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Abstract

The network unreliability problem asks for the probability that a
given undirected graph gets disconnected when every edge inde-
pendently fails with a given probability p. Valiant (1979) showed
that this problem is #P-hard; therefore, the best we can hope for are
approximation algorithms. In a classic result, Karger (1995) obtained
the first FPTAS for this problem by leveraging the fact that when a
graph disconnects, it almost always does so at a near-minimum cut,
and there are only a small (polynomial) number of near-minimum
cuts. Since then, a series of results have obtained progressively faster
algorithms to the current bound of m'*°() 1 O(n3/2) (Cen, He, Li,
and Panigrahi, 2024). In this paper, we obtain an m'*°(1)-time al-
gorithm for the network unreliability problem. This is essentially
optimal, since we need O(m) time to read the input graph. Our
main new ingredient is relating network unreliability to an ideal
tree packing of spanning trees (Thorup, 2001).
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1 Introduction

The unreliability of an undirected graph G = (V, E), denoted ug (p),
is the probability that it gets disconnected when every edge indepen-
dently fails with a given probability p. It measures the robustness
of a network to random edge failures (as against worst case failures,
measured by the minimum cut). Reliability problems are extensively
studied (see the books [4, 6]) and the problem of estimating ug (p)
has been dubbed “the most fundamental” problem in this space [14].
This problem was shown to be #P-hard by Valiant in 1979 [20].
The first fully polynomial-time randomized approximation scheme
(FPRAS) was given in a seminal work by Karger [11]. For any con-
stant ¢ € (0, 1), this algorithm outputs a (1 + ¢)-approximation for
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ug (p) with high probability (whp)! in O(mn?) time, where n is the
number of vertices in the graph and m is the number of edges. The
running time was later improved by Harris and Srinivasan [10]
to n3+o(1) using a finer-grained analysis of Karger’s algorithmic
framework. Further improvements came in a series of works by
Karger [12-14] that utilized progressively optimized versions of
a recursive random contraction framework to eventually attain a
running time of O(n?). This quadratic bound is a natural threshold
because the techniques developed for network unreliability could
also (implicitly or explicitly) enumerate the possibly Q(n?) mini-
mum cuts of the graph. The quadratic barrier was recently breached
by Cen, He, Li, and Panigrahi [2] who obtained a running time of
mi*to() L O (n3/2) by using an importance sampling technique. The
ultimate goal in this line of work, explicitly conjectured by Karger
in [14], is to obtain a network unreliability algorithm that runs in
(essentially) linear time in the size of the input graph. This last
bound is also the best possible, since any network unreliability
algorithm must read its entire input.

1.1 Our Result

In this paper, we give a fully polynomial-time randomized approxi-
mation scheme (FPRAS) for the network unreliability problem that
has a running time of m1*°() We show the following theorem:

THEOREM 1.1. For any ¢ € (0, 1), there is a randomized Monte
Carlo algorithm for the network unreliability problem that runs in
m!*oW =0 time and outputs a (1 + €)-approximation to ug(p)
whp.

Up to lower order terms, the above theorem brings the line of
research into faster network unrelibility algorithms to a close. One
might still hope to improve on the lower order terms: specifically,
improve me(M) to polylog(m) in the running time. As we will see,
the m°(!) overhead in our running time comes from two sources:
The first is the use of maximum flow algorithms, the fastest of which
run in m*°( time [5, 21]; this will automatically improve if faster
maximum flow algorithms are discovered. The second source is
more intrinsic to our method and relates to the amount of variance
in the estimator used in our work; it is an interesting question as
to whether this variance can be reduced from m®(!) to poly log(m)
in our framework.

1.2 Our Techniques

Intuitively, we divide into two cases depending on the value of
ug (p): if (roughly) ug (p) < 1/n, we say the graph is reliable, else it
is unreliable. Morally, we would like to use Monte Carlo sampling
for the unreliable case, i.e., sample edge failure outcomes and use

!In this paper, as in the network unreliability literature, a result is said to hold with

high probability if it holds with probability 1 — OR
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an indicator variable for disconnection to estimate ug(p). But, we
cannot do this directly since generating each independent sample
takes O(m) time, and we need O(n) samples. Instead, we use the
recursive contraction algorithm of Karger and Stein [15] to (intu-
itively) generate O(n) samples in a correlated manner such that
each sample only takes O(1) amortized time. We explain how the
recursive contraction algorithm can be used to generate Monte
Carlo samples in the next paragraph.

A mechanism for generating a Monte Carlo sample is to ran-
domly order edges, contract a prefix of edges in this order, and
ask if the resulting graph is a singleton vertex. If this process is
independently repeated multiple times, it produces a set of indepen-
dent samples. But, now, suppose that instead of creating completely
independent random permutations, we create correlations in the
following manner: we first select a random set of edges that appear
at the head of the permutations for all the samples; then, we create
two independent copies and independently sample the next set of
edges in these two copies; then, we subdivide further by creating
two independent copies of each of the previous copies, and so on.
This creates a correlated set of permutations on which we perform
contractions to generate samples of the network. The advantage is
that this latter process can be implemented very efficiently, because
this is exactly the recursive contraction algorithm [15]. Normally, a
recursive contraction algorithm would generate O(n?) samples in
O(n?) time. However, using the assumption that ug (p) > 1/n, we
show that O(n) samples generated by this process are sufficient,
and that this can be produced in mi*o() time.

Next, we consider the reliable case, i.e., when ug(p) < 1/n. Recall
that we would like to estimate the probability that at least one cut
fails (i.e., all edges are deleted). In the reliable case, this is a rare
event and can be well-approximated by the expected number of
failed cuts, i.e., the corresponding union bound. Furthermore, the
large cuts can be ignored (their failure is unlikely), but we are still
left with Q(n?) cuts, e.g., the minimum cuts themselves. To do this
in close to O(m) time, we sample a surrogate distribution g(C) that
approximates the real distribution p‘c‘. The distribution q(C) is
defined via a distribution on spanning trees, from which we sample
a spanning tree, and perform a sampling procedure on this tree to
define a cut. We describe the spanning tree distribution next.

We use a fractional spanning tree packing that was introduced
by Thorup [17, 18]. The total value of the packing equals the min-
ratio value of all multiway cuts in the graph, i.e., 7 := min %,
where the minimum is taken over all multiway cuts C, and k(C)
is the number of sides of C. The packing is also “edge-disjoint” in
the sense that each edge is used only in spanning trees that add up
to a total value at most 1. This latter property ensures that every
edge in the min-ratio cut appears in exactly 1/x fraction of the trees
by value. More generally, the tree packing also ensures that this
property holds recursively on the induced subgraph defined on
each side of the min-ratio cut, which has a larger cut ratio than 7.
When everything is settled, any edge e will be in 1/z(e) fraction
of trees for some cut ratio 7 (e). We call 7(e) the level of edge e,
and the entire collection of fractional trees is called an ideal tree
packing.

So, the first step of our sampling is to generate a spanning tree
from the ideal tree packing distribution. Next, we need to sample
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edges in the sampled spanning tree to define the sampled cut. For
intuition, let us imagine an idealized scenario where for any cut C,
every spanning tree T in the ideal tree packing contains % edges
at level i, where C; is the set of level-i edges in C. Then, an unbiased
estimator for p!€! can be obtained by sampling every edge ¢ in a
sampled spanning tree T with probability p”* (¢) The advantage
of this process is that we are sampling a small number of edges
that appear in the spanning tree, much smaller than the size of the
cut, which can be done much more efficiently. This intuition is not
precise because edges of a cut are not proportionately distributed
across the spanning trees of the ideal tree packing. Nevertheless,
we show that the error due to the non-uniformity (i.e., variance)
can be bounded.

A final complication is that we need to use an approximation
algorithm for ideal tree packing since exact algorithms are too
slow for our purpose. This means the levels of edges are now only
approximately correct, which leads to dependence between the
random sampling process across the different (approximate) levels.
We show that this additional error can be controlled for the above
arguments to still hold approximately, but in the process, we lose
additional sub-polynomial terms in the running time to counter the
variance of the estimator.

