796

S0895480197329776.797

31 Stavros G. Kolliopoulos and Satish Rao. A nearly linear-time approximation scheme for798

the Euclidean k-median problem. In Jaroslav Nešetřil, editor, Algorithms - ESA’ 99, pages799

378–389, Berlin, Heidelberg, 1999. Springer Berlin Heidelberg.800

32 Panos Kouvelis and Gang Yu. Robust 1-Median Location Problems: Dynamic Aspects and801

Uncertainty, pages 193–240. Springer US, Boston, MA, 1997. URL: https://doi.org/10.802

1007/978-1-4757-2620-6_6, doi:10.1007/978-1-4757-2620-6_6.803

33 Amit Kumar, Yogish Sabharwal, and Sandeep Sen. A simple linear time (1 + ϵ)-approximation804

algorithm for k-means clustering in any dimensions. In Proceedings of the 45th IEEE Symposium805

on Foundations of Computer Science, pages 454–462, 2004.806

34 Shi Li and Ola Svensson. Approximating k-median via pseudo-approximation. In Proceedings807

of the Forty-fifth Annual ACM Symposium on Theory of Computing, pages 901–910, 2013.808

35 Stuart P. Lloyd. Least squares quantization in pcm. IEEE Trans. Information Theory,809

28:129–136, 1982.810

36 Stuart G. Mentzer. Approximability of metric clustering problems. Unpublished manuscript,811

March 2016.812

37 Viswanath Nagarajan, Baruch Schieber, and Hadas Shachnai. The Euclidean k-supplier813

problem. In Michel Goemans and José Correa, editors, Integer Programming and Combinatorial814

Optimization, pages 290–301, Berlin, Heidelberg, 2013. Springer Berlin Heidelberg.815

38 G. L. Nemhauser, L. A. Wolsey, and M. L. Fisher. An analysis of approximations for816

maximizing submodular set functions—i. Mathematical Programming, 14(1):265–294, 1978.817

URL: https://doi.org/10.1007/BF01588971, doi:10.1007/BF01588971.818

39 Loren K. Platzman and John J. Bartholdi, III. Spacefilling curves and the planar travelling819

salesman problem. J. ACM, 36(4):719–737, October 1989. URL: http://doi.acm.org/10.820

1145/76359.76361, doi:10.1145/76359.76361.821

40 Frans Schalekamp and David B. Shmoys. Algorithms for the universal and a priori TSP. Op-822

erations Research Letters, 36(1):1–3, 2008. URL: http://www.sciencedirect.com/science/823

article/pii/S0167637707000697, doi:https://doi.org/10.1016/j.orl.2007.04.009.824

http://doi.acm.org/10.1145/5925.5933
http://doi.acm.org/10.1145/5925.5933
http://doi.acm.org/10.1145/5925.5933
http://dx.doi.org/10.1145/5925.5933
http://doi.acm.org/10.1145/375827.375845
http://dx.doi.org/10.1145/375827.375845
http://dx.doi.org/10.1145/375827.375845
http://dx.doi.org/10.1145/375827.375845
http://doi.acm.org/10.1145/513400.513402
http://doi.acm.org/10.1145/513400.513402
http://doi.acm.org/10.1145/513400.513402
http://dx.doi.org/10.1145/513400.513402
https://doi.org/10.1137/S0895480197329776
https://doi.org/10.1137/S0895480197329776
https://doi.org/10.1137/S0895480197329776
http://arxiv.org/abs/https://doi.org/10.1137/S0895480197329776
http://dx.doi.org/10.1137/S0895480197329776
http://dx.doi.org/10.1137/S0895480197329776
http://dx.doi.org/10.1137/S0895480197329776
https://doi.org/10.1007/978-1-4757-2620-6_6
https://doi.org/10.1007/978-1-4757-2620-6_6
https://doi.org/10.1007/978-1-4757-2620-6_6
http://dx.doi.org/10.1007/978-1-4757-2620-6_6
https://doi.org/10.1007/BF01588971
http://dx.doi.org/10.1007/BF01588971
http://doi.acm.org/10.1145/76359.76361
http://doi.acm.org/10.1145/76359.76361
http://doi.acm.org/10.1145/76359.76361
http://dx.doi.org/10.1145/76359.76361
http://www.sciencedirect.com/science/article/pii/S0167637707000697
http://www.sciencedirect.com/science/article/pii/S0167637707000697
http://www.sciencedirect.com/science/article/pii/S0167637707000697
http://dx.doi.org/https://doi.org/10.1016/j.orl.2007.04.009

	1 Introduction
	1.1 Problem Definitions and Results
	1.2 Techniques
	1.3 Related Work

	2 Universal k-Median
	2.1 Universal k-median: Fractional Algorithm
	2.2 Universal k-Median: Rounding Algorithm

	3 Universal k-Median with Fixed Clients
	3.1 Preliminaries
	3.2 Obtaining a Fractional Solution for Universal k-Median with Fixed Clients
	3.3 Rounding the Fractional Solution for Universal k-Median with Fixed Clients

	4 Universal k-means
	4.1 Universal k-means: Fractional Algorithm
	4.2 Universal k-Means: Rounding Algorithm

	5 Universal k-Center
	6 Hardness of Universal Clustering for General Metrics
	6.1 Hardness of Approximating 
	6.2 Hardness of Approximating 

	7 Future Directions

