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RESULTANTS

+§o G(x)- mem'f"-*ao

fo s
o g fe
‘ 'f; }n-p '}n-z -;o
R(F, @)= et
¥ g 7
™ 3 3 o
b I
s w am - 3'




h+lﬂ {’ & h+M-2§ & .,+xIA-| . - N
xlu.n-z { <+ xu-z {O e m-2 F
xh-\-\.&“ + + X';O — ¥ F
X fut - # i+~ &
XM*M-';’" u“‘z.ju-n 3 i de ::.G
xm-n-z“ju %+ < Xn-l 80 - . G

= d°

X
Qs
$
4
+
»
s
}
Q.0
(-]
J
o



DeFINITION) :

Gl g/l{.\“

THEOCZEM: THERE EXIST Pow/NOMIALS A(x)
B € ZI[x] WrTH dea(A)sm-\)Jea(B)sM

Such  THAT
R(F.@)= AGOF(x)+ B(x)G(x)

|F]| = |Fle

. ’ n
|A\ 181 < IFl lal, -

i !

FACT: Q(F G)= b e Gep(F.a)+ L.
FACT: LET 'V\ Be A RooT ©F F! THEM

|F
l'v" & Vo H“‘)‘

FACt: |F F DvIDES F THEN

|7 6(Lm/z.l) IF1, .




LET ¢« Bt A RATIONAL APPROXIMATION OF Y:
|- v |
lET G BE OF DeEGREE hn-| WITH

(@l € (L) 1R

= \Ln/z.l : 2

AND G‘(fr\BrO. THEN) THERE EX\ST NUMBERS
glr,JEl)  AND  g(n )F1)  Suck THAT

F(o( E el s 72
AGOL, I By € 27

WE CHOOSE @2 2 SRl A 2 AND SolLVE
, " [ w \
KE eL\ N 2 4 s &I AL/ gj | ¢

A5 AN [INTeGER LINEAR PRerAMMcMGi
PROBLEM IN THE CoEFFICIENTS OF .

T HE M R (F C ) = {{ “} “) \ﬂf “x °§ =

f o(
dence  Geb(C @) % O/




A. LeNSTRA H. LENSTRA AND L.LOVAS2
Use p- ADIC VALUATIONS AND SoLVE

THE JLP BY A BASIS CONSTRQUCTION FoR
INTEGRAL LATTICES.

MY VALUATION IS THE TOTAL DeGREE
OF THE COEFFICIENTS WHICH MAKES THE

ILP INTO A SYSTEM OF (LINEAR EQU'S.




LGawen {(4y)e Z[x,y] THIS ALGORVTHM
RETURNS AN IRREDUC|BLE FACTOR 3("’3)’]

L. PreProcess { ! [ makes £ MowiC N
x WITh £(0,x) SOUAREFREE. ]

F: FACtor {(0,x). LeT h(x) Be AN
IRREDUCIBLE FACTOR, P ONE OF ITS
ROOTS.

N: n= deg, ($), d= Jcaw(p, m = alc,j(’m.
K<ld (Zu-1V)/m].
CONSTRUCT «K(p\= F* Q,(p)(d : ":(K(F)QK
Such THAT £(y,(®)) = 0 med y
BY NEWTON (TERATION.

l: FoR I& M)...’ n-| Do
SolLVE

3= "
o{g(fl)l +i=ZO u(y) o, (B) = 0 mad ”k+l

FOR deglu;)=d . THE FIRST SoLuTiON
DETERMINES A FACTOR x +ug (4)x™s-tudy
[ )m EQU'S | (@+1)T uNkNOWNS. ]



Appendix A
Vaxima 1.50
Sat Mar 6 01:41:14 1982
(c2) /* Sample run of algorithm 3.1: */
/* Inhibit garbage collection message */
gcprint:false$
(c3) /* The following bi-variate polynomial is squarefree and

monic in x as well as 0 is already a useable evaluation
point for y. Therefore, step (I) is not needed. */