1.3 Overall Algorithm and Paper Organization

We now give an overview of the algorithm. Our overall algorithm
builds a recursive computation tree. There are several base cases
that we describe first. The first two base cases also appear in prior
work [2, 14]. The interesting (and new) base case is the third one,
which is also the main contribution of this paper.

o Ifn < ¢ 90 then any nOW =0 running time is still
=91 5o we run Karger’s algorithm [14] that gives an unbi-
ased estimator for ug(p). The following theorem states the
properties of this estimator (relative variance of a random
variable X is %):

THEOREM 1.2 ([14]). Given a graph G with vertex size n, an
unbiased estimator of ug (p) with O(1) relative variance can
be computed in O(n?) time. As a consequence, a (1 + ¢)-
approximation to ug(p) can be computed in time O(n?e~?2).

The second base case is to run Monte Carlo sampling when
p = 0 for some threshold § whose value is given by Lemma 1.4.
The properties of the estimator are summarized below:

Lemma 1.3 (Lemma 1.3 in [2]). For any p > 0, an un-
biased estimator of ug(p) with relative variance O(1) can
be computed in time m'*°1) | As a consequence, a (1 + ¢)-
approximation to ug(p) can be computed in m'*°(D ¢
under the condition that p > 6.

=2 time

We are left to define the value of 6. We set 0 such that when
p < 0, it is very unlikely that more than one cut fails. To
quantify this, define zg (p) as the expected number of failed
cuts zg(p) = X, p‘ci| and xg(p) as the expected num-
ber of failed cut pairs xg(p) := Zcﬁtcj p‘CiUCil. By the
inclusion-exclusion principle, ug(p) > zg(p) — xg(p). We
define 0 as follows:
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Lemma 1.4 (Phase transition, Lemma 2.1 of [2]). There exists

a threshold 6 such thatug (0) = n~2(1/1081081) satisfying the
() . 1

zg(p) ~ logn’ and

following property: When p < 6, we have

therefore,’

(1= o 260) < 160 < 260
ogn

Intuitively, this means that when p < 6, we can use an
estimator of zg (p) as a surrogate for that of ug (p), although
we need to be careful about the 1/logn gap between zg(p)
and ug (p).

The final base case is the most interesting new contribution of
this paper. It is invoked when ug(p) < n~1-Q(1/loglogn) 1y
this case, we run our new algorithm (Section 3) and prove
the following lemma (an estimator X for ug(p) with relative
bias J satisfies E[X] € (1 £ 8)ug(p)):

-1-Q(1/loglog n)
-Q(1)

Lemma 1.5. Ifug(p) < n an estimator
for ug(p) with relative bias n
< 1 can be computed in m*°W) time. Asa consequence, un-

der the condition that ug(p) < n~1=?(1/loglogn) g (1 4 ¢)-
1+0(1)8_O(1)

and relative variance

approximation to ug(p) can be computed in m
time.

We have described the base cases, all of which are non-recursive
algorithms. The remaining case is when ug (p) > n~1-0(1/loglogn)
and p < 0. In this case, we run a step of recursive contraction
(Section 4). As in [2], we interleave recursive contraction calls to
a standard sparsification algorithm. However, unlike prior work,
we obtain a sharp tradeoff between the rate of progress and the
amount of variance in this recursion, by leveraging the parameters
given by the ideal tree packing. We obtain the following lemma
(the relative second moment of a random variable X is defined as
E[X?]1/(E[X])?):

Lemma 1.6. Suppose ug(p) > n~1=0/loglogn) 4ng 4 < 9. An

-Q(1)

estimator X forug(p) with relative bias n and relative second

moment (log n)©1°8181) ¢an be computed in m'*+°() time.
We now show that Theorem 1.1 follows from these lemmas:

ProoFr oF THEOREM 1.1. The base cases are immediate from above.
So, we focus on the recursive contraction case. By setting a suffi-
ciently large constant in the exponent of the first base case, we can
ensure in the recursive case that the n=?(1) upper bound of relative
bias is less than £. Let X be the estimator output by the recursive
contraction algorithm. From Lemma 1.6, we have that the relative
variance n[X] < no@, By standard techniques (see Lemma 2.3), we
can run the algorithm n°®(!) ¢ =2 times to get a (1% £)-approximation
of E[X] whp. Because E[X] is a (1 + n_Q(l))-approximation of
ug(p), the aggregated estimator is a (1+¢)-approximation of ug (p).

Each run takes m1*0(1) ~0(1) time, so the overall running time is

also m1to(1) ,=0(1) O

Finally, we describe how the algorithm decides which case it is
in at any node of the computation tree. The first base case can be
identified based on the size of the graph. To identify the second

2All logarithms are base e unless otherwise stated.
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base case, we use an indirect method as in [2] since we do not
know the value of . We first run the Monte Carlo algorithm and
calculate the estimator of ug(p) given by this algorithm (which
is the empirical probability of disconnection). If the value of this
estimator is at least n_"(l), then we can conclude that the estimator
(1 £ ¢)-approximates ug (p) whp. If the estimator returns a smaller
value, then we are in the case p < 0.

Next, we need to determine if we are in the third base case. This
is more complicated since we do not know the value of ug (p), and
cannot estimate it by Monte Carlo simulation since we are in a
reliable case. Instead of detecting the condition on ug(p) directly,
we (approximately) detect the consequence of this condition using
two surrogate conditions. The first surrogate condition given in
Definition 3.11 is based on a lower bound of zg(p) (Lemma 3.6).
It either decides we are not in the third case, or it allows us to
obtain a tight estimator Z of zg (p) with relative bias O(1/n). Since
we have p < 0, Z is already an estimator of ug(p) with relative
bias O(1/logn), by Lemma 1.4. Still, we need a second condition
to achieve a better relative bias of n=(1) The second surrogate

condition we use is Z < -, which is a close approximation of the

2n>
original condition ug (p) < n~1=2(1/lglogn) Combined together,
the two conditions either decide that we are not in the third base

case, or imply that the conclusions of Lemma 1.6 hold.

Roadmap. We set up basic notation and discuss some prelimi-
nary facts in Section 2. In Section 3, we give the importance sam-
pling algorithm using an ideal tree packing to handle the reliable
case (the third base case) — this is the main contribution of this
paper. In Section 4, we give the recursive contraction algorithm for
the unreliable case, show the sharp tradeoff between progress and
variance in the recursion, and combine it with all the base cases.
We note that all missing proofs are deferred to the full version of
the paper.

2 Preliminaries

In the network unreliability problem, we are given an undirected
multigraph G, and an edge failure probability p € (0, 1). The goal
is to (1 + ¢)-approximate the unreliability us(p), which is the
probability that G disconnects when each edge is independently
deleted with probability p.

Throughout the paper, we use A to denote the value of a minimum
cut of the graph. Note that ug(p) = Pr[Ucyts ¢ C disconnects], and
the probability that a cut C disconnects is given by p‘c‘.

Relative Variance and Bias. We give estimators for ug(p)
(and zg (p)) in this paper. Here, we give (standard) definitions of
relative variance and bias of an estimator:

Definition 2.1. The relative variance of a random variable X, de-
noted 5[ X], is defined as the ratio of its variance and its squared

expectation, i.e., n[X] = % = % — 1. We also define relative
second moment of X as gfi} =n[X]+1.

Similar to variance, relative variance can be decreased by taking
multiple independent samples.

Fact 2.2 (Lemma 1.4 of [13]). The relative variance of the average of

. . n[X]
N independent samples of X is “ .
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This leads to the following property:

Lemma 2.3 (Lemma L.2 of [13]). Fixanye,§ € (0,1). For a random
variable X with relative variance n[X], the median of O (log %) aver-

£2

estimate of E[X] with probability 1 — 6.

ages of O (”[X] ) independent samples of X is a (1 + ¢)-approximate

Next, we define bias and relative bias of an estimator:

Definition 2.4. Let X be an estimator of u. Then, the bias of X is
[E[X]-u]
T

|[E[X] — ul, and assuming u > 0, its relative bias is

k-Strong Components. In the reliable case, it is unlikely that
a well-connected part of the graph disconnects; therefore, these
parts can be contracted before estimating ug(p). To formalize this,
recall that a k-strong component is a maximal k-edge-connected
induced subgraph. The strength k. of an edge e is the maximum
value k such that a k-strong component contains e.

