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AEBndix A

Vaxina 1.50
Sat IUar 6 01:41 zl4 l9t2

kD /* Sanple run of algorithm 3.tz */

/* Inhibit garbage coliection message *,/

gcprint:false$

(c3) ./* The folloring bi-variate trn11momial is squarefree and
monic in x as well as 0 is already tuseable evaluationpint for y. Iherefore, step (I) is not needed. )c/

f : x^6+x^5+^( 2 ry+4 ) *x^4+ (y+3 
I 

*x^3+ ( y^2+3 ry+s ) 
.t 

x^ 2+ (2-y) *x-y^ 2+y+2 i2224-3(d3)x (y+3y+5)-y+x ey+4)+x (y+3)+y+xe-fl +x

5
+x +2

(c4) /* Step (F): *,/

factor (subst ( 0 ry, f) ) ;
(d4)

222(x +1) (x +2) (x +x+1)
(c5) /* We choose }!i, ttre irnaginary unit. */

./* Step (N) : */

/* Step (NI): *,/

g[0]:x-Bi;
(ds) x-8i
(c6) ht0J :guotient(sr:Jcst(0ry,f) ,gt0l ) ;s 4 -3 

2(d6)x +(8i+1)x +(ti+3)x +(3ti+2)x +e*L+D x+2Ei
I."zl 1* F!"p (ID). I{e actually c .,ose K smaller than described,
though tLris does not influence the outcome of latter steps */

K:5;(d7) s

(cB) /* Precompute inverse of f '(0rEi)=ht0l (*i). */



r s ratsimp(1/sr:bst (ti rxrh[0] ) ) ;

(d8)

(c9)

for

./* Ccnuutation of gtjl and

I
2

htjl using BIjJ: */

j:I ttrru K do (

6isplay(f I jl :ratcoeff (f ,Yr j) ) ,
,/* Step (IO): */
if j=0

then disPlaY(Bt jl :f t jl ) 
-;j[ ai;birvteiii iialsimptf t jJ-sum(slsl *htj-sl 

's'1' 
j-1) ) ) '

display (s t ji : rlts imp t sr-rbq! (! i r I I 
B ! I I ) 

*l 
I I r .

ai"biuvttrtll :erctienttst jt-ht0l *gl jl ,gt0l ) )

); 32
+x +3x -x*1f =2x

1

4
b =2x +x
I

-x*1
32

+3x

4
h =-8ix +

1

g =ti
I

3
(4-8i) x + (Bi+3)

2
x +(8i+5)x+3ti

4
x +(-48i-1)

2
f =x -1

2

3
x +i2- 3ti)

2
x + (1 -58i) x*2b =-

2

4
58ix +(58i-L2)

58i
Y22

3
x +(-5ti-12)

2
x +(-8Si-6) x-6Bi

h=
2 2

f =Q
3



432
-10x +G32ti-10)x +(10-27*il x +(13-31ti)x+21

b
3

h=
3

4
25tix +Q5 8i-60)x

2

25 8i
=-

2

2
+ (-17 8i - 60) x + (-37 8i - 48) x- 29 *L

g
3

=Q

43
- ]25 x + (- 380 ti - 125) x + (109 - 330 ti)

2
x + (164 - 376 Bi) x + 238

f
4

b=
4

4
(619 ti x +

4

(619 ti - 1488) x

4

619 ri
I

+ (- 391 ti - 1488) xh=
4

+ (- 910 Bi - 1248) x - 762 zil/8

=Qf
5

4

=- (-1738x +
3(- 5164 8i - 1738) x + (1430 - 4545 Bi)

2
xb

5

+ (2299 - 5123 8i) x + 3209)/8

g
5

429t *L
= 

-----I



h =- (42918ix
5

(dro)

3
+ Q29l 8i - 10320) x + (- 2611 ti -

+ (- 6283 ri

2
10320) x

- 8832) x

Biy+Bi

- 5373 Zil/8

(d9) done

(c10) ,/* A.ssign K-ttr order approxirnation of root of f .

alKl :ti+sum(-gt jl ty^j, j,1,K) ;s43
429l- *L y 619 8i y 25 ti y

*/

-l__
2

(c11) /* llhis connwrd verifies our approximation as it was proven. */

rgnainder (sulcst (atKl rx, f) ry^ (K+2) ) ;
6

63729 *r y
(drl)

