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The measurement of anisotropic spin interactions, such as re-
idual dipolar couplings, in partially ordered solutions can provide
aluable information on biomolecular structure. While the infor-
ation can be used to refine local structure, it can make a unique

ontribution in determining the relative orientation of remote
arts of molecules, which are locally well structured, but poorly
onnected based on NOE data. Analysis of dipolar couplings in
erms of Saupe order matrices provides a concise description of
oth orientation and motional properties of locally structured
ragments in these cases. This paper demonstrates that by using
ingular value decomposition as a method for calculating the order
atrices, principal frames and order parameters can be deter-
ined efficiently, even when a very limited set of experimental

ata is available. Analysis of 1H–15N dipolar couplings, measured
n a two-domain fragment of the barley lectin protein, is used to
llustrate the computational method. © 1999 Academic Press

Key Words: anisotropic spin interactions; Saupe order matrix;
ingular value decomposition; domain–domain orientation; barley
ectin protein.

INTRODUCTION

Traditional NMR structure determination of biomolecule
ased mainly on distance constraints derived from relax
rocesses such as NOEs (1). This approach is limited, how
ver, by the short distances over which NOE interactions
ffective. This is a particularly severe limitation when
elationship of remote parts of elongated or loosely conne
olecules is at issue. Spin interactions such as residual d

ouplings that have an inherent orientational dependence
nisotropic spin interactions, can, in principle, complem
OE data in these situations. However, these interac
ormally average to near zero in solution and cannot eas
easured. Recently, the idea of making these spin interac
easurable by introducing a higher degree of order in
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ystems under study (2) has been extended to macromolec
ystems including proteins, first by using the interaction
igh static magnetic field with molecules having large an

ropic paramagnetic susceptibilities (3), then by using simila
nteractions with molecules having large diamagnetic sus
ibilities (4, 5), and recently by using magnetically orien
iquid crystalline media as a solvent for the molecules u
tudy (6–9).
The success of these techniques has led to a growing nu

f applications (10–14). Most applications to proteins ha
een directed toward structure refinement. It is possib
irectly refine a structure against residual dipolar coupl
sing a simulated annealing protocol (15) if sufficient other
ources of structural constraints (such as NOEs) are ava
f the order parameters can be estimated by alternate me
16), and if it can be assumed that the whole molecule is
nough to have a uniform alignment tensor.
This paper demonstrates a method of direct utilizatio

nisotropic spin interaction data that is based on the det
ation of the Saupe order matrix (17) for structurally well-
efined fragments within a biomolecule. It can be use
stablish the relative orientation of rigid units of the molec
nd it can help to determine the order parameters (axia
hombic components of the alignment tensor) needed for
alculations even when only a small number of dipolar c
lings are measured. Use of the numerical method of sin
alue decomposition to solve for the order matrix elem
akes this approach fast, reliable, and easy to carry out
pplication of the proposed method is demonstrated u

15N–1H dipolar couplings measured in a15N-labeled two-do
ain fragment of the barley lectin protein (BLBC) that
een oriented in a dilute bicelle (6, 18, 19) solution.

THEORY

The most commonly measured anisotropic spin interacti
esidual dipolar coupling. For a pair of spin1

2 nuclei n andm,
he general expression describing the splitting due to
nteraction is

y,

2;
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D nm 5 2
gngmh

2p 2r nm
3 K3 cos2U 2 1

2
L

5 D max
nm K3 cos2U 2 1

2
L , [1]

here g n and gm are the gyromagnetic ratios for the spi12
uclei, h is Plank’s constant,r nm is the internuclear distanc
nd U is the angle between the internuclear vector and
xternal magnetic field. In the above-mentioned systems
alue ofDnm is radically scaled down from its maximum sta
alue,Dmax

nm , by rapid internal motions and overall motions
estricted by the anisotropic interaction of the molecule
he bicelles. The angle brackets denote a time average ov
otions with time scales short compared to the reciproc

he splitting.
It is also possible to obtain information on the orien

ional properties of molecules by measuring chemical
nisotropy effects. The chemical shift observed in an orie
ystem differs from the isotropic chemical shift,d iso 5 1