The next lemma shows that 3A-strong components can be con-
tracted before estimating ug(p):

Lemma 2.5. Supposep’1 < en~!. Then, we can contract all 3)-strong
components to form H, such that ug (p) (1 £ &)-approximates ug(p).

3 The Reliable Case: Importance Sampling on
Ideal Tree Packing

This section solves the reliable case (the third base case from Sec-

tion 1.3), whose main lemma is restated below.

Lemma 1.5. Ifug(p) < n~1-©(1/loglogn)

-Q(1)

, an estimator for ug(p)
with relative bias n and relative variance < 1 can be computed
inm'™°W time. Asa consequence, under the condition that ug(p) <
n~1-Q(1/loglogn) 4 (14 ¢)-approximation toug(p) can be computed
inm'*oM =0 time,

We will first design an importance sampling algorithm for a
slightly different goal, which is an estimator for zg(p) instead of

uG (p).
Lemma 3.1. Ifug(p) <n an estimator for z (p)

with relative bias O(1/n) and relative variance < 1 can be computed
inmi*oW time,

-1-Q(1/loglog n)

We will use Lemma 3.1 to prove Lemma 1.5 in Section 3.5. The
rest of this section is devoted to Lemma 3.1.

One complexity here is that the algorithm does not know the
value of ug (p), so it cannot determine if the assumption is true. In-
stead, we will use an alternative assumption based on tree packings
that implies the original assumption ug(p) < n~1~?(1/loglogn)

At a high level, our algorithm uses importance sampling. Note
that we need to preferentially sample the near-minimum cuts since
they are more likely to fail. Moreover, we need to sample a cut
efficiently, e.g., by only picking O(1) edges from the cut. To attain
these two properties, we use a fractional spanning tree packing to
guide our sampling process. The advantage is that it distributes a
near-minimum cut among Q(A) spanning trees, creating an O(1)-
size projection on average in each of them. If we can sample the
edges in the projection from a spanning tree, we can recover the
near-minimum cut without having to explicitly sample all edges of
the cut.
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One limitation of the above approach is there is a duality gap
of 2 between the tree packing value and min-cut value 1. As a
consequence, to sample a near min-cut, we need to pick > 2 tree
edges on average, which results in a sampling space of Q(n?). Since
we can only afford 0(n?) samples, a naive approach yields only o(1)-
fraction of these near min-cuts; it is not hard to create examples
where the resulting estimator has large error because it misses the
critical near min-cuts that determine the value of ug(p).

To alleviate this concern, consider contracting well-connected
vertex sets in the graph. This preserves near min-cuts; so sampling
is valid on the contracted graph. Importantly, every vertex pair that
remains has a near min-cut separating it; this gives us a different
structural tool for evaluating how the sample hits the near min-cuts.
More generally, if we do these contractions at multiple recursive
levels that preserve near min-cuts of different values, than the re-
sulting graphs allow us a tighter control over the set of cuts that
we hit in our sampling process. Since we need the tree packing to
guide cut sampling across multiple recursive levels, we need it to
evenly partition the cuts for different levels with their correspond-
ing ranges of connectivity. This is achieved by an ideal tree packing
that we describe next.

3.1 Ideal Tree Packing

Let a fractional tree packing be a distribution over spanning trees of
a graph. The load of each edge is the probability that a tree sampled
from this distribution contains that edge. A maximum tree packing
is a distribution that minimizes the maximum load of any edge. The
min-ratio cut of a graph is the partition P of the vertices minimizing
the ratio rip(‘—li)l, where d(P) is the cut value P. In other words,
d(P) = |oP|, where 9P is the set of edges whose endpoints are
separated by P. A well-known theorem of Nash-Williams [16] and
Tutte [19] states that the maximum load of any edge in a maximum
tree packing equals the inverse of the minimum value of the cut
ratio defined above.

Thorup’s ideal tree packing [17, 18] is a fractional tree packing
that is not only (globally) a maximum tree packing, but also max-
imum in a local sense. The loads ¢£*(e) of edges e in an ideal tree
packing are defined by the following recursive min-ratio cut process.

Definition 3.2 (Recursive min-ratio cut process). Let P be the min-
ratio cut of the input graph, i.e., the vertex partition minimizing

—|(fu(|}:)1~ Define £*(e) := ‘53;)1 for every edge e € oP. Recursively
apply this process on the induced subgraph of each non-singleton

component of P to set the loads on the other edges.

We call £*(e) the ideal load of edge e. The following lemma
ensures that this process uniquely produces the loads of a fractional
tree packing.

Lemma 3.3 (Lemma 3 of [18]). The following hold:

(1) The ideal loads are unique (although the min-ratio cuts chosen
by the recursive min-ratio cut process may not be unique).

(2) £* is in the spanning tree polytope, ie., it is the load of a
fractional tree packing.

d(P)

|P|-1

The first iteration of the recursive min-ratio cut process described

Let 7* be the minimum ratio among all vertex partitions P.
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above defines the ideal loads of the edges in the min-ratio cut to be
%. We have the following relation between 7* and A.

Fact 3.4 (Lemma 3 of [17]). ’% <r* <A

A key property of the recursive min-ratio cut process is that the
ideal loads are monotone non-increasing in the recursion.

Lemma 3.5 (Lemma 14 of [17]). Suppose P is a min-ratio cut during
the recursive min ratio cut process, e; € oP, and ey is in an induced
subgraph of a component of P. Then, £*(e1) > t*(e3).

It follows that the ideal loads defined in the first iteration is the
maximum throughout the recursion, i.e., % = maxe £*(e).

Let k; be the number of vertices if we contract all edges with
t*(e) < % Clearly, k; is monotonically increasing in 7. We give a
lower bound on zg(p) in terms of k;:

Lemma 3.6. zG(p) > k;p** foranyt > n*.

Proor. Form a graph H by contracting all edges e with £*(e) <
%. Since £*(e) = ”l > % for edges e in the global min-ratio cut, H
is not a singleton. By definition of k;, we have |V(H)| = k.

Next, we claim that if we run the recursive min-ratio cut process
in H, the ideal loads of edges in H are the same as their original
ideal loads in G. Denote the ideal loads on H by £7. Whenever the
recursive min-ratio cut process on G finds a partition P with cut

ratio flp(‘—li)l < 7, all edges in 9P have load £*(e) > % and will not be

contracted. So, the cut P is preserved in H with the same cut ratio,

and it must be a min-ratio cut in the current induced subgraph.

By Lemma 3.3 (1), we can choose the same cut in the process to

define £7. Whenever the recursive min-ratio cut process on G finds
d(P)
[P]-1
*(e) < % Moreover, by Lemma 3.5, all edges in the current induced

a partition P with cut ratio > 7, the cut edges e € dP have

subgraph have £*(e) < % So, the whole induced subgraph will be
contracted in H. By inductively applying the above two arguments,
we can define a recursive min-ratio cut process on H that produces
t(e) = t*(e) for any e € E(H). By Lemma 3.3 (2), £y is in the
spanning tree polytope. So, ¥ .cp(p) £(e) = [V(H)| - 1=k, - 1.

Let d(v) be the degree of v, and d be the average degree in H.

We bound
d_=i Z d(u)zwsi Z *(e) -7 < 21.
T k‘l’ k‘['
veV (H) e€E(H)

Since the degree cut of each vertex v € V(H) corresponds to a
separate cut in G, we have

)= Y, p* 2 kep? 2 kep™,
veV(H)
where the middle inequality follows by convexity of the function

G =p* O

Approximate Tree Packing. The recursive algorithm used to
define ideal loads above requires many min-ratio cut computations;

we don’t know how to implement them all in almost-linear time.

