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ABSTRACT Structural studies of symmetric
homo-oligomers provide mechanistic insights into
their roles in essential biological processes, in-
cluding cell signaling and cellular regulation. This
paper presents a novel algorithm for homo-oligo-
meric structure determination, given the subunit
structure, that is both complete, in that it evalu-
ates all possible conformations, and data-driven,
in that it evaluates conformations separately for
consistency with experimental data and for qual-
ity of packing. Completeness ensures that the
algorithm does not miss the native conformation,
and being data-driven enables it to assess the
structural precision possible from data alone. Our
algorithm performs a branch-and-bound search in
the symmetry configuration space, the space of
symmetry axis parameters (positions and orienta-
tions) defining all possible Cn homo-oligomeric
complexes for a given subunit structure. It elimi-
nates those symmetry axes inconsistent with in-
tersubunit nuclear Overhauser effect (NOE) dis-
tance restraints and then identifies conformations
representing any consistent, well-packed struc-
ture to within a user-defined similarity level.
For the human phospholamban pentamer in

dodecylphosphocholine micelles, using the struc-
ture of one subunit determined from a subset of
the experimental NMR data, our algorithm identi-
fies a diverse set of complex structures consistent
with the nine intersubunit NOE restraints. The
distribution of determined structures provides an
objective characterization of structural uncer-
tainty: backbone RMSD to the previously deter-
mined structure ranges from 1.07 to 8.85 Å, and
variance in backbone atomic coordinates is an av-
erage of 12.32 Å2. Incorporating vdW packing
reduces structural diversity to a maximum back-
bone RMSD of 6.24 Å and an average backbone
variance of 6.80 Å2. By comparing data consis-
tency and packing quality under different assump-
tions of oligomeric number, our algorithm identi-
fies the pentamer as the most likely oligomeric
state of phospholamban, demonstrating that it is
possible to determine the oligomeric number

directly from NMR data. Additional tests on a
number of homo-oligomers, from dimer to hep-
tamer, similarly demonstrate the power of our
method to provide unbiased determination and
evaluation of homo-oligomeric complex structures.
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INTRODUCTION

Symmetric homo-oligomers play pivotal roles in complex
biological processes, including ion transport and regula-
tion, signal transduction, and transcriptional regulation.
We are particularly interested in phospholamban, a sym-
metric homopentameric membrane protein that regulates
the calcium levels between cytoplasm and sarcoplasmic
reticulum, and hence aids in muscle contraction and
relaxation.1 Ion conductance studies2 also suggest that
phospholamban might have a separate role as an ion
channel. To understand the dual function of phospholam-
ban and other such symmetric homo-oligomers, we have
developed a combined experimental–computational ap-
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proach that, given the subunit structure, determines the
complex structure from a combination of sparse intersubu-
nit nuclear Overhauser effect (NOE) distance restraints
and van der Waals (vdW) packing. Our approach is com-
plete, in that we test all possible conformations, and is
data-driven, in that we first test conformations for consis-
tency with data and only then evaluate each of the con-
sistent conformations for vdW packing. Completeness in a
structure determination method is a key requirement,
since it ensures that no conformation consistent with the
data is missed. This avoids any bias in the search, as well
as any potential for becoming trapped in local minima,
both of which are problems inherent in energy minimiza-
tion-based approaches. The data-driven nature of our
method allows us to independently quantify the amount
of structural constraint provided by data alone, versus
both data and packing. This avoids over-reliance on sub-
jective choices of parameters for energy minimization, and
consequent false precision in determined structures. Our
method also allows us to determine the oligomeric number
of the complex. To our knowledge, this is the first
approach that determines the oligomeric number of a

symmetric homo-oligomer from intersubunit NOE dis-
tance restraints. The confidence in the determined oligo-
meric number depends on the information content in the
available data.

The key to our approach is the observation that, given
the structure of a subunit, the structure of a symmetric
homo-oligomer is completely determined by the para-
meters (position and orientation) of its symmetry axis.
Thus, we can formulate structure determination in terms
of a search in the space of all symmetry axis parameters,
which we call the symmetry configuration space (SCS).
Figure 1 shows our overall protocol, which consists of
two phases. In the first phase, we perform a complete,
data-driven search in SCS and return consistent regions
in SCS—a superset of the regions containing all confor-
mations consistent with the data. We generate represen-
tative structures from the consistent regions, such that
every structure in the consistent regions is within a
user-defined backbone RMSD, s0 Å, to some representa-
tive structure. Each of the representative structures is
evaluated for restraint satisfaction, and those that are
good enough form a set of satisfying structures. In the

Fig. 1. The overall protocol for determining structures of symmetric homo-oligomers. The input to the
protocol includes the subunit structure, the NOE restraints, and the oligomeric number. The first phase of
our two-phase approach involves a complete data-driven search using a branch-and-bound algorithm in
the SCS, the space of symmetry axis parameters. The 4D SCS is represented as two 2D regions: a
sphere representing the orientation space S2 and a square representing the translation space R2. The out-
put from the branch-and-bound algorithm is a set of consistent regions in SCS that represent all structures
satisfying the restraints. Representative structures are chosen from the consistent regions. These struc-
tures are evaluated for quality of restraint satisfaction, and those that are good enough are identified as
satisfying structures. Regions corresponding to the satisfying structures in the consistent regions form the
satisfying regions (represented by the dark regions). In the second phase, each of the satisfying structures
is energy-minimized and evaluated for the quality of vdW packing. The output from this step is a set of
WPS structures and WPS regions that represent conformations that are consistent with data and have
high-quality vdW packing. The entire protocol is repeated for different oligomeric numbers, and the WPS
structures of each are evaluated, in order to identify the most probable oligomeric number. [Color figure
can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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second phase, each of the satisfying structures is eval-
uated for high-quality vdW packing. We ultimately
return a set of well-packed satisfying (WPS) structures
that are consistent with data and have high-quality vdW
packing. We quantify the uncertainty in determined
structures in terms of the size of the regions in SCS and
the variations in atomic coordinates in the structures.
The difference in uncertainty between the satisfying
structures and the WPS structures illustrates the rela-
tive precision that is possible from data alone, versus
data and packing together.
Our approach allows us to test whether the available