3(d 11 1

22 1 d 33), by an anisotropic contribution that can be
ressed as:

dan 5
2

3 O
j5$ x,y,z%

K3 cos2U j 2 1

2
L d jj , [2]

hered jj are the elements of the diagonal chemical shift te
nd U j are the angles between the axis of the chemical
rincipal frame and the external magnetic field. Once again
ngle brackets denote a time average over motions.
It is clear from Eqs. [1] and [2] thatDnm andd an are source

f dynamic and structural information through their dep
ence uponU andU j and upon the motional averaging of th
uantities. Further, this information is unique in being not o
istance dependent, but angle dependent, which makes it

mportant tool for obtaining long-range structural informati
lthough the dynamic information available is highly usefu
lso makes the analysis of these anisotropic interactions
licated. A simple approach to obtaining structural and

ional information from such parameters is to represent
nisotropic averaging by an order matrix (17, 20, 21). For a
olecule with coordinates defined in an arbitrary Carte

ystem, the elements of this 33 3 order matrix are

Sij 5 K3 cosu icosu j 2 kij

2
L , [3]

here u i denotes the instantaneous orientation of thei th
olecular axis with respect to the director (which in the stu

ase is the direction of the external magnetic field, Fig. 1),
ij is the Kronecker delta. The order matrix is symmetric (Sij 5
) and traceless (S 1 S 1 S 5 0), so it has only five
ji xx yy zz
e
he

h
the
of

-
ft
d

-

r
ift
e

-

y
ery
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m-
-
ir

n

d
d

ndependent elements. By diagonalizing the order matrix,
ossible to reduce the order parameter description to a p
al order parameter,Sz9z9, and an asymmetry parameter,h 5
Sy9y9 2 Sx9x9)/Sz9z9, where uSz9z9u . uSy9y9u . uSx9x9u. The
rincipal order parameter andh are straightforwardly related

he axial and rhombic components of the alignment tenso
re used if the dipolar coupling is expressed using a p
oordinate system (16, 22). The coordinate frame in which th
rder matrix is diagonal is often referred to as the princ
veraging frame or the principal order frame. The transfo

ion matrix that accomplishes this diagonalization relates
rincipal frame to the initial molecular frame.
If the principal order frame happens to coincide with

irection of the dipolar interaction vector, or the frame of
hemical shift tensor, it is clear that the order tensor elem
re identical to the angular function in the expression ford an

nd Dnm. In the more general case where we choose
rbitrary molecular frame, the following expressions resu

D mn 5 D max
mn O

ij 5$ x,y,z%

Sijcosf i
nmcosf j

nm [4]

d an
n 5

2

3 O
ij 5$ x,y,z%

Sijd ij
n. [5]

erefi
nm is the angle of the internuclear vector connecting nu

and m relative to theith molecular axis and thedij
n are the

lements of the chemical shift tensor in an arbitrary molec
rame of nucleusn. Equation [4] suggests that if the direct
osines of the internuclear vectors in an arbitrary molecular f
re known, it is possible to determine the order parameters

FIG. 1. Definition of angles with respect to the molecular fra

x, f y, f z: angles of an internuclear vector with respect to the molecular

x, u y, u z: angles defining the instantaneous orientation of the magnetic
B0) with respect to the molecular axis.
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336 COMMUNICATIONS
ence the molecular orientational properties, from just five i
endent measurements. Equation [5] suggests that if the or

ion of the chemical shift principal axis frame and the princ
alues are known, chemical shift anisotropy (CSA) data,dan

n , can
e substituted for some of these measurements. CSA da
ertain functional groups are readily available from litera
23, 24). Knowledge of direction cosines of a sufficient numbe
nternuclear vectors or chemical shift tensors in a particular
ecular frame is only available if the local structure of a fragm
s known and assumed to be rigid. Of course there is al

otion, but provided that, within a fragment, all internuc
ector motion is axially symmetric about its mean position
niform for all vectors, the fragment can be treated as rigid

his motion can be taken into account by a simple scaling fa
his is approximately the case for local N–H bond librations
xample.