I
(c12) ,/* Ccmpute powers of alKl rod y^(K+I). */

asquare tKI : remainder (a [K] ^2 ,y^ (x+1) ) ;--T-- 4 3 2
1290y -186y +30y -6y + y-1(dr2)

(c13) acube

2

2

v

lKl : rernainder (a [K] *asquare [K] ry^ (x+1) ) ;s 
--T 

3
18537 si y - 2667 *L y + 428 8i y - 84 gi +24*Ly-88i

(dr3)
I

(c14) afourth [K] :rsnainder (g!@be[[Lry^ (K+1) ) ;sT-s 2
(dr4) -3684y +528y -84y +16y -4Y+1
(c15) /* Set up undetermined 5nl1monia1s of trnssible factor. */

u [0] :w0+v0\z+u0\r^2;
2

(dI5) uOY +v0Y+w0

(c16) u [1] :w1+v1*y+u1*y^2 ;
2

(d16) uly *v1Y+w1
(c17) ul27 zw2+v2*y+u2\^2i



2(d17) u1y +v2y+w2

2

(clg) u [3] :w3+v3*y+u3*y^2;

(dt8) u3y +v3y+w3
(c19) /* Coqxrte equation (3.I) for I=2. */
L2: rernaind"r ,y^ (K+1) ) ;

5(d19) - (Q291 ti wl - 619 ri vI + 100 ri uI - 10320) y

+ (- 619 8i wI + 100 ti vI - 20 ti u1 + 1488) y

3+ (100 ti wI - 20 ti vl + 8 ti ul - 24il y

2+ (-20 tiwl+8tivI-8tiuI-8u0+49) y

+ (8 ti wr - 8 ti vI - 8 v0 - IG) y - g ti w1 - 8 vrO + B)/B

(c20) t2: tl $

(c21) ./* netrieve linear equations for ttre coefficien5. */
for i:0 thru K do

for j:0 ttrru 1 do (

dlsplay(s?l+,j!:ratcoeff (ratcoeff fi2,yri) ,ti, j) ) ,t2:cons(s2 tirjl ,t2)
)i

s2 =w0-1
0r0

s2 =w1
0, 1

s2 =v0+2
110

s2 =v1-wl
1, 1

s2 =u0-6
2rO

5wI-2vI+2u1
s2=

2, I 2



s2 =30
310

25wI-5vl+2ul
s2 =-

3, I
s2 =-186

4ro

619 wI - 100 vl + 20 ul
s2=

4, I 8

- s2 = l29O
510

4291 wl - 619 vl + 100 u1

(d21)

5, 1

done

k2D /* Try to solve ttre slzstem. *./

errcatch (linsolve ( t2 r
[hOrvOruOrwlrv]rull ) ) ;

Dependent equations eliminated: (1 5 7)
Inconsistent equations: Q 4 6)

@22) I1

(c23) /* Corryute eqlntion (3.1) for I=3. */

13 : remainder (aculoe tKI fir [2] *asquare IKI +u tII *a [K] +u [ 0] ,y^ (X+1) ) ;
(d23) ((10320 240 u2 - 1OO 8i ul

5
+ 18537 ti) y + (- 1488 ttz + 619 ti wI + 240 v2 - 100 8i v1 - 48 s2

4
+208i uL-2667 ti) y + (240 w2-100 tiwl -48v2 +20 tivl +16u2

3
- 8*i u1 +428 ti) y + (-48w2+20 8iwl +L6v2 - 8tivI - 8u2

2
+ 8ti uI +8u0 - 84 ti) y + (16 w2-8 8iwI -8112 + I tivl +8v0

+ 24 ri) y - I w2 + 88i wI + 8 vO - I ti)/8

s2 =-
'i.,1



(c24) t3: tI $

(c2il /* neftieve linear equations for ttre coefficients. */

for i:0 thru K do
for j:0 ttrru I do (

display(s3 ti, jl :ratcoeff (ratcoeff (I3,Yri) ,8i' j) ) ,
t3:cons(s3ti,jl ,t3)
); 

s3 =wo-w2
0, 0

s3 =w}-I
0, 1

s3 =2w2-v2+v0
1, 0 

,

s3 =-wI+vI+3
1', 1

s3 =-6r{2+2v2-u2+u0
210

s3=
5wI-2v]-+2uJ.-2L

2, I 2

s3 =30rs2-6v2+2u2
3, 0

25wL-5vI+2uI-107
s3 =-

3, 1 ' 2

s3 = - 186 w2 + 30 v2'6 u2
410

619 wI - 100 v1 + 20 ul - 2667
s3=

4, I
s3 = 1290 \t2 ' 186 v2 + 30 u2

5, 0

429L wl - 619 vI + 100 ul - 18537
s3 =-

5, 1

(d25)