data suffices to determine the oligomeric number with
high confidence. For each possible oligomeric number, we
determine a set of WPS structures. We place higher con-
fidence in the oligomeric number that has WPS structure
with better vdW packing. Thus we determine the oligo-
meric number using the NMR data and vdW packing.
Our approach provides for an independent verification of
the oligomeric state, which is typically determined using
experiments, such as chemical cross-linking, followed by
SDS-PAGE, or by equilibrium sedimentation.
Traditional protocols (e.g., Refs. 3, 4) for structure

determination of protein complexes from NMR data use
simulated annealing and molecular dynamics. A variant
of this protocol was used to determine the structure of
the phospholamban pentamer.1 However, the simulated
annealing/molecular dynamics mechanism is not com-
plete and could get trapped in local minima. Further-
more, the precision in the determined structure is
strongly affected by temperature. Our approach avoids
temperature dependence and local minima problems,
and does not suffer from ‘‘false precision’’ in characteriz-
ing the diversity of determined structures.
Previous computational techniques5 for predicting the

structures of complexed proteins fall into two categories:
homology modeling and docking. One can confidently pre-
dict protein interactions by homology modeling6,7 only if
the structure of a homologous complex is available.8 Dock-
ing strategies usually involve a two-stage approach: gen-
erate a set of possible docked structures, and then score
them. The possible structures are typically generated by
sampling the space of rotations and translations of the
docked subunit with respect to the fixed subunit.9–15

Alternatively, geometric hashing16 samples conformations
that are consistent with shape complementarity. Scoring
is usually based on shape and chemical complementar-
ity.17–20 Docking-based methods are immediately applica-
ble to homo-oligomers, by docking two subunits of the
homo-oligomer. Pierce and Weng,21 Duhovny et al.,22 and
Comeau and Camacho23 have all used docking-based
approaches, followed by filtering based on symmetry and
scoring by minimizing energy functions, to predict struc-
tures of homo-oligomers.
Several minimalist experiments, though not compre-

hensive enough to determine structures by themselves,
have been used in conjunction with docking approaches
to score predicted models.24–27 Proximity information be-
tween adjacent units in a complex can be obtained from

experiments such as mutagenesis,28–30 hydrogen-deute-
rium exchange,26,31 chemical cross-linking,32–34 fluores-
cence energy transfer,35,36 Fourier transform infra-red
spectroscopy,37 and sparse intermolecular NOE data.38

Existing docking-based approaches are not complete,
because they generate possible docked structures by
sampling, and might miss conformations close to the
native structure. This is evident from our tests on phos-
pholamban, when we used several available docking-
based methods21–23 to predict the complex structure
from the subunit structure. A significant number of the
models provided by these approaches satisfy none of
the experimental intersubunit NOE restraints deter-
mined by Oxenoid and Chou.1 The backbone RMSD of
the model that best satisfies the experimental re-
straints from each of the approaches in Refs. 21–23 to a
reference structure from Ref. 1 are, respectively, 3.25,
2.52, and 10.19 Å (data not shown). The high RMSD
value for the last approach is due to a parallel arrange-
ment of the helices in the subunits, whereas phospho-
lamban in reality has a left-handed twist. Our
approach identifies structures with a left-handed twist
and that have RMSD as low as 1.07 Å to the reference
structure.

Docking-based approaches also focus on putting to-
gether a single pair of subunits without any considera-
tion of the effect on the other subunits. Our search in
the SCS takes advantage of the ‘‘closed-ring’’ constraint
of a symmetric homo-oligomer. Wang et al.38 propose a
branch-and-bound algorithm to compute rigid body trans-
formations satisfying potentially ambiguous intersubunit
distance restraints. In contrast, our algorithm uses the
oligomeric number to enforce an a priori symmetry con-
straint. In this sense, it is analogous to the manner in
which noncrystallographic symmetry is handled in molec-
ular replacement for X-ray crystallography.39 By formu-
lating the structure determination problem in the SCS
rather than in the space of atom positions, we are able to
exploit directly the kinematics of the ‘‘closed-ring’’ con-
straint, and thereby derive an analytical bound for prun-
ing, which is tighter and more accurate than previous
randomized numerical techniques.38

In contrast to previous techniques, our method sepa-
rately quantifies the amount of structural constraint
provided by data alone, versus data and packing. For
phospholamban, we show that the average backbone
variance in the set of satisfying structures is 12.32 Å2,
but is reduced to 6.80 Å2 after incorporating packing.
Our approach also allows us to characterize information
content as a function of the number of independent
restraints. Using simulated restraints for influenza hae-
magglutinin, we found that, as the number of independ-
ent restraints increases from 8 to 64, the satisfying
region in the SCS determined by our approach shrinks,
and the average variance in atomic positions decreases
from 0.9 to 0.2 Å2. We also show, by applying our
approach to different test cases, that both NOE data
and vdW packing are required to determine the oligo-
meric number.
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METHODS

We determine the 3D structure of symmetric homo-
oligomers given a set of NOE restraints, the subunit
structure (i.e., the ‘‘bound’’ structure of a monomer
within the complex), and the oligomeric number. We as-
sume that the NOE restraints are correct and the back-
bone symmetry is exact, and thus consider invalid any
conformation violating even one restraint. Our approach
does allow for asymmetry and flexibility in the side
chains. Experimentally, it is possible to determine the
bound subunit structure prior to computing the oligo-
meric assembly. Phospholamban is one example of a sys-
tem satisfying these assumptions. Nine intersubunit
NOE restraints were obtained1 by using a mixture of la-
beled and unlabeled subunits and filtering NOE signals
appropriately. Only those restraints with no chemical
shift degeneracy were used. The subunit structure was
determined by a simulated annealing protocol, using
intramolecular distance restraints from NOEs, backbone
orientation restraints from residual dipolar couplings,
and side-chain v1/v2 restraints from three-bond scalar
couplings.1