In the case at hand, we will assume that the central c
f each of the two domains in the small protein, BLB
epresent an appropriate a rigid fragment. There are nu
us noncollinear15N–1H dipolar interactions in each

hese cores. In other proteins, secondary structure
ents such as helices or beta sheets may cons
ppropriate fragments. In the more general case
olypeptide chain, the peptide plane can be considere
uch a rigid structural element. It is possible to measure
ndependent angular parameters from this unit by expan
he type of the anisotropic interactions we measure,
xample,1DNH, 1DNC, 1DCC, andd an for the carbonyl carbo
nd the amide nitrogen. The principal frames of the ch

cal shift anisotropy tensors and the internuclear vector
hese interactions each have a different orientation
espect to the averaging frame, making them nonredun
t is useful to note that well-defined segments exist in o
ypes of macromolecules. In the case of oligosacchar
any sugar rings can be assumed rigid and five or m

1D , 1D or nD couplings can be measured.

1
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If a sufficient number of interactions can be measured
ach of the two fragments with well-defined structures,

f an order tensor in the molecular frame can be determ
or each, then the allowed possibilities for relative orien
ions of these two fragments can be dramatically redu
ecause the interactions we measure are insensitive
ersion of the director, there will, in general, be four p
ible orientations for each fragment. However, other c
traints such as molecular bonding, help to further red
he possibilities (25, 26).

Carrying out an order matrix determination in prac
eans setting up and solving a system of linear equa
f the form A x 5 b. In our case,A is a matrix compose
f the direction cosines of the internuclear vectors
ij ’s. The matrixA and thex and b vectors are defined
q. [6]:

here rows containing a reduced dipolar coupling,Dred, are
btained from Eq. [4], and rows withd an are obtained from Eq

5] after division byDmax and 2/3, respectively. The number
quations depends on the number of measured angular p
ters, but the number of unknowns is always five.
In the past, solutions to the above equation have

btained by a simple grid search (27) or a random search (28)
or allowed values of the five independent order tensor
ents. It is also possible to use a fitting program that m
izes the differences between measured and observed
lings (5). Although these approaches are sufficient for sim
ases, they are quite slow if the linear equation system is l
hat is, if the number of measured angular parameters is

Singular value decomposition (SVD) is a powerful num
al technique for solving systems of linear equations, suc
hat given in Eq. [6], and is easy to implement for order ma
alculations. It also has the advantage that it can deal with
f equations that are close to singular, which would happ

he measured angular data were redundant because
inearity of vectors.
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It is well known from linear algebra (29) that any matrixA
ith M rows andN columns can be written in terms of
ingular value decomposition, i.e., as the product of anM 3 N
olumn-orthogonal matrixU, and anN 3 N diagonal matrix
, with nonnegative diagonal elements, and the transpo

n N 3 N orthogonal matrixV. That is,

~A! 5 ~U!1
v1 0

v2 ···
0 vN

2 ~VT! . [7]

his decomposition ofA allows one to write the invers
f A as

A21 5 V @diag~1/v j!#U
T. [8]

he matrixA is ill-conditioned with respect to inversion if a
ne of thev i ’s is zero or very small. In this case, we can
/v i to zero, which is equivalent to throwing away the par

he solution space that is most susceptible to roundoff er
For our matrix equationA x 5 b, x can be determined usin

he above decomposition as

x 5 V @diag~1/v j!#U
Tb. [9]

f the set of equations has no exact solution, as in an ov
ermined linear system (M . N), the SVD will still produce a
olution that will not exactly solve the linear system, but
e the best solution in the least squares sense. Also, SV
e used for underdetermined (N . M) systems. In this cas
ne can isolate the subspace about which we have no
ation (also called the nullspace). The columns ofV corre-

ponding to zerov i ’s then form an orthonormal basis th
pans the nullspace.
One difficulty encountered in the calculations descr

bove is that experimental uncertainties have to be consid
ne way to take this into account is to calculateSij for severa

ets of dipole couplings and chemical shift anisotropies tha
ampled from Gaussian distributions centered at the mea
alues with standard deviations depending on the experim
recisions. The calculatedSij values are then multiplied wi

heA matrix and are only accepted if the predictedDnm or d an
n

alues are within the estimated experimental error. This st
ecessary since the SVD method will produce a least sq
olution for any set of input data. The width of the resul
istribution ofSij values gives a representation of errors in
erived parameters. Figure 2 shows a flow chart of o
atrix calculations done using SVD.
of
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IMPLEMENTATION