Instead, we approximate the ideal loads using a greedy tree packing
algorithm described below. The main purpose is to eventually define
surrogate parameters k that can substitute for the parameters k.
in Lemma 3.6.
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Definition 3.7 (Greedy tree packing). Given a input graph G and
a number of rounds k, the greedy algorithm iteratively finds a
collection of spanning trees {T;, T3, . . ., Tr. }, such that each T is a
minimum spanning tree on G with respect to edge loads induced by
{T1,...,Ti—1}, which we define below. For a collection of spanning
trees 7", define its induced loads £ by the edge loads of the uniform

distribution over trees in 7, i.e., ¢7 (e) = % (Specially,
for an empty 7, £ () = 0.)

The next lemma asserts that this greedy process approximates
an ideal tree packing:

Lemma 3.8. In an unweighted graph with min-cut value A, given
a parameter § € (0,1), we can find a (multi-)set T of 611n m/5?
spanning trees such that
(1) |£’T(e) — ¢*(e)| < 35/A, Ve € E, where t7 are the edge loads
for the uniform distribution over T .
(2) Each tree T is the MST of some weight function ¢r satisfying
|tr(e) — t*(e)| < &/A foralle € E.
The algorithm runs in time O(m/8%). The trees are implicit, but the
loads ¢7 are output explicitly.

We wish to obtain a multiplicative approximation of £* (e) instead
of the additive approximation in Lemma 3.8. Moreover, we will later
group edges multiplicatively by loads and need to ensure that there
are few groups. For both these purposes, we contract all 3A-strong
components in the input graph. The next lemma says that this
restricts £*(e) to (ﬁ, %) for all the uncontracted edges:

Lemma 3.9. After contracting all 3A-strong components, each edge
e satisfies £* (e) € (ﬁ %)

Contracting all 3A-strong components is without loss of gen-
erality due to Lemma 2.5. (If the assumption of Lemma 2.5 does
not hold, we can directly switch to the unreliable case since that
assumption is implied by the assumption of reliable case.) By apply-
ing Lemma 3.8 with parameter §/3 on the contracted graph given
by Lemma 3.9, we get £7 (e) ~5 £*(e) for all e € E, where x ~5 y
denotes (1+8) 71y < x < (1+)y.

Edge Layering. We set the parameter § := ©(1/loglogn) and
partition the edges into O(%) = O(loglogn) levels based on their
ideal load as follows: Let 7; = (1 + 8)!1/2; we define E; C E to
be the edges e € E with ¢£*(e) € [ﬂii, ﬁ) Since £*(e) € (ﬁ %)
for all edges e, the sets Eq, Ea, . . ., Ef, partition E for L = O(%). To
avoid clutter, define E>; = Ejxq U -+ U Er. Recall that ky, is the
number of nodes after contracting all edges in E-; (i.e., edges with
*(e) < ﬂii).

One complication is that the values k; are defined on the ideal
tree packing, which means that we do not know them exactly. So,
we next define approximations E; and k; based on our approximate
tree packing 7. Define E; C E to be the edges e € E with ¢7 (e) €
[ﬂ% ﬁ) and let I;T be the number of nodes after contracting all
edges with 7 (e) < % As earlier, define Esj = Ejy; U+ -+ U EL, S0
l;,ri is the number of nodes after contracting all edges in E>,~ (ie.,
edges with 7 (e) < ﬂil)

For a spanning tree T € 7, define l;,,i(T) = |E(T)N E,|, note
that since T is a tree, I;,Tl. (T) is also the number of nodes in T after
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contracting the set of edges E(T) \ E;, minus 1. We now show how
these parameters ky,, k,, and ky, (T) are related.

Lemma 3.10. Foreveryi, we havek,, < l;nm <k, andlg,ri(T) <

kni, =1 forallT € T.

3.2 Surrogate Criterion for Deciding Reliable vs
Unreliable Cases

Based on the edge layering above, we define the criterion that is
used to distinguish between the reliable and unreliable cases. This
replaces the condition ug(p) < n~1-Q(1/loglogn) i Temma 3.1.
The latter condition, in conjunction with Lemmas 1.4 and 3.6, yield
a condition on k; that, in principle, can be used directly to separate
the reliable and unreliable cases. However, since we do not have a
sufficiently fast algorithm to compute the parameters k., we will
instead use the approximate parameters k; and rely on Lemma 3.10
to relate the I;T and k; parameters.

Definition 3.11. The algorithm is in the reliable case if for all
levels i, n1+305l;m. p2”i < 1 holds. Otherwise, it is in the unreliable
case. (Note that since we are not in the second base case, we assume
p < 0 for both these cases.)

The next two lemmas summarize the relevant implications of
this condition being true or false, i.e., in the unreliable and reliable
cases respectively.

Recall that £*(-) and ¢7 (-) respectively denote the ideal loads
and approximate loads computed by greedy tree packing (as in
Lemma 3.8) for all edges. We first extend this notation to set func-
tions on cuts as follows: For any function ¢(-) (such as £*(-), £7 (),
etc.) and a cut C, we use the shorthand ¢(C) to denote },cc £(e).

Let us first consider the case when Definition 3.11 is false, i.e., the
unreliable case. In this case, we show that ug (p) > n~1~0(1/loglogn)
holds. This implies that in order to prove Lemma 3.1, it suffices to
show the conclusion of the lemma under the surrogate condition
Definition 3.11.

Lemma 3.12 (Unreliable Case). Ifn'*3%k, p®™ > 1 for somei > 0
and p < 0, then ug(p) > n~1~O(1/loglogn)

We are now left to show that under Definition 3.11, we can prove
the conclusion of Lemma 3.1; this will establish Lemma 3.1.

Define C as the collection of cuts C with ¢7 (C) < 2logn, and
define 2’ = z;,(p) = Xcec pl€l. Clearly, z(,(p) < zg(p). The next
lemma shows that z(;(p) is a tight upper bound for zG(p) when
the condition in Definition 3.11 is true.

Lemma 3.13 (Reliable Case). Ifn'*3%k, p?% < 1 foralli > 0,
then z;; (p) = (1 - 0(1/n)zG (p).
To prove Lemma 3.1, we are left to give an algorithm for an

estimator of z’G (p) and bound its variance. We do this over the next
two subsections.

3.3 Cut Sampling Algorithm on Tree Packing

We now give a cut sampling algorithm on the approximate tree
packing that we described above. The goal of this algorithm is to
design an estimator for z; (p).

First, we define a distribution g on the cuts of the graph. The
algorithm will sample a cut C according to this distribution g, i.e.
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each cut C is sampled with probability q(C), and then compute the
estimator

X pl€ljg(c) ife7(C) < 2logn,
"o otherwise.

Our high-level plan is to establish the following properties:

(1) After O(m) preprocessing time, we can sample a cut C ac-
cording to q and compute X in O(1) time.
(2) The relative variance of X is n1*o(1).

If these hold, then by taking average of nito() samples, we obtain
an estimator for z, (p) with relative variance O(1) in (3(m)+n1+0(1)
time by Fact 2.2. (Recall that by Lemma 3.13, this gives an estimator
for zg (p) with relative bias O(1/n), which establishes Lemma 3.1.)

Property 1 essentially follows from prior work [2] (given later
in Lemma 3.16). We focus on satisfying Property 2 first. In fact,
we show a stronger property. Define the likelihood ratio of a cut C
as p(C) = ‘Z(C)LZ(M i.e., the ratio of the fractional contribution
plcl/z'G (p) of cut C to z;(p) and the probability q(C) of being
sampled. Then,

2’. For each cut C € C, we have p(C) < plto(l)

Property 2’ implies property 2 because of the following lemma.