28D
(B 52 &7 8 WH B o o @yl tx Gpoe) & Ve X (OR=Rv) Ry

f:x‘6+x“5+(2*y+4)*x“4+(y+3)*x“3+(y“2+3*y+5)*x“2+(2-y)*x—y‘2+y+2;
2 4 : 3 6

5
P SR Hp 2

(c4) /* Step (F): */

factor (subst (0,y,£)) ;
2 2 2,
(d4) (G I (G e o)) (69 a5 s q)))

(c5) /* We choose b=%i, the imaginary unit. */
/* Step (N): */
/* Step (N1): */

gl0] :x—%i;
(a5) Xi= %

(c6) hI0]:quotient(subst(0,y,f),gl0]);
5 4 : 3 2
(El)ioss B HEl R b)) 57 L (T a5 g v s (5 0 o)) o s e O o) %1

(c7) /* Step (N2). We actually c sose K smaller than described,
though this does not influence the outcome of latter steps */

K:5;
(d7) 5

(c8) /* Precompute inverse of f£'(0,%i)=h[0](%i). */




r:ratsimp(1/subst (%i,x,h[01));

(as) =

[N

(c9) /* Computation of g[jl and h[jl using Bl

£or 21 thrn Kedor(
display (£[j] :ratcoeff(£,y,3)),
/* Step (N2): */
if j=0
then display(B[j1:£[31)
else display(B[j]:ratsimp(f[j]—sum(g[s]*h[j—s],s,l,j—l))),
display(g[j]:ratsimp(subst(%i,x,B[j])*r)),
display(h[j]:quotient(B[j]—h[O]*g[j],g[O]))

[

4 3 2
f =2x +x +3x -x+1
il
4 3 2
b =2 % #x +3x —x+t1
!
g =%i
.
4 3 2
h = —%he & @ =i xS (GHE 3N X (3i +5) x + 3 %i
1
2
7 B8R ool
2
4 3 2
b = = x & (AR e RS 3 SN s &= 5Eg)x kD
2
5 %i
ol Tl s
2 2
4 3 2
3Gl ose (5o o 1) 7k o5 Sl 2 12) x + (- 8%i —-6) x -6 %1
h =
2 2




4 3 2
= L0Ex (32 = S0) S L @I0RC 07 il Eixe o (13 13T R i

2
258 %l
b S
8 2
4 3 2
258 Tt (25T SN0 0) e xe i (SRS HE = R6 0) Bt (CR37 R % i = B) Fe i = E D OR i
2
£ =0
4
4 3 2
SH258xE L (SES80RTH = R25) ek (MO9SR 3B ORG NS (11645 — 37 659 11) e 9318
4
619 %i
Sz w5 e
4 8
4 3 : 2

(619 %i x + (619 %i - 1488) x + (- 391 %i - 1488) x

s (CRONORR RS 194 B) ixe —W.620% 11)/748

4 3 2
= (S8R xE T (=51 6483t =R 173 8)xe (A3 08— A5A588 ) x

£ (22998 =251 2350 b8 3209)7:8




4 3 2
ht = — (42918 3ilixa s (420147 S=R1I032.0) xs - HE (=S 26T %= 0320) = x
5

+ (- 6283 %i - 8832) x - 5373 %i)/8
(a9) done
(c10) /* Assign K-th order approximation of root of f. */

alk]l :3i+sum(—gl[jl*y"j,3,1,K) ;
5 4 3 2
4291 %i y 619 %i y 25 Ty, ER%H Y
(d10) = + - + -%iy+ 81
8 8 2 2

(c1l) /* This command verifies our approximation as it was proven. */

remainder (subst (alKl1,x,£) ,y" (K+2)) ;
6

63729 %i y
(a11) Someean s

8
(cl2) /* Compute powers of alK]l mod y~ (K+1). */

asquare[K] :remainder (alK1“2,y" (K+1)) ;
5 4 3 2
(d12) 1200y -186y +30y -6y +2y-1