The order matrix calculations performed by both rand
earch and SVD were coded using the C programming
uage. Output visualization was performed using the X
oftware package (P.J. Turner, v. 3.01). The random nu
enerator and the SVD algorithm were modified from p

ished subroutines (LAPACK, v. 2.0). After each set of or
arameters was determined and a symmetric tensor fo

rom them, the tensor was diagonalized to obtain the prin
rder tensor components, or order parameters, and a tra
ation matrix that relates the principal order frame to

nitial molecular frame.
Performing the above operation yields a distribution of o

arameters and a collection of vectors defining the pos
irections of the principal order parameters,Sx9x9, Sy9y9, and
z9z9, all of which are consistent with the experimental data

acilitate the visualization of these distributions of vector
apping technique was employed. The equal area pseu

indrical Sauson–Flamsteed projection (30) is well suited for
his purpose (28, 31).

RESULTS

Application of the proposed method is illustrated usin
15N-labeled protein, BLBC, a two-domain fragment of bar
ectin. The 89-residue BLBC fragment shares approxima
5% sequence homology with wheat germ agglutinin, W
hich has been the subject of numerous crystal structure

es (32). Previous NOE-based studies of BLBC were not
cient to determine a high-resolution structure, but they
how the domains to have folds very similar to those see
he crystal structure of WGA, and they did indicate that
enter part of each domain was well structured (33). More
ignificantly for our purposes, the relative orientation of th
nd C domains of BLBC could not be determined becaus

he lack of long-range restraints. Thus, BLBC is an id
andidate for the determination of domain–domain orienta
sing residual dipolar couplings.
To use the order matrix approach, we need a very

efined structure within the core of each domain. The N
erived structures are not, in themselves, adequate, sinc
ave RMSDs of 1.8 and 1.5 Å, respectively, even for
ell-structured regions. Instead, since it has been shown
LBC and WGA have very similar backbone folds (33), we
sed the X-ray structure of WGA (32) as the rigid structur

rom which we calculated the direction cosines in matrixA.
To obtain residual dipolar coupling data, an approxima

.2 mM protein sample was oriented in a 5% 2.9:1 DM
HPC (dimyristoylphosphatidylcholine/dihexanoylphosph
ylcholine) bicelle solution that has been stabilized by
ddition of a positively charged lipid, CTAB (hexadecyl(cet
rimethylammonium bromide) (34). 1D scalar and dipola
NH
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ouplings were measured using a quantitativeJ-correlation
xperiment (JNH-HSQC) (35) designed for the accurate me
urement of one-bond amide15N–1H couplings in proteins. I
his experiment the couplings are encoded in the reson
ntensity, reducing the need for high resolution in the indi
imension. Couplings were measured using this experime
bicelle medium at 25°C where the medium is isotropic

nly scalar couplings contribute and at 34°C where the
ium is oriented and both dipolar and scalar couplings con
te. The dipolar contribution was extracted by taking dif
nces of splittings measured in these two experiments.
Normal HSQC spectra were also collected for the prote

ure water, in the bicelle medium at 25°C where the syste
early isotropic, and in the bicelle medium at 34°C where
ystem has undergone the transition to a liquid crystalline
nd the protein is partially aligned. Since the appearance o

FIG. 2. Flow chart of the program that solves for the elements of t
ingular value decomposition.
ce
t
in
d
e-
-

-

n
is
e
te
he

1H–15N HSQC spectrum in all three cases is comparable,
easonable to assume that the presence of the lipid doe
hange the tertiary fold of the protein. For the well-structu
egion of domain B, 16 dipolar couplings were measured.
he well-structured region of domain C, 24 dipolar coupli
ere measured. These data are presented in Tables 1a a
he measured dipolar couplings range from 0 to 7.5 H
bsolute value. Experimental precision is estimated to b

he order of 0.2–0.5 Hz.
Order matrix calculations were performed on the data

ented in Table 1 using the SVD method with an estim
ncertainty of 2–3 Hz. These increased uncertainty estim
artially account for the fact that in addition to experime
rror, uncertainty in our rigid core structures will contribute

he precision of our calculations. Since the singular v
ecomposition method solves the exact system of linear e