'{L.-

done



b26) /* Try to solve the syston. *,/

errcatch (Iinsolve (E!,
lwO rvO ru0 rwlrvIruI twZ tv2ru2] ) ) ;

Inconsistent equations: (5 7 1)

(d25) tl

k2T /* Ccmpute equation (3.1) for T=4- */

rl: remainder (afourth txl +u t3l *acr:Ice tKl tu t2l *aequare tKl+u[1l*9{{l!JI0J ,y]Jr11l I ;(itn) t tfes3Z 619 ti vl

5
+ 428 ti u3 + 240 u2 - 100 ti u1 - 2947D Y

+ F 2667 ti w3 - 1488 w2 + 619 ti wI + 428 ti v3 + 240 v2 - 100 Bi v1

4

- 84 ti u3 - 48 u2 + 20 8i uI + 422D Y

+ (428ti w3 + 240w2 - 100 ti wI - 84 ti v3 - 48 Y2 + 20 *i vI + 24 ti u3

3
+16 u2 - 8ti u1 -672) y + (- 84 Biw3 - 48w2 +20ti wt+24 tiv3

2

+ 16 v2 - I ti vl - 8 Bi u3 - 8 u2 + 8 ti uI + 8 u0 +128) y

+ Q48i w3 + 16 w2 - I ti wI - 8 *i v3 - Bv2+ 8 ti vI + 8 v0 - 32) y

- 8 ti w3 - 8w2 + 8 8i wI + 8 w0 + $/8

k28) t4: tl $

(c29) /* Retrieve linear eqr:ations for ttre coefficients. */

for i:0 ttrru K do
for j:0 ttrru I do (

display(s4ti, jl:ratcoeff (ratcoeff (A,Y,i) rti, j)) 't4:cons (s4 [i, j] ,t4)
)i 

s4 =-w2+wo+1
0, 0

s4 =wl-w3
0, 1

s4 =2w2-v2+v0-4
110



s4 =3w3-wl-yl+vl
l, I

s4 =-f,u2+2v2-u2+u0+16
2ro

21 w3 - 5 w} - 6 r€ + 2 vl +2 u3 - 2 ul
54 =-

2, I
s4 =30r2-6v2+2u2-84

3, 0

107 w3 - 25 wI - 21 v3 + 5 vi + 5 u3 - 2 ul
s4=

3, l
s4 = - 186 u2 +30ry'2- 6 u2 + 528

4ro

2667 w3 - 619 wl - 428 v3 + 100 vl + 84 u3 - 20 ul

4, I 8

il = 1290 {2 - L86 v2 + 30 u2 - 3684
5, 0

18537 h,3 - 4291 wl - 2567 v3 + 619 vI + 428 u3 - 100 ul
s4=

5, I
(d29) dore

(c30) /* Try to solve the systanr. r/

linsoh'e (t4,
[hO, !O, u0 rwl, vl rul rY2 r\t2 ru2 r't3, v3 ru3] ) i

Solution

(e30)

(e31)

(e32)

(e33)

(e34)

(e35)

wl =0

vI=0
tO=2

u2=0

w2-3

{2-l



(e35)

(e37)

(e38)

(e39)

(e40)

(e{1)
(d{I) [e30, e31, e32, e33, e34r e35, e36, e37, e38, e39, e40, e4I]

lc4il /r Srlcstitute solution into factor. */

g:ev(x^{+r,r[3] t^3+u[2] tr^2+trtll tx+tr[0] rt) ;
2l

(d42) :( (y+3) -y+x +2

(cl3) /r Test whether it divides f as was pro\ren.

remairder (f ,g) ;(d43) 0

(c44) ./* Finally we denronstrate L'trat haEpens if K

u0=0

vO=-1
ul.=0

w3=0

v3=0

u3=0

a[4] : rermirrder (a tKl,v^5) :