As shown in Figure 1, the inputs to our approach are
a set of intersubunit NOE restraints, the subunit struc-
ture, and the oligomeric number. Given the structure of
a subunit, identifying the position (t [ R2) and orienta-
tion (a [ S2) of the symmetry axis determines the struc-
ture of a homo-oligomer with Cn symmetry. Geometri-
cally, the axis of symmetry is a line parallel to the unit
vector a, which intersects the xy-plane at the point t.
For a given axis, rotating the subunit n times by the
angle of symmetry (3608/n) around the symmetry axis
yields the structure. Each possible conformation of the
symmetric homo-oligomer is represented by a point in
the 4D SCS, S2 3 R2. Hence, a search in SCS allows us
to identify all WPS conformations. Each region in the
SCS represents a set of symmetry axes, and each in-
dividual axis represents a unique conformation of the
homo-oligomer. We perform a complete data-driven
search in the 4D space of symmetry axis parameters,
and prune out regions representing conformations that
are inconsistent with the data. We ultimately return
regions in SCS, the consistent regions, which contain all
conformations that are consistent with the data. SCS is
too large to search naı̈vely or exhaustively. Therefore,
we have developed a novel branch-and-bound algorithm
that is efficient and provably conservative, in that it
examines and conservatively eliminates nonsatisfying
regions. Without this algorithm, a complete, data-driven
search would not be computationally feasible. We next
choose representative structures from the consistent
regions, such that every conformation in the consistent
regions is within an RMSD of s0 Å to at least one repre-
sentative structure. Owing to the conservative bounds
used in our search, the representative structures might
contain conformations that are inconsistent with the
data. The set of satisfying structures includes only those
representative structures with restraint satisfaction
scores below a chosen threshold. We then evaluate each

of the satisfying structures by energy-minimizing and
scoring them, based on vdW packing. The set of WPS
structures includes those energy-minimized satisfying
structures with vdW packing scores below a chosen
threshold. The remainder of this section describes each
step in detail.

Complete Search of SCS

We must identify all possible symmetry axis parame-
ters, (a,t) [ (S2 3 R2), such that corresponding struc-
tures satisfy all the restraints. Here, a represents the
orientation of the axis and t represents the relative posi-
tion between the axis and one of the subunits. An exact
algebraic formulation for identifying all possible values
of (a,t) is possible, but it would yield high-degree polyno-
mials that are expensive to solve exactly. Hence, we de-
velop here a branch-and-bound algorithm that searches
the SCS and conservatively eliminates regions that
probably cannot satisfy all the restraints. The branch-
and-bound approach facilitates a complete search over
all possible conformations and ultimately returns con-
sistent regions in SCS.

As Figure 2 shows, the branch-and-bound search fol-
lows a tree structure, and performs a recursive search
through regions in SCS. Each node in the tree is a SCS
grid cell—a 4D hypercuboid defined by values represent-
ing extrema along each of the four dimensions. At each
node of the branch-and-bound search, we test whether
any point in the grid cell represents a consistent confor-
mation. If such a point possibly exists, we branch and
partition the cell into smaller subcells. We continue
branching, until we can either eliminate or accept each
grid cell. We eliminate a cell by computing bounds on
the conformations it represents and determining that
they all violate at least one restraint or contain signifi-
cant steric clashes. We conservatively accept a grid cell
as part of the consistent regions, when all the structures
it represents either provably satisfy all the restraints or
are within an RMSD of s0 Å of each other, and when
each restraint is satisfied by at least one conformation
represented by the cell.

Bounding

We evaluate a grid cell for potential steric clash only
when the cell is ‘‘small’’ enough (�58 in S2 and �0.5 Å in
R2). A grid cell is pruned only when there is a severe
steric clash (see Results section) between atoms in the
16 structures represented by the corners of the 4D grid
cell. This soft pruning allows for conformations with a
few steric clashes in side chains that can be overcome
through energy minimization performed later.

To test whether we can eliminate a grid cell G due to
restraint violation, we independently consider each re-
straint, jjp � q0jj � d, where p and q0 are positions of
atoms in adjacent subunits in clockwise order. Let posi-
tion q correspond to q0 in the same subunit to which p
belongs. We then compute Gq, the set of all possible
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positions of q0 under the symmetries defined by G. If
there is an empty intersection between Gq and the ball
of radius d centered at p, then none of the structures
represented by G satisfy the restraint. Formally, let
B(p,d) be the solid ball in R3, which has radius d and is
centered at the point p. If Gq \ B(p,d) ¼ ; then G is
eliminated. Under the assumption of exact symmetry,
each restraint jjp � q0jj � d implies another restraint
jjp � q0jj � d, where q and p0 are atoms on the adjacent
subunits in counterclockwise order. The satisfaction of
this restraint is tested in a similar manner.
The region Gq is characterized by high-degree polyno-

mials, and it is computationally expensive to test for
intersections with Gq. Hence, we approximate Gq by a
conservative bounding region, W(G,q), that completely
contains Gq (i.e., Gq � W(G,q)), but is simpler to com-
pute than Gq. The conservative nature ensures that
intersection tests between W(G,q) and B(p,d) provably
prune out only structures inconsistent with the data. If
W(G,q) \ B(p,d) ¼ ;, then we know Gq \ B(p,d) ¼ ;.
We compute W(G,q) by first deriving a bounding region
from the orientation space (S2) and then finding the
bound from SCS (S2 3 R2). The details are as follows.