Saupe order matrix from experimental dipolar coupling data using the
he
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ions, it is possible to quickly identify dipolar couplings th
ave uncertainties outside of these bounds. This was ac
lished here by counting the number of times that partic
ata could not be back-calculated to within estimated un

ainty by the common solution and eliminating them if t
appens for more than 50% of the cycles. Thirteen out o
6 measured values for domain B were found to be compa
ith the rigid structure, and 21 out of the 24 measured va

or domain C were found to be compatible with the ri
tructural model. The inconsistencies most likely result f
mperfections in the assumed structure or additional mot
ffects at those sites. It is worth pointing out that most of
oorly fit data result from sites that are at or close to resi

TABLE 1a
Residual 1H–15N Dipolar Couplings from the B Domain

of the BLBC Protein

Secondary
structurea Residue #b

Measured dipolar
coupling (Hz)c

Used in final
solutiond

*His59 7.3 yes
Cys60 22.5 yes
Cys61 0.3 no
Ser62 4.0 yes
Gln63 6.7 no

b-Sheet *Trp64 21.4 yes
Gly65 4.3 yes
Tyr66 6.3 yes
Cys67 3.8 yes
Gly68 21.0 no
Phe69 23.4 yes

Gly70 N/A N/A

Ala71 N/A N/A
Glu72 22.2 yes

a-Helix Tyr73 22.2 yes
Cys74 24.6 yes
Gly75 N/A N/A

Ala76 21.2 yes
Gly77 N/A N/A
Cys78 5.3 yes

a Secondary structure as determined by high-resolution NMR spectros
or domain B the well structured residues are 59–81 and for domain C
re 100–126.

b * indicates residues that differ between BLBC and WGA.
c The data was collected using a quantitativeJ correlation experiment (se

ext). NMR spectroscopy was carried out on a 500-MHz Varian INO
pectrometer. In the direct dimension, 1024 complex points were col
ith a spectral width of 6000 Hz; 70t 1 increments with a correspondi
pectral width of 2000 Hz were collected in the indirect dimension. For

1 increment, 32 transients were collected per FID, and four FIDs were s
er t 1 increment. The constant time delay was set to 64.516 ms, wh
ptimized forJ 5 93 Hz. A 2-s recycle delay and an acquisition time of
s were used.
d No indicates residues from which the measured residual dipolar cou

as not consistent with rest of the data (see text).
m-
r
r-

e
le
s

al
e
s

hat differ between BLBC and WGA (Table 1). The 10,0
ycles required to fully account for uncertainties in the acc
ble order matrices (see Theory section) consumed less
0 s of CPU time on a 150-MHz Silicon Graphics Indy R4

TABLE 1b
Residual 1H–15N Dipolar Couplings from the C Domain

of the BLBC Protein

Secondary
structurea Residue #b

Measured dipolar
coupling (Hz)c

Used in final
solutiond

Asn100 4.4 yes
Asn101 4.8 yes

Leu102 20.1 yes
Cys103 2.7 yes
Cys104 N/A N/A
Ser105 25.8 no
Gln106 5.4 yes

b-Sheet Trp107 6.7 yes
Gly108 N/A no
*Tyr109 22.7 yes
Cys110 24.5 yes
Gly111 25.1 yes
Leu112 23.1 yes

Gly113 N/A N/A

Ser114 3.0 yes
Glu115 23.9 yes

a-Helix Phe116 4.8 yes
Cys117 3.4 yes
Gly118 22.7 yes

*Glu119 4.5 yes
Gly120 22.9 yes
Cys121 6.0 no

Gln122 24.8 yes
*Gly123 7.0 no

b-Sheet Gly124 2.9 yes
Ala125 26.0 yes

Cys126 4.2 yes

a Secondary structure as determined by high-resolution NMR spectros
or domain B the well structured residues are 59–81 and for domain C
re 100–126.

b * indicates residues that differ between BLBC and WGA.
c The data was collected using a quantitativeJ correlation experiment (se

ext). NMR spectroscopy was carried out on a 500-MHz Varian INO
pectrometer. In the direct dimension, 1024 complex points were col
ith a spectral width of 6000 Hz; 70t 1 increments with a correspondi
pectral width of 2000 Hz were collected in the indirect dimension. For