Lemma 3.14. Supposez’ = Y ccc p|c| for some collection of cuts C,
and X is an importance sampling estimator such that X = plcl /q(C)
when C € C and X = 0 otherwise. Here, q(C) is the probability of
sampling C. Then, the relative variance of X is upper bounded by the

ICI
maximum likelihood ratio max —o—— .
cec q(C) -2/
Sampling Algorithm on Approximate Tree Packing. Our
goal in this section is to describe a distribution g on cuts such that

cl
the likelihood ratio p(C) = m is n1*°( for all cuts C
G

with ¢7(C) < 2log n. Note that the cuts C with 7 (C) > 2logn
contribute only an O(1/n) fraction of zg(p) by Lemma 3.13.

The distribution q is defined by a process that samples a random
cut. For computational reasons, we first sparsify the tree packing
7 into another tree packing T by uniformly sampling O(1) trees
in 7 with replacement. Using the implicit representation of 7, we
can explicitly recover all trees in 7 in O(n) time.

Now, we uniformly sample a random tree T from the sparsified
packing 7", and also uniformly sample random integers ji, jo, . . ., jL.
conditioned on }}; j; < 8logn and j; < |E(T) NE;| foralli € [L].
Then, we uniformly sample j; edges from E(T) N E; (without re-
placement). The sampled edges uniquely define a vertex bi-partition
such that the set of edges in T crossing the bi-partition is exactly
the set of sampled edges. We output the cut corresponding to this
bi-partition.

Il
The next lemma bounds the likelihood ratio ——=2——— of this
q(C)-z5(p)
sampling procedure for the cuts involved in z(; (p), under the ad-

ditional assumption that p’1 > n~10003 1 Section 3.4, we give a

separate algorithm that handles the p’1 < n71000 cage,

3We can use any sufficiently large constant instead of 1000 here.
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Lemma 3.15. Assume that n1+3°512mp2”i < 1 for all i, and that
pt > n~1000 with high probability, for each cut C with t7 (C) <
2log n, the likelihood ratio of C is (log n)©(1/8) y1+0(5)

Proor SkeTcH. Consider a fixed cut C € C, and define C; =
CNE. Sample a tree T € 7", and define Jji = 1Ci N E(T)| for all
i € [L]. Define l;;,l = max{l;m., yn}. Using Lemma 3.10, we can
show that at least a Q(J) fraction of trees in 7~ satisfy the following
property:

Z Jilogkl < (1+9) Z ¢7(Ci) log kL, (3.1)

Since the sparsified 7 consists of 0(1) many random trees in 77,
the probability that at least one T € 7 satisfies (3.1) is at least
1—n~10logn gince there are only |7 - O(n8logn) many possible
cuts C that can be sampled, by a union bound we conclude that at
least one tree T € 7 satisfies (3.1) for all cuts C we need to consider.
In this case, we obtain

lognZ]l < Z], log Vn < Zfz IngﬂHz

< (1+9) Z f‘T(c,) logk,, < (1+8)7 (C)logn,

which implies that 3; j < 2(1 + 8)¢7(C). Since £7(C) < 2logn
and 6 < 1 by assumption, we have }; ji < 8logn. In particular, it
is possible for the algorithm to sample j; = j; for all i. The proba-
bility that this occurs is the inverse of the number of combinations
s jos - .-, ji satisfying 3; ji < 8logn and j; < |[E(T) N E;| for all
i € [L]. The first inequality alone limits the number of combina-
tions to (8log n)0@) = (log n)O(1/8) Then, the probability that
ji = ji foralliis (log n)~001/9),

Conditioned on j; = j; for all i, the cut C is sampled precisely
when we sample exactly the edges C; N E(T) from E; N E(T) for
each i. The total number of possible samples (over all i) is

-G s, A
[Tk = [ [ "< ) 7.

Multiplying the probabilities together, the probability of sampling
atreeT € T satisfying (3.1), and then sampling j; = j;" for all i,
and then sampling exactly the edges C; N E(T) from E; N E(T) for
each i is at least

1 _ ~
R | ¥

This is a lower bound for the probability q(C) of sampling cut C.
Note that since |‘7~'| =0(1), |‘7'| can be absorbed into (log n)01/9)
We abbreviate the term 1/|"7'| - (log n)~0(1/8) by 1/0, and o =
(log n)@(1/9).

Finally, we bound the likelihood ratio

plc! 1 ¢ 21\ (148) 07 (Cr)
p(C) = 20 7 < ;'P 'O..l_.[(kﬂ”z) i)

(1+6)¢7(Ci)

Notice that

m=2mu2§}>2§y<mm-25@mb

i eeC; i eeC;
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)
1 T () e ~, T(C:
p(C) < = npf (Cmier . 4. l_l(knm)(lﬂﬁ)t’ (€)
i i

Recall from Lemma 3.6 that z > ky,,,p?™* for all i. We have
kx5 = ko, by Lemma 3.10, so we can write

1:1—[ -7 (CIT(C) < 1—[ (o, p27195) ™ —£7(Cy) /€7 ()

z

_ 1—[ - pz(1+5>m-+z)—f”(ci)/i"'(C)’

T(C:
2(C) < "'H ((,;m+2pz(1+5)n”2) 167 (C) e 1(km+2)1+5)" (C)

i

2(1+5)

—- l—[((k 1/[T(C) ”’*2((1+5)3 [T(C))(k

7 (Cy)
)
TTi+2 ) " )
(3.2)

Recall our assumption nl+30512m. p?™i < 1 for all i. Notice that

. 1+158
(knl+2)l+155 — max{k,rm, \/ﬁ}l+155 < ( "km+2)

1+156 1+156 14306
= 1150 (kg 1150 < \[n4300k, <
)—(1+155)

p_ﬂ'i+2.

So, pTit2 < (];;r
Let us first assume that ¢7 (C) > 2 — §. Using this assumption,
we can show that for a large enough constant K > 0,

i+2

1 2(1+65) 2+0(J) KS
i+2| 53T ~ > —(1+5) - — i (— )
((1+5)5 (T (C) ) < (kflmz) 7)) T (©) P ffm)
Continuing from (3.2), we are left with
2+0() —xs \{T(Ci)
mo<dru%m»m@w’)m@w' Mwmo)
7 (cp) Rl(e))

=0 l_[ (k;iz m+z)2+0<5>) o) 1_[ (lgi/rmpimz) 7©

i

Next, we use k/,. iy = = max{ky,,,, Vi} < y/nks,,, to get an upper

bound of n*9(9) for the first product. For the second product, we
use ; € ©(A) and p’1 > n~1900 to obtain

ﬂwmm@a

We conclude that p(C) < on*9() when ¢7(C) > 2 - 6.

To handle the case £7 (C) < 2 — 8, observe that by Markov’s
inequality, at least a Q(J) fraction of trees T € 7 satisfy |CNE(T)| <
2, which means |C N E(T)| = 1. Thus, with high probability at least
onetree T € T satisfies |CﬂE(T)| = 1. Now suppose that the single
edgein CNE(T) isin E;. Then, with probablhty we have j; =1
and ji = 0 for all i’ # i, and with probability 1/|E; N E(T)| > 1/n.
So overall, the cut C is sampled with probability 1/ |‘7'| -1/o-1/n.
It follows that

p(C) =

T (Cy)

7 (Cp) sy ()
Ko-2; T =pn008)

' ﬂ'(ci) < (n—O(l))

plcl 1

_ — (loemO/8)
20 =) = g0y~ deen :
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concluding the proof. O

Running Time. Recall that we set 6 = ©(1/loglogn), so for
any cut C with 2/(1+8) < £*(C) < log n, the likelihood ratio p(C)
is ntto() by Lemma 3.15. By Lemma 3.14, the relative variance of
X = pl€l/q(C) is n'*°(D) | 50 the algorithm takes n!*°(1) samples,
obtaining an estimator for zg (p) with relative variance O(1) and
relative bias O(1/n).

To obtain the n!*0(1) samples efficiently, the algorithm uses the
following lemma from [2]:

Lemma 3.16 (Lemma 3.8 of [2]). Given an unweighted undirected
graph G = (V,E) and a tree T spanning V, we can build a data
structure Sg, in m*°() time such that the following query can
be answered in O(1) time: Given O(1) edges on T to define a cut C,
return its cut value on G.