519 ti y - 100 ti
3'2

y +20$iy

is too gtall ($. */

8$iy+8ti
(d44)

I
(c45) asguare [4] :remairder (asquare [K],y^5) ;

-

(d45) -186y +30y -6
(c{6) acube [4] :remairder (acrice lKl,y^5) ;

+-3
2667tiy -428tiy +

af curttr [ {] : remainder (arcurt}r tKl, y^5) i

528y -84y +16

/* Ccrqrrte equation (3.1) for I={. */

I,rl:remairder(afcurtht4l+ut3l*aculce[4]+ut2l*asquare[4]+..11*-t{l+u[0],y^5);

2
y +2y-I

2
84tiy -24tiy+8ti

(d45)

(c47)

(d47)

(c48)

2
y -{y+1



(d48) (0667 ti w3 + 1{88 tt2 - 6L9 ti wI - 428 ti v3 - 240 v2 + 100 ri vl
4

+ 84 ti u3 + 48 u2 - 20 $i uI - t224) y

+ (- {28 ti w3 - 2n w2 + 100 ti wr + g4 ti v3 + 48 rr2 - zo$i vl - 24 ti u3

3
- 15 u2 + 8 ti ul +672) y + (8{ $iw3 +49:9/2 - 20 ti wt-24 ti v3 -t6v2

2
+ 8 ti vI + 8 $i u3 + 8 u2 - 8 ti uL - Iu0 - 128) y

+ F 24$i w3 - 16 r{2 + I ti wl + 8 ti v3 + I {2- 8 ti vr - g ro + 32) y

+ 8 ti w3 + 8 {2 - 8 ti sl - I rd} - 8r/8

(c{9) t4: tl $

(c50) /* Retrieve lirpar eqrations for the coefficients. r/
for i:0 ttrru 4 &

for j :0 ttrru I do (

display(s4 ti, jl :ratcoeff (ratoeff $A,y,i) ,ti, j) ) ,
t4:cons(s4[i, j] rt4)
);

s4 =-w2 +n0+1
0, 0

s4 =wl-w3
0, I

s4 =2{2-v2+v0-4r, 0

84 -3w3-wl-v3+vl1,r
s4 = - f, tt} + 2 v2 - u2 + u0 + 16

210

21 w3 - 5 wI - 6 v3 +2 vl +2 u3 - 2 ufs{ =-
2, I

il =30r/2-6v2+2u2-il
3, 0

I07 w3 - 25 wI - 21 v3 + 5 vI + 6 u3 - 2 ul
s4=

3, l
s4 = - 186 w2 + 30 v2 - 6 u2 + 528

4r0

{.



26611 u3 - 619 sI - {28 v3 + I00 vl + &{ u3 - 20 ul

{, I
(d50) done

(c51) /* Try to solve tln system. */

Iinsolrre (t{,
[r*0, v0, u0 rwl, v]. ru]. t{2 rv2 tu2 rrt3, v3, u3 I ) ;

Solutiqr

(e51)
u3

wl=-

2u3
yl--

3

€+15
r0:-

8

9tt2-9
lr8-

8

tn+23
d2--

8

v2-1
u0=-

I
3v2-7

vo=--
4

u3
g]=--

9

u3
w3=-

9

8u3
9J--

9

(e52)

(e53)

(e54)

(e55)

(e56)

(e57)

(e58)

(e59)

(e50)



(d60) [e5I, e52, e53r e54r e55r €56 | eS7, €5g, e59, e60l
(c61) /* We rrow special.ize u3=0 and v2=0 in the above solution. */
g:ev(ev(x^{+ut3l *x^3+u [2] *x^2+u II] *x+u I0l rt) ru3=0,vZ=O) ;2Z
(d61) L**' ,'3 -", -7v-**o*I88848
(c62) /* g does rpt divide f, trcnwer *./

resultant(frgrx) i
/u*r /vaxita/ rat/ cesult being loaded.
I fasl /user/vax ix:e/ rat/ resulf . oI1065432
(d62) 5184y (81y +324y -r35y -BOGy +8G5y -98y+169)
(c63) /* whictr is divisibre by y^{ e:rplaining ttre probrdrr. */

{.