Bound from orientation space. Let A � S2 be a part of
the unit sphere representing the set of orientations in G.
Let Ak represent the new positions of k [ R3 after rota-
tion around each axis in A by the angle of symmetry,
a ¼ 3608/n. Since rotations preserve distances, Ak must
lie on a sphere of radius jjkjj centered at the origin. We
bound Ak by a spherical cap (region of a sphere which
lies above or below a given plane) formed by the inter-
section of the sphere and a ball. The center and radius
of the ball are obtained as follows. Let a be an axis in A
passing through the origin, such that all other axes in A
lie within a ball of radius ra centered at a. Hence, A �
S2 \ B(a,ra). Let k0 be the position of k rotated by a
radians around axis a. The position k0 is the center of
the ball approximating Ak and is obtained as follows:

k0 ¼ ðk � aÞaþ ðsinaÞða 3 kÞ þ ðcosaÞðk� ðk � aÞaÞ: ð1Þ

The radius, rk, of the ball approximating Ak is com-
puted as

rk¼ra

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðsinaÞ2kkk2þð1�cosaÞ2ðk�aÞ2

q
þj1�cosajkkk

�
: ð2Þ

Fig. 2. The branch-and-bound algorithm proceeds as a tree search in SCS, the space of orientations and translations of the symmetry axes
(S2 3 R2). (left) The 4D SCS is represented as two 2D regions: a sphere representing the orientation space S2 and a square representing the
translation space R2. The dark shaded regions at each node of the tree represent the region in SCS being explored (A 3 T � S2 3 R2). Ultimately
(bottom left of the tree), the branch-and-bound algorithm returns regions in 4D space representative of structures that possibly satisfy all the
restraints. (middle) At each node, we test satisfaction of each restraint of form kp � q0k � d, by testing intersection between the ball of radius d cen-
tered at p and the convex hull bounding possible positions of q0. If there exists an intersection between the ball and the convex hull for each
restraint, further branching is done (as for node 1); otherwise, the entire node and its subtree are pruned (as for node 2). (right) The orientations
and translations for a node restrict the possible positions of q0. For each node, the four colored curves represent all possible positions of q0, when
considering the node’s orientation space at each of the four corners of the node’s translation space. The colored boxes represent the corresponding
AABBs. The convex hull of the four AABBs (the black box) is the bound-on positions of q0 for the node. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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Finally, we define our bounding region to be the spheri-
cal cap C ¼ B(k0,rk) \ S(0,jjkjj), where S(0,jjkjj) denotes
the sphere of radius jjkjj that is centered at the point 0,
the origin. By construction, Ak � C. We approximate C
with a bounding box that is aligned along the x-, y-, and
z-axes—an axis-aligned bounding box (AABB), which we
refer to as V(A,k). We use V(A,k) to help us perform a
quick test for intersection. If this quick test is passed,
we then perform a second, more careful and expensive
test for intersection, using a tighter bounding region for
Ak. This tighter bound is the smallest AABB that con-
tains Ak. The dimensions of the box are found by per-
forming a numerical global minimization (and maximi-
zation) on the x-, y-, and z-coordinates of k0. The global
optimization is done by gridding A and starting a gradi-
ent descent from each of the grid points. The details of
both our intersection tests, and the Eqs. (1) and (2) are
provided in the Supplementary Material.

Bound from SCS. Let T � R2 and A � S2 denote the
sets of translations and orientations in G. The region Gq
represents the positions of q on rotation around each
axis in A 3 T by the angle of symmetry a. To bound Gq
and determine W(G,q), we need to find the orientation-
based bound (as mentioned earlier) for each translation
t [ T. We choose our bounding region W(G,q) as an
approximation of the convex hull of Gq. Using the prop-
erties of convex hulls and the fact that T is convex, we
are able to prove that the convex hull of Gq is deter-
mined by just the corners of T (see Supplementary Ma-
terial for proof). Let H(U) be the convex hull of U � R3.
It can be shown that H(Gq) ¼ H(|4

i¼1{Aqti þ ti}) where
ti represents the four corners of T and qti denotes the
position (q � ti). We use our bounds on regions of Ak,
the AABB V(A,k), to bound Aqti. We then bound Gq by
finding the convex hull of the AABBs at the corners of
T. This convex hull is our bounding region W(G,q). It
can be proven that W(G,q) is a conservative bounding
region for Gq (see Supplementary Material). That is,
Gq � W(G,q). Hence, testing satisfaction of a restraint
jjp � q0jj � d requires testing for the intersection of the
convex hull of the AABBs at the corners of T (which is a
bounding region for Gq), with a solid ball centered at p
with radius d. We test the intersection between a ball
and a convex polyhedron, using the method described in
Ref. 40. For details on the bounding regions and pruning
criteria, please see the Supplementary Material.

Branching

In partitioning a grid cell into subcells, we seek to
divide the cell into two regions along the dimension that
will cause one of the restraints to be violated by all the
conformations represented by one of the subcells. This
kind of a division will allow us to efficiently eliminate the
subcell. We use the following heuristic to achieve this. For
each restraint jjp � q0jj � d, we compute q0 for each of
the corners of the grid cell. We then identify the dimen-
sion that has the largest difference in jjp � q0jj distances
for its pair of corners. We partition along that dimension.

Determining Satisfying Structures

Our algorithm guarantees that the consistent regions
it returns represent every conformation of the symmet-
ric homo-oligomer that is consistent with the data.
Because we prune conservatively, they might also repre-
sent additional structures inconsistent with the data. To
identify the most consistent structures and evaluate
packing quality, we generate representative structures
from the consistent regions. Choosing good representa-
tives helps ensure that we do not miss native structures
(as can occur with sampling-based docking approaches;
see Introduction section). We choose the set of represen-
tative structures as follows. A grid cell is accepted as
part of the consistent regions only when all structures it
represents are within s0 Å of each other. We first obtain
the structures from the centroids of the grid cells in the
consistent regions. We then cluster these structures
using an agglomerative complete linkage hierarchical
clustering41 that allows two structures to be within a
cluster only if their backbone RMSD is within s0 Å. The
centroids of the clusters then form a set of representa-
tive structures. This procedure ensures that every struc-
ture of the consistent region is within s0 Å of at least
one representative structure, and hence ensures that
the representative structures form a good representation
of the consistent regions.

Some of representative structures might be inconsis-
tent with data, because of the conservative bounds used
when pruning regions. We define the satisfaction score
for each structure as the sum over the violated NOE
restraints of the difference in expected and observed
distance.