In particular, the algorithm initializes data structure Sg 1 for
each T € 7 and then, for n1*°(1) jterations, performs the following:
sample T € 7 and Ji, .-, Jr and j; < 8logn edges from E(T) NE;
for each i, and then query the cut value using data structure Sg 7.
To compute ¢(C), the algorithm needs to figure out the probability
that cut C is sampled. This probability can be determined by simple
combinatorics after computing |C N E;NE(T")| for all trees T” € 7.
To compute these values in O(1) time per sample, initialize data

structure Sz for each pair of trees T}, T € T andi € [L].

E;NL, T,
Then |C N E; N E(T")| equals the output of data structure S T T
when queried the sampled edges of T. The overall running time is
mito (1) )
This concludes the analysis of the algorithm. We have established
Lemma 3.1 for p* > n~1000,

3.4 Very Reliable Case

This section handles the very reliable case p* < n=10%0 We start
by proving an analog of Lemma 3.13 - note that we are defining
Z’G (p) differently from Lemma 3.13 for the very reliable case.

Lemma 3.17. Assumep’1 < n~1000, Let z;,(p) = 2c;|c|<1.1AP|C|-
Then z;(p) = (1-0(1/n)) zG(p).

As in Section 3.3, the algorithm first samples a cut C according
to some distribution g, i.e., each cut C is sampled with probability
q(C), and then computes the estimator

o pl€ljg(c) if|C| < 1.1,
"o otherwise.

By the same argument as in Section 3.3, Lemma 3.17 implies that
the estimator X has relative bias O(1/n) to zg(p). It suffices to

ICl
bound the likelihood ratio p(C) =

q(% over all cuts C with
|C|] < 1.1A. These cuts have £*(C) < |C|/x* < 2|C|/A < 2.2.

26 (p)

Algorithm Description. First, we compute a Gomory-Hu tree [7]
of G, which is defined as follows:

Definition 3.18. For an undirected graph G = (V,E), a tree T on
the set of vertices V is said to be a Gomory-Hu tree of G if for every
pair of vertices u,v € V, there is an (v, v)-mincut in T that has the
same bi-partition and the same cut value as an (u, v)-mincut in G.
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Being a tree, each edge (u,v) on the Gomory-Hu tree defines
a (u,v) min-cut; call these Gomory-Hu tree cuts. There are n — 1
distinct Gomory-Hu tree cuts. We order their cut values in in-
creasing order to form a list L = (c1,c¢2,...,cn—1). Also define
cn = max{cp-1, 1.1A}.

Next, the algorithm partitions the list into loglogn levels as
follows. Let k; = Lnl_zﬂj fori = 1,2,...,loglogn. Also define
ko =1 and kjoglogn+1 = n. For each level i = 1,2,...,loglogn + 1,
the algorithm contracts all ¢i,-connected components in G to form
a subgraph G;. This can be achieved by contracting all edges on
the Gomory-Hu tree that correspond to cuts of value > c,. The
algorithm computes a greedy tree packing 7; of O(1/¢%) trees on
each contracted graph G;, and then samples O(1) of them to form
7. Let ¢; be the load of 77 and let £ be the ideal load of G;, so that
i ~o.01 £

The distribution q is defined by the following sampling pro-
cedure: First, we sample i uniformly from {1,2,...,loglogn + 1}.
Then, we uniformly sample a tree T € 7; and two edges in T (with
replacement) to define a cut C.

We bound the likelihood ratio in the next lemma:

Lemma 3.19. Assume p’1 < n~ 1900 With high probability, for each
cut C with |C| < 1.14, the likelihood ratio of C is O(n).

We now use the connection between likelihood ratio and relative
variance given by Lemma 3.14 to establish the desired bound on
the relative variance of the estimator for z; (p).

Corollary 3.20. The relative variance in the very reliable case of
the estimator of z(, (p) is at most O(n).

Running Time. For the sampled cut C, we can compute its over-
all sampling probability q(C) using the data structure of Lemma 3.16
similar to the previous section. We need an additional preprocessing
step to construct a Gomory-Hu tree, which takes m!*(1) time [1].
In conclusion, the same running time bound of m1*to(1) continues
to hold for the very reliable case.

Now, we have established bounds on the relative variance and
running time of estimators of z(;(p), as defined differently in the
two cases — reliable and very reliable. This concludes our proof of
Lemma 3.1.

3.5 Using Bootstrapping to Improve Relative
Bias

We have established an importance sampling algorithm which out-
puts an estimator of zg (p) with relative bias O(1/n) and relative
variance < 1. By Lemma 1.4, this is also an estimator of ug (p) with
relative bias O(1/log n). But, this is not sufficient for establishing
Lemma 1.5. It turns out we can improve this bound by viewing the
importance sampling algorithm as a bootstrapping step.

Definition 3.21. Assume we are in the reliable case of Defini-
tion 3.11. Run the importance sampling algorithm to get an esti-
mator for zg(p) with relative bias O(1/n) and relative variance
< 1 guaranteed by Lemma 3.1. By sampling from this estimator
and applying Lemma 2.3, whp we can obtain a 2-approximation of
zG(p), denoted z. The algorithm is still in the reliable case if Z < %

Ifz > % we switch to the unreliable case.
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If we switch to the unreliable case according to the above criteria,
we merely view the importance sampling algorithm as a prepro-
cessing step to distinguish reliable and unreliable cases. If we are
still in the reliable case, we run the importance sampling algorithm
again to obtain an estimator, which serves as the output of the
algorithm. Since we have a stronger assumption than our surrogate
assumption, we can exploit it to guarantee a stronger bound for
relative bias.

Lemma 3.22. IfZ > 5~ p < 0 and z is a 2-approximation of zG (p).
then ug(p) = p~1-0(1/loglogn)

Lemma 3.23. IfZ < % and z is a 2-approximation of zg(p), then
the estimator output by importance sampling algorithm has n~Q(1)

relative bias to ug(p).

Finally, we combine the results to prove Lemma 1.5. By Lem-
mas 3.12 and 3.22, we only switch to unreliable case when the
assumption of Lemma 1.5 does not hold. The algorithm outputs an
importance sampling estimator in the reliable case. Its relative bias is
n~@M) by Lemma 3.23. Its relative variance is < 1 by Lemmas 3.14,
3.15 and 3.19. (The estimator takes average of nito() samples.)
This argument requires the boostrapping step to correctly obtain a
2-approximation, which happens whp.

4 The Unreliable Case: Recursive Contraction
4.1 Description of the Algorithm

The algorithm is recursive. First, we recall the base cases from
Section 1.3.

(1) Ifn < e °W  then we run Karger’s algorithm [14] that gives
an unbiased estimator for ug(p).
(2) The second base case is to run Monte Carlo sampling when

p > 0 for some threshold 6 whose value is given by Lemma 1.4.

(3) The final base case is invoked when Definition 3.11 and
Definition 3.21 both hold. In this case, we run the importance
sampling algorithm in Section 3.

We say the algorithm in the recursive case if we are not in any
base case. By Lemmas 1.4, 3.12 and 3.22, we have the following fact,
which shows that the recursive case is a moderately unreliable case.

Fact4.1. In the recursive case, we haven~1=O(1/loglogn) <, - (p) <
n—Q(1/loglogn)

The random contraction algorithm is defined as follows: We
say H ~ G(q) if H is generated from G by contracting each edge
independently with probability 1 — q. (We will define the value of ¢
shortly.) We repeat this process twice independently to generate
independent samples Hy, H» ~ G(q), and recursively obtain estima-
tors X1, X for up, (p/q) and up, (p/q) respectively. We return the
average of X and X as the estimator for ug(p).