(c13) acubelK] :remainder (a[K]*asquare[K],y" (K+1)) ;
5 3 2

18537 %iy - 2667 $iy +428%iy -84%iy +24%iy-88i

(d13)
8
(cl4) afourthlK] :remainder (alK]*acubelK],y" (K+1)) ;
5 4 3 2
(d14) -3684y +528y -84y +16y -4y+1

(cl5) /* Set up undetermined polynomials of possible factor. */
ul0] :w0+v0*y+ul*y~2;

2
(d15) wy +v0y+ w0
(c16) ulll :wl+vl*y+ul*y~2;

2
(d1e) sk S ab gl 57 b gl

(c17) ul2] sw2+v2*y+u2*y~2;




2

(d17) w2y +v2y+ w2
(c18) ul3]:w3+v3*y+ul*y™2;

; 2
(d18) uSRyes -t val w3

(c19) /* Compute equation (3.1) for I=2. */

L2:remainder (asquare [KI1+u[1]l*a[K]1+ul0],y" (K+1)) ;
———— — & e —— 5
(d19) - ((4291 %i wl - 619 %i vl + 100 %i ul - 10320) y

4
+ (- 619 %i wl + 100 %i vl - 20 2i ul + 1488) y

3
+ (100 %i wl — 20 %i vl + 8 %i ul - 240) y

: 2
<o (0 240 Bt gl 5 (3 Sl Al o 6 il Gl = ) Gl b A y

+ (8% wl-82% vl-8v0-16)y-88%iwl-8w+8)/8
(200" €2:1[IiS

(c2l) /* Retrieve linear equations for the coefficients. */

for 0N thrus K do
Fori0F thru 1 dot (
display(sZ[i,j]:ratcoeff(ratcoeff(LZ,y,i),%i,j)),
E2sconsi(s21[H 5, £2)
);

s2 =wl -1
0,0
s2 = wl
05 i
s2 =v0 + 2
s
s2 =vl -wl
b Al
s2 =ul - 6
200

5wl -2vl +2ul
s2 =
Zap AL 2




s2 = 30
25wl - 5vl + 2 ul
s2 = =
o dl 2
s2 = - 186
4, 0
619 wl - 100 vl + 20 ul
s2 =
o b 8
.82 = 1290
5y 0
4291 wl - 619 vl + 100 ul
s2 ==
(a21) . done

(c22) /* Try to solve the system. */

errcatch(linsolve(t2,
[wO,v0,u0,wl,vl,ull));

Dependent equations eliminated: (1 5 7)

Inconsistent equations: (2 4 6)

(d22) [1
(c23) /* Compute equation (3.1) for I=3. */

L3:remainder (acube [K]1+u[2] *asquare [K]1+ul[1]*a[K1+u[0],y" (K+1)) ;
(d23) ((10320 w2 - 4291 %1 wl - 1488 v2 + 619 %i vl + 240 u2 - 100 %i ul

5
18537 ®ifl) oy (= 488w+ 619 $itwl 12408 v2F = 100/ %1 vl — 48 u2

4

4
208 %5 ul =26 67 %18y (2408 w2 =S 00RS S wIs =4 8Rv2R R 20 % vl 161 u2

+

3
- 8%iul +428 %i) y + (- 48 w2 + 20 %1 wl + 16 v2 - 8 %i vl - 8 u2

2
BN ER8 R (RSB AR SRR (6 Rw2R SR 8RS i WIS =S8R v2R 8 % vl 8 vl

AL

24 %1) y - 8w2 +8 %iwl +8w0 - 8%i)/8



(c24) t3:[1%
(c25) /* Retrieve linear equations for the coefficients. */

for i:0 thru K do
for i 0 thruNdeo(
display(s3[i,jl :ratcoeff (ratcoeff(L3,y,i) ,%i,3))
t3:cons(s3[i,jl,t3)
)i
s3 = wl - w2
0, ©

s3 =wlk ~1
0,1

s3 =2 w2 -v2 +v0

-wl +vl +3

0
w
"

s3 =-6w2+2vVv2-u2+ul

5 il = 2 Al ap ) ol = 2l

2 1 2

30w2 - 6 v2 + 2 u2

n
w
]