The set of satisfying structures are those representa-
tive structures with satisfaction scores below a threshold
(chosen as 1 Å). Note that each satisfying structure rep-
resents a set of grid cells in the consistent regions. The
union of all such grid cells forms the satisfying regions.

Determining WPS Structures

Having obtained the set of satisfying structures, we
now evaluate each of them for packing quality. We first
energy-minimize them with the LBFGS conjugate-gradi-
ent minimization algorithm (10,000 minimization steps)
in CNS.42 The energy function being minimized includes
the NOE restraint energy terms as well as the modeling
energy terms of vdW (6-12 Lennard-Jones potential),
bond length, bond angle, dihedral, and improper ener-
gies.42 We harmonically restrain the backbone and the
NOE restraints to ensure that we maintain the symme-
try and satisfy the restraints. The minimization ac-
counts for flexibility and asymmetry in the side chains
and should help obtain conformations of the side chains
that aid in good vdW packing.

We define the packing score of an energy-minimized
structure as the difference between the vdW energy of a
subunit in the structure when it is in the complex,
and the vdW energy of the subunit when it is not in the
complex.
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We then define the set of WPS structures as those sat-
isfying structures with packing scores below a threshold,
chosen here as 0 kcal/mol, since well-modeled structures
should have negative packing scores. We refer to the
union of grid cells in the consistent regions correspond-
ing to the WPS structures as the WPS regions.

Evaluating Uncertainty

We evaluate uncertainty in two ways. One way is by
calculating the uncertainty in the conformations as the
variance in the position of each atom across the set of
satisfying (or WPS) structures. The second way is by
quantifying uncertainty in SCS as the spread in the
areas of the satisfying (or WPS) regions in the transla-
tion space and the orientation space. The 4D volume of
the satisfying (or WPS) regions also indicates uncer-
tainty. By comparing these measures for satisfying ver-
sus WPS structures and regions, we evaluate the con-
straint on structure provided by data alone versus the
constraint provided by both data and packing together.

Handling Ambiguity

The spectral overlap inherent in NMR spectra for sym-
metric homo-oligomers leads to intersubunit distance
restraints that have a two-fold ambiguity. By two-fold
ambiguity, we mean that the relative order of the re-
straints (whether they have a clockwise or a counter-
clockwise orientation) is not apparent. Each restraint has
two possible orientations. For instance, when a intersubu-
nit restraint is observed between residues 32 and 38, the
restraint could be between residue 32 on the first subunit
and residue 38 on the adjacent subunit in clockwise order
or between residue 32 on the first subunit and residue 38
on the adjacent subunit in counterclockwise order.
We handle this two-fold ambiguity by extending our

branch-and-bound search of SCS. If we have r res-
traints, each with two orientations, then there are 2r�1

possible combinations (the first orientation assignment
can be made arbitrarily, since the measurements are
relative). However, the structure of our search allows
us to avoid testing all the combinations explicitly.
Recall that, for each grid cell, we test each of the
restraints individually using our conservative bounds
(Bounding section). Now we simply individually test
each of the ‘‘oriented restraints’’ (i.e., a restraint with
either a clockwise or counterclockwise orientation).
This yields 1 þ 2(r � 1) independent tests, rather than
the exponential blow-up required to consider all combi-
nations. If an oriented restraint is violated, then all
combinations including it are implicitly eliminated
from further consideration. If both orientations for any
restraint are eliminated for some grid cell, then the
cell is completely pruned. Otherwise, we continue
branching as usual. At the end of the search, we can
enumerate the combinations represented in the satisfy-
ing regions.

RESULTS
Results on Phospholamban

We tested our protocol on phospholamban, using the
subunit structure and nine experimental NOE restraints
from the Chou lab. We chose as the reference structure,
the best representative conformer (as indicated in Ref.
1) among the deposited 20 NMR structures (PDB id:
1ZLL). For all our test cases, we chose the structural
similarity threshold, s0, to be 1 Å. Also, we declare a
structure to have a steric clash when there are at least
five pairs of atoms, such that each pair is separated by
less than 1.5 Å. Energy minimization of structures
allows side-chain flexibility such that one to two steric
clashes can be eliminated. Our analysis is conserva-
tive and declares a clash only when at least five atoms
collide.

Figure 3(a) plots the packing scores versus the satis-
faction scores for phospholamban. The set of satisfying
structures has an overall range of 1.07–8.85 Å backbone
RMSD to the reference structure. This range indicates
the diversity in structures possible, using just the nine
experimental intersubunit NOE restraints. The average
variance in the positions of the atoms in the set of satis-
fying structures is 12.32 Å2. The area of the translation
space in the satisfying regions is �290 Å2 and that of
the orientation space is �0.40 radian2. The volume of
the 4D region is �1.24 Å2 radian2. These values indicate
the constraint on structure provided by the data alone.

Figure 3(a) also shows the set of WPS structures (in
green). The reference structure has a satisfaction score
of around 0.8 Å and packing score of �17 kcal/mol, and
it lies in the WPS region. Figure 3(b) shows the back-
bone RMSD of the reference structure to each of the
WPS structures. Incorporating packing quality reduces
the maximum RMSD to the reference structure from
8.85 to 6.24 Å. The area of the translation space reduces
from 290 to �135 Å2 and that of the orientation space
reduces from 0.40 to �0.23 radian2. The volume of the
4D space reduces from 1.24 Å2 radian2 in the set of sat-
isfying structures to �0.51 Å2 radian2. All these values
indicate the additional constraint that packing quality
imposes on the structure of phospholamban. The aver-
age variance in the positions of the atoms is reduced
from 12.32 to 6.80 Å. Figure 4(a) illustrates all the WPS
structures, and Figure 4(b) illustrates the variance of
each of the backbone atoms. The figures show that there
is more uncertainty in the amphipathic helices than in
the transmembrane helices. The average variance in the
amphipathic helices is 10.75 Å2, whereas that in
the transmembrane helices is 2.96 Å2. This is because
the experimental restraints are between residues in the
transmembrane helices. This agrees with the observa-
tion in Ref. 1 that the amphipathic helices are less well
determined. From this we conclude that we need more
restraints in the amphipathic helices to determine the
structure with greater precision.