In the random contraction algorithm above, we use g = 271,
where y is defined next. This parameter is related to the ideal tree
packing from Section 3. Recall that £*(e) is the load on edge e in
an ideal tree packing. Let y* be the maximum threshold such that
contracting edges e with £*(e) < 1/y* will result in at most dn
nodes for § = ©(1/loglog n). Ideally, we would like to set y = y*,
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but we don’t know the ideal tree packing. Instead, we (1 + J)-
approximate the load on every edge by a greedy tree packing as
described in Definition 3.7. Call the loads induced by greedy tree
packing as greedy loads. Now, we take the maximum threshold y’
such that contracting edges with greedy load < 1/y’ produces at
most én nodes. We set y =y’ if y’ < A, the min-cut value; else, we
sety = A

To make random contraction efficient, we want to ensure that
m < n'*°() in every recursive step. We would like to use standard
cut sparsification to achieve this bound. But, sparsification intro-
duces additional variance, which we also need to control. It turns

1+0| -

lo

out that the right choice is to have m < n 6"/ during the
recursion. When this is violated, we perform a sparsification step
given by the following lemma (similar to the sparsification step in

(2D

Lemma 4.2. Given a graph G and failure probability p such that
the algorithm is in the recursive case, we can generate a sparsifier
H with Ay = O(1) and a probability q < p, such that ug(q) is an
unbiased estimator of ug(p) with relative second moment at most

2+O( L

Togn ) The running time is O(m).

Whenever we perform sparsification, we also reduce the relative
variance by branching into two recursive calls H, H» by making
two independent calls to the sparsfication algorithm. We then recur-
sively obtain estimators X1, X for ug, (¢") and ug, (¢') respectively,
and return the average of Xj and X». (The value of ¢’ is given by
Lemma 4.2.)

4.2 Bias of the Estimator

Lemma 4.3. The algorithm outputs an estimator of ug(p) with
relative bias n=(1).

Proor. The proof is by induction on vertex size. The first two
base cases are unbiased. The last base case of importance sampling
has relative bias = n=%(1) by Lemma 1.5.

In both inductive steps of random contraction and sparsification,
we output the estimator X = # where X7, X, are recursive
estimators for uj, up respectively, and E[u1] = E[uz] = ug(p). By
the inductive hypothesis, |E[X1] — u1| < fus, |[E[X2] — uz| < Pus.

[E[X] —uc(p)| =2 [E[X1] + E[X2] — E[u1] — E[uz]|
< 1/2- (By, [IB[X1] — w1l | H1] + Eg, [|IE[X2] — u2| | Hz]
< 1/2- (BEg, [Bu1] + B, [Buz])

)
= - uc(p). o

4.3 Some Important Properties

We are left to bound the relative variance of the estimator and the
running time of the algorithm. For this, we first need to establish
some properties of the parameter y that we used in the algorithm.
Then, we argue about the rate at which the vertex size decreases
when we run random contraction. This is used both in bounding
relative variance and the running time of the algorithm.

Properties of y. First, we give two properties of y. Recall that
& = ©(1/loglog n) is the parameter such that greedy tree packing
approximates the load on every edge in ideal tree packing up to a
factor of 1 + § by Lemma 3.8.
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Fact4.4. y* € (1x4)y’.

Fact 4.5. Whenug(p) > n~1-0(/loglogn) 4 hoids that ug (p) =
pHd)y,

Proor. There are two cases depending on whether y = A or

y = y’. In the first case, we have ug (p) > p* = p(1+O(1/loglogn))A,

In the second case, we first note that ug(p) > n~1-0(1/loglog n)
also implies ug (p) > (5n)~1-O(1/loglogn) gince

5—1—@(1/log logn) < O(log log n)1+0(1/10g10g n) < nO(l/log logn) )
Next, recall that k; is the number of nodes after contracting all
edges e with £*(e) < 1/7. By Lemma 3.6 and Fact 4.4,

uG(p) = kyp? 2 Sn- IOV,

We combine this with ug(p) > (8n)~1~©(/loglogn) "which is
equivalent to

(uG(p))l+®(l/loglogn) > (5’1)—1‘
Multiplying the two inequalities above, we get

(uG(p))2+®(l/loglogn) > p2(1+5)y‘

Therefore, (ug(p))? = p?1*9)Y, or equivalently, ug (p) = p1*+9)7.

]

Size Decrease. We show that the vertex size decreases sufficiently
after a random contraction step.

Lemma 4.6. Whp, it holds that for every random contraction step
on an n-vertex graph, the vertex size after contraction is at most

1 1
(f +0 (loglogn)) n.

Proor. We first argue about a single random contraction step.

Consider the clusters formed if we removed all edges with £*(e) >
1/y*. Each cluster has min-ratio cut value > y*. Suppose a cluster
has n; vertices. We use the following claim to bound the cluster
size after random contraction:

Claim 4.7. SupposeG has min-ratio cut &. Then H ~ G(q) has vertex
size at most 1+ (1+¢)q” n with probability at least 1—exp(—=Q(£?n)).

Then, by Claim 4.7, the size of the cluster after the random
contraction step is at most 1+ (1 +&)g? n;. By the definition of y*,
there are at most dn clusters. Therefore, the number of vertices after
contraction is at most dn+ (1+ §)qy* n. In the recursive contraction
algorithm, we chose g such that ¢¥ = % We also have that y <y,
which means ¢*" < 1. By Fact 4.4, we have y* > (1 — §)y’. This
implies that

Y Y'\1-6 1/9)176 <1 ;
q" <(q") < (1/2) < /2+O(loglogn)'

So, the number of vertices is at most (% +0 (#)) n whp.
glogn
The failure probability of the bound above in a single random
contraction step is exp(—Q(8%n)) by Claim 4.7. So, we can apply

a union bound over the polynomially many random contraction
steps and conclude the statement of the lemma. O
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4.4 Relative Variance of the Estimator

We first bound the relative second moment of a random contraction
step. By Lemma 1.4, in the unreliable case, zg(p) is a sufficiently
good approximation to ug(p), where zg(p) is the expected num-
ber of failed cuts. So, instead of analyzing the relative variance of
ugr(p/q), we analyze the relative variance of zg (p/q). We bound
its second moment below (similar to Lemma 4.8 in [2]):

Lemma 4.8. The relative second moment of zgr(p/q) is at most

log L
2 +O( olgogoin) where H ~ G(q) and q¥ = 1/2.

We now use the following lemma from [2]:

Lemma 4.9 (Lemma 4.6 of [2]). Assume p < 0. If zg(p’) is an
unbiased estimator of zg (p) with relative variance nj, and ugy (p’) is
an unbiased estimator of ug (p), then ug(p”) has relative variance

1 1
at most (1+0(10gn)) 17+O(10gn .

Combining Lemmas 4.8 and 4.9, we obtain the following:

Corollary 4.10. ug(p/q) is an unbiased estimator of ug(p) with

relative second moment at most 2 + O (bl%)lefln)

We now use induction to bound the second moment of the overall
estimator. This requires our bounds on the base cases as well as
that established for a recursive contraction step in Lemma 4.8 and

the corresponding bound for a sparsification step in Lemma 4.2.

Lemma 4.11. The second moment of the estimator given by the
overall algorithm is at most (log n)©1081081) . (3 (p))2 whp.

Proor. Let X be the estimator given by the overall algorithm.
We use induction on recursion depth to prove

E[X?] < (lognyK1oeloen . (45(p))?

for a large constant K to be decided later.

Consider the base cases of the recursion. In the first case (Karger’s
algorithm) and the second case (Monte Carlo sampling), we get
an unbiased estimator of ug(p) with relative variance at most 1
by Theorem 1.2 and Lemma 1.3. In the last base case, we get an
estimator of ug(p) with relative bias at most n~ M < 0.1 and
relative variance at most 1 by Lemma 1.5. For such an estimator Y,
we have E[Y] < 1.1ug(p) and E[Y?] — E?[Y] < E?[Y]. The latter
can be rewritten as

E[Y?] <2-E*[Y] < 2- (Llug(p))? < 3- (ug(p))*.

Therefore, the lemma holds for all the base cases.