1 increment, 32 transients were collected per FID, and four FIDs were s
er t 1 increment. The constant time delay was set to 64.516 ms, wh
ptimized forJ 5 93 Hz. A 2-s recycle delay and an acquisition time of
s were used.
d No indicates residues from which the measured residual dipolar cou

as not consistent with rest of the data (see text).
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omputer. The same calculation using the random searc
roach (28) required several hours of CPU time.
The above calculation resulted in approximately 2000

eptable order matrices for domain B and 1500 for doma
igure 3A illustrates the direction for that axis of the princ
veraging frame that corresponds toSz9z9, for both domains, i

he molecular frame of the crystal structure. Figure 3B pres
he distributions ofSz9z9 andh for each domain. Note that the
re two sets of solutions for domain C. This occurs bec
5 1.0, and the choice of orientation of thez and y axes

ecomes arbitrary. It is clear from Fig. 3A that the clusters
n fact, 90° apart.

Since the domain structures were constrained to the do
tructures of WGA, and since a common coordinate frame
sed for both domains, coincidence of the principal orde

FIG. 4. (A) Domain–domain orientation of the domains B and C in
arley lectin protein fragment BLBC based on the crystal structure of W
epresentative principal averaging frames for both domains are also s

B) A possible domain–domain orientation of the domains B and C, bas
rientational constraints derived from residual15N–1H dipolar couplings. Th
tructure was obtained by selecting a principal averaging frame for
omains so that the correspondingh values were comparable (h ; 0.7). After

his, the molecular frames of the two domains were reoriented in such
hat the principal averaging frames coincided.
p-

-
.

l

ts

se

e,

in
as
g

rames of the two domains provides a test for consistency
omain orientation as found in the crystal structure. In Fig
A the representations of director orientations do not ove
ven given the degenerate representations for domain
ther words, the director orientations appear quite diffe
hen viewed from the perspective of each domain. It is th

ore obvious that the relative orientation of the two domain
LBC must be different from that determined by X-ray cr

allography of WGA. One can, in principle, generate a st
ure consistent with the experimental data by rotating
omains to achieve a common ordering frame (Fig. 4).
ommon frame should be determined in such a way that
ith order parameters of the same sign and similar magn
oincide. An allowed structure is depicted in Fig. 4B.
The picture in Fig. 4B is, however, a significant oversim

cation of the situation. In addition to determining the prin
al averaging frame, the above calculations return values o
rincipal order parameters that are consistent with the
igure 3B shows that whileSz9z9 is similar for domains B an
(0.00025),h is broadly distributed about 0.6 in domain

nd it is near 1.0 in domain C. The distributions of calcula
rder parameters shown in Fig. 3B do overlap to some ex
llowing for the possibility that the two domains are ordere

he same forces and behave as a single rigid entity. How
dditional experiments show that even small variation
rdering conditions force a more severe divergence of prin
rder parameters, suggesting that the two domains of B
iffuse independently. This complex behavior is the subje
forthcoming detailed study of the structure and dyna

roperties of BLBC.

CONCLUSION

In this work, we have shown that using singular va
ecomposition as a method for determining the Saupe
atrix is a fast and easy way to interpret anisotropic

nteractions, such as residual dipolar couplings. Although
tructural information is required for the described metho
seful calculation can be performed using as few as five, a
ome cases even fewer, measured couplings. When the
tructure of a molecular fragment is known, it might also be
ethod of choice for determining the alignment parameterD a

nd R, required for further structural refinement using sim
ated annealing (15). Other methods that have been propo
or the determination of these order parameters (15, 16) depend
n observing a large number of couplings to discern the

ribution of couplings. In cases of limited data, especi
ith high rhombicity (h near 1.0), these methods can beco

napplicable.
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vailability

Information on obtaining the software described in
aper can be found on our Web page accessed through
ww.ccrc.uga.edu.

ACKNOWLEDGMENTS

We thank Mr. Hashim M. Al-Hashimi for stimulating discussions on o
atrix calculations. We also thank Dr. Jeanne Lim Weaver for providin
ith the 15N-labeled BLBC sample. This work was supported by g
M33225 from the National Institutes of Health and grant MCB-9726

rom the National Science Foundation.

REFERENCES
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