We resolved the ambiguity in the nine intersubunit
restraints, as described in the Handling Ambiguity sec-
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tion. This was done by considering satisfaction of only a
linear number of oriented restraints (1 þ 2(9 � 1) ¼ 17)
rather than the exponential number of possible combina-
tions (29�1 ¼ 256). Only one of the 256 combinations
actually remained in the satisfying regions. This is the
same combination that was reported by Oxenoid and
Chou.1

We further tested whether the experimental data
available are sufficient to choose one oligomeric number
over others with reasonable confidence. We expect struc-
tures obtained from the correct oligomeric number to not
only satisfy the data but also to have good vdW packing.

Hence, restraint satisfaction and vdW packing should
help discriminate among putative oligomeric numbers.
We tested this possibility by searching in the extended
SCS (ESCS), Z9 3 S2 3 R2, where Z9 is a set of possible
oligomeric numbers from 2 to 9. We first obtain the set
of WPS structures for each oligomeric number. We im-
mediately prune out those oligomeric numbers that have
no WPS structures. This allows us to determine the oli-
gomeric number with high certainty, when only a single
oligomeric number has WPS structures. When several
oligomeric numbers have WPS structures, we determine
the oligomeric number as follows. Let El(m) and El(n)

Fig. 3. Phospholamban results: (a) Restraint satisfaction score versus packing score for all representa-
tive structures. The vertical and horizontal lines indicate the chosen cutoffs for WPS structures: 1 Å for the
satisfaction score and 0 kcal/mol for the packing score. The green stars and the blue crosses indicate the
set of satisfying structures. The magenta points indicate the set of nonsatisfying structures that have been
pruned. The green stars indicate the set of WPS structures, and the red star indicates the reference struc-
ture. (b) Histogram of backbone RMSD to the reference structure for the WPS structures.
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represent the lowest packing scores of the WPS struc-
tures from oligomeric numbers of m and n, respectively.
If El(m) < El(n), the difference El(n) � El(m) indicates
the confidence we have in preferring m versus n as the
oligomeric number.
When we applied this approach to determine the oligo-

meric number of phospholamban, WPS structures were
present only for oligomeric numbers of tetramer, penta-
mer, hexamer, and heptamer. The lowest packing scores
obtained were El(4) ¼ �21.80 kcal/mol, El(5) ¼ �28.44
kcal/mol, El(6) ¼ �19.28 kcal/mol, and El(7) ¼ �15.52
kcal/mol. Since El(5) is the lowest packing score, we cor-
rectly conclude that the pentamer is the most feasible

oligomeric number. We expect that with the availability
of more experimental data we can determine the oligo-
meric number with greater confidence.

Results on Other Proteins

We tested the performance of our approach on several
other homo-oligomers whose structures have been solved
either by NMR or X-ray crystallography. Tables I and II
summarize the results. For the case of human glyco-
phorin A (1AFO), six experimental NOE restraints were
available. The authors reported 20 NMR structures, and
we chose as the subunit structure the first chain from

Fig. 4. Phospholamban structures: (a) The set of WPS structures after alignment to the structure with the lowest packing score. Different chains
are in different colors. (b) Variance of the backbone atoms is illustrated by a color scale, with blue indicating maximum variance and red minimum
variance.

TABLE I. Satisfying Structure Results

Protein PDB id
No. of

restraints

RMSD (Å) Uncertainty in SCS Variance in atoms (Å2)

Min Max
T

(Å2)
A

(rad2)
Volume
(Å2 rad2) Min Max Mean

Glycophorin A (2)a 1AFO 6 (expt) 0.61 1.77 4.72 0.06 0.06 0.34 2.62 0.97
Haemagglutinin (3) 1HTM 85 (simulated) 0.86 1.08 1.10 0.001 4e�4 0.07 0.64 0.22
Kv1.2 potassium
channel (4)

1QDV 32 (simulated) 0.92 2.85 7.47 0.07 0.13 0.24 4.91 1.24

Phospholamban (5) 1ZLL 9 (expt) 1.07 8.85 289.53 0.40 1.24 2.87 43.97 12.32
Gp31 co-chaperonin (7) 1G31 85 (simulated) 0.40 2.72 21.20 0.07 0.15 0.36 7.73 1.66

Backbone RMSD of the set of satisfying structures to the reference structure, the uncertainty in SCS represented by the area of the transla-
tion (T) and orientation (A) space for the satisfying region, and the 4D volume of the satisfying region, and finally the variance in the posi-
tion of atoms for the set of satisfying structures.
aValues in parentheses indicate symmetry.
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the structure that best satisfies the restraints. For all of
the remaining test cases, the structures were obtained
by X-ray crystallography (protons were added using
CNS), and we chose as subunit structure the first chain
from the respective complexes as the subunit structure.
We simulated the NOE restraints from the X-ray refer-
ence structures by finding pairwise distances between
protons on adjacent monomers. Every pair that had a

distance less than 5 Å and almost exact symmetry (the
mean of difference in distances across adjacent subunits
is within 0.5 Å) was chosen as a restraint and an uncer-
tainty of �1 Å was added. Choosing restraints with
almost exact symmetry simulates the scenario of choos-
ing intersubunit restraints that have significant signal
overlap. Our simulations yielded 85 simulated restraints
for haemagglutinin (1HTM), 32 for the Kv1.2 potassium

Fig. 5. Restraint satisfaction score versus packing score for all satisfying structures of (a) human glycophorin A (dimer:1AFO), (b) influenza hae-
magglutinin (trimer:1HTM), (c) Kv1.2 potassium channel (tetramer:1QDV), and (d) Gp31 co-chaperonin (heptamer:1G31). The vertical and horizontal
lines indicate the chosen cutoffs for WPS structures: 1 Å for the satisfaction score, and 0 kcal/mol for the packing score. The green stars and the
blue crosses (when present) indicate the set of satisfying structures. The magenta points indicate the set of nonsatisfying structures that have been
pruned. The green stars indicate the set of WPS structures, and the red star indicates the reference structure.