Next, we consider the inductive step where the algorithm takes
the average of two recursive calls. Let X7 and X3 be the estimators
returned by the two recursive calls; then, X = )% We have two
cases depending on whether we are in a random contraction step
or a sparsification step. First, we consider a random contraction
step. The sparsification step is similar and discussed at the end.

Let H; and H; be the graphs resulting from random contraction.
Now, we have

2
E[x?] =E (%)

1 1
B | {EIXEIE] +EXEH)) + JELGIH Bl .
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since X1, Xy are respectively independent of Hy, Hj.
By the inductive hypothesis,

E[X7|H;] < (log ny) X 818" (upy, (p/q))?, for i =1,2.

By applying Lemma 4.3 on the recursive calls, we have E[X;|H;] <
1.1ug, (p/q). We can now bound the second moment of X as follows:

}1 ‘E [(log ny)KIBleR (4 (p/q))?

+(log na) €18 (g (p/)? | + B P, (p/ur, (/)]
- (log ny)K 188 B[ (uy (p/q))?]

++ (log )X €8 B (upy (p/g))?]
+ Bl (p/g)] Bl (p/)], (13)

by independence of Hy, Hy.
To bound the first two terms in Equation (4.3), note that by
Corollary 4.10, we have

E[X?%] <

1
4
+

loglogn

Bl (ur (p/g))?] < (z+o( o

)) (ug(p))? fori = 1,2.

To bound the last term in Equation (4.3), note that E[ug, (p/q)] =
ug (p) since the random contraction step is unbiased. Thus,

En, lum, (p/9)] - By lum, (p/9)] = (ug (p))?.

Putting all these bounds together, we get

E[XZ] Si ((lognl)ch’glOgn+ (lognz)Kloglogn)

loglogn
. (2+o (%)) (w6 (p))? + (uG (p))*-

Lemma 4.6 implies that n; < 0.9n across all steps of recursion
whp. Then, logn; < logn — 0.1 in all the recursion step whp. We
get

E[X?] < (logn — 0.1)Kloglogn (1 +0 (loglﬂ))

logn
~(uG (p)? + (ug (p)*.
Therefore, by choosing a large enough constant K, we ensure that
2 Kloglogn
E[X ]2 S(logn)Kloglogn (1 _ 0.1 )
(uG(p)) logn
. (1 +0 (_loglogn)) +1 < (log n)Kloglogn,
logn

For a sparsification step, we can repeat the same argument but
define Hy, H; as the sparsifiers instead of the contracted graphs. By
Lemma 4.2, upy, (q’) is also an unbiased estimator of ug(p) with

loé n
that the vertex size does not decrease in the sparsification step
itself. However, the vertex size decreases in the next step since it is
a random contraction step. So, we can repeat the same argument
by combining two steps (with relative second moment 4 + O( loé ~)
and 4 branches). O

relative second moment at most 2 + O ( ) The only caveat is
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4.5 Running Time

1+o(1)€

Lemma 4.12. The algorithm runs in m =O() time in expec-

tation.

Proor. Let T(n, m) be the expected running time of a recursive
call on a graph with n vertices and m edges. Recall that there are
three types of nodes in the computation tree: base cases, contraction
nodes, and sparsification nodes. If the parent of a contraction node
is a sparsification node, we call it an irregular contraction node;
otherwise, the contraction node is called a regular contraction node.
First, we shortcut all irregular contraction nodes (by making their
parent the parent of their children). The running time of all such
irregular contraction nodes are accounted for by their parent spar-
sification nodes. Note that each sparsification node has at most two
irregular contraction nodes as children; hence, it accounts for the
cost of at most three nodes (itself and its two children irregular
contraction nodes). Because of this transformation, the number of
children of a sparsification node can increase to at most 4.

In the rest of the discussion, we assume that the contraction
tree has only three types of nodes: sparsification nodes, regular
contraction nodes and base cases (which are leaves of the computa-
tion tree). In the first base case of n < ¢~(1)), the running time is
O(n?) = 0 by Theorem 1.2. The second and third base cases
take m'*°(1) time by Lemmas 1.3 and 1.5. In a sparsification node,
the sparsification algorithm in Lemma 4.2 takes O(m) time. In a
contraction node, randomly contracting edges also takes O(m) time.
So, the time spent at any node of the computation tree is mi*o() jn
total (including the charge received by a sparsification node from
its children irregular contraction nodes).

Lemma 4.6 shows that whp each recursive contraction reduces
the vertex size by a factor of % + O(1/loglogn). In particular, this
holds for a regular contraction node and its children, as well as
a sparsification node and its children inherited from an irregular
contraction child.

First, we consider regular contraction nodes. Note that these
nodes still have at most two children. Moreover, they satisfy m <
n1*°() (which implies m'*°(1) < p1*0()) Therefore, the recur-
rence is

T(n,m) < n™*°W 4+ 2. T ((1/2+0 (Yioglogn)) - n,m).  (4.4)

Now, we consider a non-root sparsification node. This is more
complicated because m > n1*Q(YVien) Recall that the running
time incurred at this node (including that inherited from irregular
contraction children) is m*°(1) Consider the parent of the sparsifi-
cation node. Let i, ri respectively represent the number of vertices
and edges in the parent node. If the parent is a regular contraction
node, then we have m < m < AHO(/Vign) Iy this case, we can
charge the m1*°() term to the parent’s recurence relation Equa-
tion (4.4). Otherwise, the parent is a sparsification node. We have
the following property:

Lemma 4.13. Assumem > n1+*@(/Vien) gnd the algorithm executes
a sparsification step followed by a contraction step. Let m’ be the
number of edges in a resulting graph. Then, the following hold in
expectation: m’ = O(n) and (m')l/‘/m <12. m'/Vioen
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Lemma 4.13 implies that m = O(A) in expectation. So, we can also
charge m1*o() to the parent node. Finally, note that a sparsification
node has at most 4 children. Let m’ denote the number of edges
in any child of the sparsification node. We can write the following
recurrence for a sparsification node:

T(n,m) < n'*°W +4.T ((1/2+ 0 (10glogn)) - n,m’),  (4.5)
where m’ satisfies Lemma 4.13.
For the sake of the master theorem, we define a potential p =
nlogn - m'/Vleen The progress in the first term is
n’ < (1/2+ O (1/loglogn)) n, so
n’logn’ < (1/2+ O (1loglogn)) n - (logn — Q(1)) < 1/2 - nlogn.

Lemma 4.13 measures the progress in m'/Vlen for the second recur-
1

rence (Equation (4.5)) by m’ = O(n) and m/YVlegn < 1/2 - m Vion |
We have one of the following recurrence relations:

T(p) = ™M) +2T(pf2)
T(p) = p™*°M) +4T(p/s).

In either case, this solves to T(p) = pl+°(l)5_o(1) (including the
base cases discussed above). Therefore,

T(T’l, m) — nl+0(1)g—o(1).

Since the root node takes m'*°(!) time which isn’t chargeable
elsewhere, the expected runtime overall is mito(1) ~0(1), O

So, we have obtained an algorithm that runs in mito(1)~0(1)

time and obtains an estimator for ug(p) with relative variance
n°() e repeat n®(1¢=2 times to get the (1 + ¢)-approximation
for ug (p) whp, thereby establishing Theorem 1.1.

5 Conclusion

In this paper, we gave an almost-linear time algorithm to compute
the unreliability of an undirected graph. Up to lower order (sub-
polynomial) improvements, this brings to a close the line of work
on designing fast network unreliability algorithms. However, many
related problems remain open. The complementary problem of net-
work reliability that estimates the probability that an undirected
graph stays connected when every edge fails independently with
some probability p, does not have close to linear time algorithms,
even in the dense case when m = ©(n?) [8, 9]. Another interesting
direction is to consider more complex forms of edge failure, e.g.,
by allowing limited dependence such as the unreliability problem
on hypergraphs where all constituents edges of a hyperedge fail
together. For this problem, obtaining a polynomial-time approxi-
mation scheme remains open [3].
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