25wl - 5 vl + 2 ul - 107

L ; 2

- 186 w2 + 30 v2 - 6 u2

1))
w
I

619 wl - 100 vl + 20 ul - 2667

4, 1 8

s3 = 1290 w2 - 186 v2 + 30 u2

4291 wl - 619 vl + 100 ul - 18537

Sp db 8

(d25) done



(c26) /* Try to solve the system. */

errcatch(linsolve (t3,
[wO,v0,u0,wl,vl,ul,w2,v2,u2l));

Inconsistent equations: (5 7 1)

(d26) [1

(c27) /* Compute equation (3.1) for I=4. */

L4:remainder(afourthIK]+u[3]*aggpejK]+ujgl*asquare[K]+gjl]fa[glfu[0],y“(K+1));
(d27) ((18537 %1 w3 + 10320 w2 — 4291 %i wl — 2667 %i v3 — 1488 v2 + 619 %1 vl

S
+ 428 %i u3 + 240 u2 - 100 %i ul - 29472) y

+ (- 2667 %i w3 — 1488 w2 + 619 %i wl + 428 %i v3 + 240 v2 - 100 %i vl

4
- 84 %i u3 - 48 u2 + 20 %1 ul + 4224) y

+ (428 %i w3 + 240 w2 - 100 %i wl — 84 %i v3 - 48 v2 + 20 %i vl + 24 %i u3

8
+16u2-8%iul -672) y + (-84 %i w3 - 48 w2 + 20 %1 wl + 24 %i v3

2
+16 v2 -8%i vl -8%i u3 -8u2+8%iul +8ubd+128)y

+ (24 8iw3 +16 w2 - 8%iwl-8%iv3-8v2+8%ivl+8v0-32y

8 %i w3 -8w2+8%iwl+ 8w+ 8)/8

(c28) t4:[1s
(c29) /* Retrieve linear equations for the coefficients. */

for i:0 thru K do
fer 0N Ehrus I clor(
display(s4[i,jl :ratcoeff (ratcoeff(L4,y,1) ,%1,3)),
t4:cons(s4li,jl,t4)
);

sd =-w2 +wl +1
0,0
sd =wl - w3
@, al
sd =2w2-v2+v0-4



s4 =3 w3 -wl-v3+vl

o ol
s4 =-6w2 +2v2-u2+uld +16
2,0
21 w3 - 5wl -6 v3+2vl +2u3-2ucul
s4 =
2. 1 2
s4 =30w2 -6 v2 +2 u2 - 84
30
107 w3 - 25wl =21 v3 +5 vl +6 u3 - 2 ul
4 = -
2o Al 2
s4 = - 186 w2 + 30 v2 - 6 uZ2 + 528
4, 0
2667 w3 — 619 wl - 428 v3 + 100 vl + 84 u3 - 20 ul
€4 = - =
4, 1 8
s4 = 1290 w2 - 186 v2 + 30 u2 - 3684
S5 0
18537 w3 - 4291 wl - 2667 v3 + 619 vl + 428 uv3 - 100 ul
s4 =
55 i 8
(a29) done

(c30) /* Try tc solve the system. */

linsolve’t4,
[w0,v0,u0,wl,vl,ul,w2,v2,u2,w3,v3,u3l);

Solution

(e30) wl =0

(e31) vl =0

(e32) wl = 2

(e33) u2 =0

(e34) w2 =3

(e35) v2 =1



(e36) uo =0

(e37) vo =-1
(e38) ul = 0
(e39) w3 =0
(e40) v3=0
(ed4l) u3 =0

(a41) [e30, e31, e32, e33, e34, e35, e36, e37, e38, e39, e40, edll]
(c42) /* Substitute solution into factor. */

gzev(x“4+ul3] *x"3+ul2] *x"2+ull] *x+u(0],%) ;
2 4
(d42) xr(yv+3)-y+x + 2

(c43) /* Test whether it divides f as was proven. */

remainder (f,q) ;
(d43) 0

(c44) /* Finally we demonstrate what happens if K is too small (4). */

al4] :remainder(alkl,y”5); ;
-""x"z 3 2

61988 vv = 1008%1 y + 20 %iy — 8 %i v+ 8 %1

(d44)
8
(c45) asquarel4] :remainder (asquare(Kl,y”5);
3 § 2
(345) -186y +30y -6y +2y-1