TABLE II. WPS Structure Results

Protein PDB id
No. of

restraints

RMSD (Å) Uncertainty in SCS Variance in atoms (Å2)

Min Max
T

(Å2)
A

(rad2)
Volume
(Å2 rad2) Min Max Mean

Glycophorin A (2)a 1AFO 6 (expt) 0.61 1.77 2.97 0.045 0.04 0.07 1.51 0.47
Haemagglutinin (3) 1HTM 85 (simulated) 0.86 1.08 1.10 0.001 4e�4 0.07 0.64 0.22
Kv1.2 potassium
channel (4)

1QDV 32 (simulated) 0.92 2.85 7.47 0.07 0.12 0.24 4.91 1.24

Phospholamban (5) 1ZLL 9 (expt) 1.07 6.24 135.50 0.23 0.51 1.52 24.96 6.80
Gp31 co-chaperonin (7) 1G31 85 (simulated) 0.40 2.72 21.20 0.07 0.15 0.36 7.73 1.66

Backbone RMSD of the set of WPS structures to the reference structure, the uncertainty in SCS represented by the area of the translation
(T) and orientation (A) space for the WPS region, and the 4D volume of the WPS region, and finally the variance in the position of atoms for
the set of WPS structures.
aValues in parentheses indicate symmetry.
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channel (1QDV), and 85 for the Gp31 co-chaperonin
(1G31).
Figure 5 shows for each test case a plot of packing

scores versus satisfaction scores. Table I shows the
results on the satisfying regions and satisfying struc-
tures, and Table II shows the results on WPS regions
and WPS structures. The tables and figure clearly show
that except for human glycophorin A, the remaining test
cases have identical sets of satisfying structures and
WPS structures. Further, the spread in the satisfying
region and the WPS region is almost the same. The rea-
son for this similarity might be because we have used
all possible restraints (85, 32, and 85) for these test
cases. This use of all restraints causes almost all the sat-
isfying structures returned by the branch-and-bound

algorithm to have high-quality vdW packing, and hence
to belong to the set of WPS structures.

Figures 6–9 illustrate the uncertainty in the set of
WPS structures for each of the test cases. Despite using
32 and 85 restraints, the potassium channel and co-
chaperonin have considerable spread in the translation
space. The variance in the position of the atoms is also
high, with a maximum as high as 4.9 Å2 and 7.7 Å2,
respectively. The higher uncertainty is because the
chosen restraints (restricted to those with exact symme-
try) are not distributed all along the intersubunit sur-
face, but are concentrated toward one end of the surface
[Fig. 10(a)]. On the other hand, haemagglutinin is a long
helical trimer, and the 85 restraints are distributed
across the entire intersubunit surface, thereby yielding

Fig. 6. Glycophorin A (1AFO) structures: (a) The set of WPS structures after alignment to the structure with the lowest packing score. Different
chains are in different colors. (b) Variance of the backbone atoms is illustrated by a color scale, with blue indicating maximum variance and red min-
imum variance.
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less uncertainty [Fig. 10(b)]. This indicates the effect of
independence of restraints on the uncertainty.
The reference structure lies in the WPS region for all

cases, and Table II indicates the range of RMSDs to the
reference structure. Figure 11 plots histograms of the
backbone RMSD of the set of WPS structures to the ref-
erence structure. The histograms peak at 1 Å RMSD,
which indicates that the structures obtained are close to
the reference structure. The potassium channel (1QDV)
and co-chaperonin (1G31) have larger ranges. It is inter-
esting to note that the dimer, with as few as six experi-
mental restraints, provides for comparatively much less
uncertainty. This smaller uncertainty might be because
the restraints are spread out across the subunit.
We also tested the change in uncertainty of the struc-

ture for the trimer, haemagglutinin, as the number of
relatively independent restraints varies. We refer to a
set of restraints as relatively independent if the

restraints have no common atoms and are far apart from
each other. We choose the set of independent restraints
by the following heuristic. We consider midpoints of each
possible restraint, and represent distances between the
restraints by distances between their midpoints. We
choose as the first two members of the set, the two
restraints that have their midpoints farthest apart. We
choose the third restraint as the one whose midpoint
has the largest minimum distance from the first two
members. We continue this process iteratively to choose
the remaining restraints. Figure 12 illustrates the
change in the translation spread, orientation spread,
and average variance in position of atoms with an
increasing number of independent restraints. The aver-
age variance in the atom positions decreases signifi-
cantly as the number of independent restraints in-
creases. This analysis helps us quantify the minimum
number of independent restraints required to determine

Fig. 7. Haemagglutinin (1HTM) structures: (a) The set of WPS structures after alignment to the structure with the lowest packing score. Different
chains are in different colors. (b) Variance of the backbone atoms is illustrated by a color scale, with blue indicating maximum variance and red min-
imum variance.
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the structure of the homo-oligomer up to a specified pre-
cision. For example, if we are willing to tolerate �1 Å2

uncertainty in the positions of the atoms, about eight in-
dependent restraints will be sufficient. On the other
hand, if we want high precision and are not willing to
tolerate uncertainty above 0.3 Å2 in the positions of
atoms, we need as many as 64 independent restraints.

We also applied our method for determination of oligo-
meric number (Results on Phosphalamban) to the test
cases. For glycophorin A, haemagglutinin, and the Kv1.2
potassium channel, we could determine the oligomeric
number with high certainty, because the set of WPS
structures was empty for oligomeric numbers other than
the correct one. Glycophorin A is especially interesting,

Fig. 9. Gp31 co-chaperonin (1G31) structures: (a) The set of WPS structures after alignment to the structure with the lowest packing score.
Different chains are in different colors. (b) Variance of the backbone atoms is illustrated by a color scale, with blue indicating maximum variance and
red minimum variance.

Fig. 8. Kv1.2 potassium channel (1QDV) structures: (a) The set of WPS structures after alignment to the structure with the lowest packing score.
Different chains are in different colors. (b) Variance of the backbone atoms is illustrated by a color scale, with blue indicating maximum variance and
red minimum variance.
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since we determined the correct oligomeric number
using just six restraints. For the co-chaperonin, oligo-
meric numbers of hexamer, heptamer, and octamer have
WPS structures with El(6) ¼ �69.09 kcal/mol, El(7) ¼
�72.19 kcal/mol, and El(8) ¼ �68.92 kcal/mol. In this
case too, since El(7) is the lowest packing score, we cor-
rectly conclude that the oligomeric number is 7.
We continued our study of the effect of number of in-

dependent restraints for haemagglutinin (1HTM). When
the number of restraints chosen was 85, 64, or 32, WPS
structures were absent for oligomeric numbers other
than 3, allowing us to determine with high confidence
that haemagglutinin is a trimer. With only 16 or 8 re-

straints, we obtain WPS structures for oligomeric num-
bers other than 3. As expected, as the available experi-
mental data increases, our confidence in determining
the oligomeric number increases.

DISCUSSION

We have developed a novel approach that performs a
complete, data-driven search to identify all conformations
of a homo-oligomeric complex that are consistent with
NOE restraints and display high-quality vdW packing.
This approach is particularly important in sparse-data

Fig. 10. The spread of simulated restraints across the first two
chains in the reference structure of (a) Kv1.2 potassium channel
(1QDV) and (b) haemagglutinin (1HTM). The red and blue segments
indicate the first two chains, with the green lines indicating the
restraints. The red and blue balls are the atoms on the chains between
which the restraints exist.
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cases, where relying on an incomplete, biased search may
result in missing WPS conformations. In contrast with typ-
ical sampling-based approaches, our algorithm provides
provable guarantees on all the points in each grid cell, in-
cluding those not at the grid points. Examination of the
entire solution space further enables objective evaluation
of the amount of structural uncertainty. Since data terms
and packing quality terms are kept separate, our
approach can evaluate how much information is provided
by data versus by modeling, how much the determined
structures depend on each, and how in general to treat
them uniformly, consistently, and transparently. By first
searching for regions of conformation space consistent
with the NOE restraints, and then filtering these regions
according to predicted quality of packing, our approach
makes good use of the relatively greater discriminatory in-
formation content in sparse NOEs to focus on plausible
conformations for subsequent analysis by relatively finer-
grained packing metrics.
Our branch-and-bound approach currently uses a con-

servative analytical bound and a simple branching tech-
nique. Tighter bounds and better partitioning techniques
will allow a more efficient search of SCS. We intend to
replace our global optimization-based bound with an an-
alytical bound. At each node in our search, our current

tests for restraint satisfaction are conservative, in which
we individually test whether for each restraint, there
exists at least one point in the grid cell, such that the
structure represented by the point satisfies the re-
straint. A better bound would be to test for simultaneous
restraint satisfaction by checking whether there exists
at least one point in the grid cell being tested, which
simultaneously satisfies all the restraints. Currently,
our check for steric clash assumes that checking for
clashes at the corners of a grid cell suffices. Provably
correct tests for steric clash would be more accurate.
Our conservative bounds on possible positions of a point
for a grid cell (see Bounding section), when applied to
atoms of the subunit that could be in a steric clash, will
allow us to prune a grid cell only when all the conforma-
tions represented by the grid cell have clashes. Finally,
currently we evaluate packing using energy functions
available in CNS. Using sophisticated energy functions
to evaluate packing might provide better constraint to
the structure and help determine the oligomeric number
with higher confidence. At this time, our approach
assumes that all the restraints obtained from the experi-
ment are correctly assigned. To handle noisy data, we
can extend our search to eliminate a cell only when sev-
eral restraints are violated.

Fig. 11. Histogram of backbone RMSD to the reference structure for the WPS structures returned by our approach for (a) human glycophorin A
(dimer:1AFO), (b) influenza haemagglutinin (trimer:1HTM), (c) Kv1.2 potassium channel (tetramer:1QDV), and (d) Gp31 co-chaperonin (hepta-
mer:1G31). [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Our approach is applicable to any Cn symmetric homo-
oligomer irrespective of its size, given the subunit struc-
ture. While our scoring functions and bounds allow for some
uncertainty in the subunit structure, we are currently
working on extensions, to explicitly account for both side-
chain and backbone uncertainty. Also, other kinds of sym-
metry (such as a dimer of dimers or a trimer of dimers), can
be handled by defining appropriate configuration spaces
and searching them in an analogous manner. In our current
method to determine oligomeric number, we run our
branch-and-bound search on each different putative oligo-
meric number. We intend to explore the possibility of incor-
porating the oligomeric number into the search space and
perform our search in the ESCS, Z9 3 S2 3 R2 rather than
using eight sequential searches of the SCS, S2 3 R2. We
also assume that the structure of a subunit when it is in
complex is known. It is possible to extend the approach to
account for flexibility in the subunit structure by estab-
lishing additional dimensions that represent concerted
motions.

The only experimental data we currently use are from
intersubunit NOEs. We intend to explore the possibility of
using proximity information from other experiments,
such as mutagenesis and chemical shift perturbation. The
proximity information can be formulated as a set of ‘‘or’’
distance restraints—every atom will have a distance
restraint to one of several atoms rather than just to one
atom. We then eliminate grid cells based on violation of
any of the ‘‘or’’ restraints. Residual dipolar couplings are
another type of experimental information that we intend
to use. When the dynamics of a symmetric homo-oligomer
allows determination of high-quality RDCs, the orienta-
tion of the symmetry axis lies along the director of the
alignment tensor and can be easily obtained. The struc-
ture determination problem then reduces from a 4D
search in S2 3 R2 to a search in the 2D translation space,
R2, and can be efficiently solved.

Our software can be freely obtained for academic use
by request from the corresponding authors. The ensem-
ble of structures for phospholamban determined by our
algorithm will be deposited in the protein databank.
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