(c46) acubel4]:remainder (acubelK],y 5);
4 3 2

2667 8iy -428%iy +84%iy -24%iy+88i

(d46) -
8
(c47) afourthl[4]:remainder(arourth(Kl,y”"5);
3 3 2
(a47) 5286y -84y +16y -4y +1

(c48) /* Campute equation (3.1) for I=4. */

L4:remainder (afourth [4]+ul3] *acube[4]+ul2] *asquare[4]+..1]1* [4]1+ul0],y"5);




(d48) - ((2667 %i w3 + 1488 w2 - 619 %i wl — 428 %i v3 - 240 v2 + 100 %i vl

4
+ 84 %1 u3 + 48 u2 - 20 %i ul - 4224) y

+ (- 428 i w3 - 240 w2 + 100 %i wl + 84 %i v3 + 48 v2 - 20 %i vl - 24 %i u3

3
16 u2 + 8 %i ul +672) y + (84 %i w3 + 48 w2 - 20 %i wl - 24 %i v3 - 16 v2

2
+8%ivl +8% u3 +8u2-8%iul -8ud-128) y

+(-24 %1 w3 -16w2 +8%iwl+88%iv3+8v2-8%ivl-8v0+232y
+8%iw3+8w2-8%iwl-8w -8)/8
(c49) t4:[]1$
(c50) /* Retrieve linear equations for the coefficients. */
for i:0 thru 4 do
for j:0 thru'l do (
display(s4[i,j] :ratcoeff (ratcoeff (L4,y,i) ,%i,3)),

t4:cons(s4(i,jl,td)
);

s4 =-w2 +wl +1
0,0
s4 =wl - w3
0, 1
s4 =2wW2-v2 +v0 - 4
1, 0
s4 =3 w3l -wl-v3+vl
st
s4 ==-6wW2+2v2-u2+u0 +16
2, 0
21 w3 - 5wl -6 v3 +2vl +2u3 -2ul
s4 = -
2, 1 2
s4 =30w2 -6 v2 +2u2 - 84
3, 0
107 w3 - 25wl - 21 v3 +5 vl +6 ul3 - 2 ul
s4 =
3] 2)

s4 = - 186 w2 + 30 v2 - 6 u2 + 528




v 2667 w3 - 619 wl - 428 v3 + 100 vl + 84 u3 - 20 ul

4,1 8

(ds50) done
(c51) /* Try to solve the system. */

linsolve (t4,
[wO,v0,u0,wl,vl,ul,w2,v2,u2,w3,v3,u3l);

Solution
u3
(e51) wl = —
9
2 u3
(e52) vl = —
3
v2 + 15
(e53) wl =
8
9v2 -9
(e54) u2 = —mmm—
8
~ v2 + 23
(e55) w2 =
8
v2 - 1
(e56) u0 = -
8
32 =7
(e57) v = ———
4
u3
(e58) ul = - —
9
u3
(e59) w3 = —
9
8 u3
(e60) V3 = ——




(d60) [e51, e52, e53, e54, e55, e56, e57, eS8, e59, e60]
(c61) /* We now specialize u3=0 and v2=0 in the above solution. */

g:ev(ev(x'4+u[3]*x”3+u[2]*x"2+u[1]*x+u[0],%),u3=0,v2=0);
2 2
y 2 2 9y v 4 8
(d6l) = tx (—===—) - —— ¢ vy T
8 8 8

- L PERYES P e B &l GERE E Wit VRSB &

(c62) /* g does not divide f, however */

resultant (f,qg,x);

/user/vaxima/rat/result being loaded.
(fasl /user/vaxima/rat/result.o]
10 6 5 4 3 2
(d62) 5184y (8ly +324y -135y -806y + 85y - 98y + 169)

(c63) /* which is divisible by y*4 explaining the problem. */




