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Abstract18

Depth first search (DFS) tree is one of the most well-known data structures for designing efficient19

graph algorithms. Given an undirected graph G = (V, E) with n vertices and m edges, the20

textbook algorithm takes O(n + m) time to construct a DFS tree. In this paper, we study the21

problem of maintaining a DFS tree when the graph is undergoing incremental updates. Formally,22

we show:23

Given an arbitrary online sequence of edge or vertex insertions, there is an algorithm that24

reports a DFS tree in O(n) worst case time per operation, and requires O
(
min{m log n, n2}

)
25

preprocessing time.26

Our result improves the previous O(n log3 n) worst case update time algorithm by Baswana27

et al. [1] and the O(n log n) time by Nakamura and Sadakane [15], and matches the trivial Ω(n)28

lower bound when it is required to explicitly output a DFS tree.29

Our result builds on the framework introduced in the breakthrough work by Baswana et30

al. [1], together with a novel use of a tree-partition lemma by Duan and Zhang [9], and the31

celebrated fractional cascading technique by Chazelle and Guibas [6, 7].32
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1 Introduction36

Depth First Search (DFS) is one of the most renowned graph traversal techniques. After37

Tarjan’s seminal work [21], it demonstrates its power by leading to efficient algorithms to38

many fundamental graph problems, e.g., biconnected components, strongly connected com-39

ponents, topological sorting, bipartite matching, dominators in directed graph and planarity40

testing.41
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Real world applications often deal with graphs that keep changing with time. Therefore it42

is natural to study the dynamic version of graph problems, where there is an online sequence43

of updates on the graph, and the algorithm aims to maintain the solution of the studied44

graph problem efficiently after seeing each update. The last two decades have witnessed a45

surge of research in this area, like connectivity [10, 12, 13, 14], reachability [18, 20], shortest46

path [8, 19], bipartite matching [3, 16], and min-cut [22].47

We consider the dynamic maintenance of DFS trees in undirected graphs. As observed48

by Baswana et al. [1] and Nakamura and Sadakane [15], the incremental setting, where49

edges/vertices are added but never deleted from the graph, is arguably easier than the fully50

dynamic setting where both kinds of updates can happen — in fact, they provide algorithms51

for incremental DFS with Õ(n) worst case update time, which is close to the trivial Ω(n)52

lower bound when it is required to explicitly report a DFS tree after each update. So, is53

there an algorithm that requires nearly linear preprocessing time and space, and54

reports a DFS tree after each incremental update in O(n) time? In this paper,55

we study the problem of maintaining a DFS tree in the incremental setting, and give an56

affirmative answer to this question.57

1.1 Previous works on dynamic DFS58

Despite the significant role of DFS tree in static algorithms, there is limited progress on59

maintaining a DFS tree in the dynamic setting.60

Many previous works focus on the total time of the algorithm for any arbitrary updates.61

Franciosa et al. [11] designed an incremental algorithm for maintaining a DFS tree in a DAG62

from a given source, with O(mn) total time for an arbitrary sequence of edge insertions;63

Baswana and Choudhary [2] designed a decremental algorithm for maintaining a DFS tree in64

a DAG with expected O(mn log n) total time. For undirected graphs, Baswana and Khan [4]65

designed an incremental algorithm for maintaining a DFS tree with O(n2) total time.66

These algorithms used to be the only results known for the dynamic DFS tree problem.67

However, none of these existing algorithms, despite that they are designed for only a partially68

dynamic environment, achieves a worst case bound of o(m) on the update time.69

That barrier is overcome in the recent breakthrough work of Baswana et al. [1], they70

provide, for undirected graphs, a fully dynamic algorithm with worst case O(
√

mn log2.5 n)71

update time, and an incremental algorithm with worst case O(n log3 n) update time. Due72

to the rich information in a DFS tree, their results directly imply faster worst case fully73

dynamic algorithms for subgraph connectivity, biconnectivity and 2-edge connectivity.74

The results of Baswana et al. [1] suggest a promising way to further improve the worst case75

update time or space consumption for those fully dynamic algorithms by designing better76

dynamic algorithms for maintaining a DFS tree. In particular, based on the framework77

by Baswana et al. [1], Nakamura and Sadakane [15] propose an algorithm which takes78

O(
√

mn log1.75 n/
√

log log n) time per update in the fully dynamic setting and O(n log n)79

time in the incremental setting, and O(m log n) bits of space.80

1.2 Our results81

In this paper, following the approach of [1], we improve the update time for the incremental82

setting, also studied in [1], by combining a better data structure, a novel tree-partition lemma83

by Duan and Zhang [9] and the fractional-cascading technique by Chazelle and Guibas [6, 7].84

For any set U of incremental updates (insertion of a vertex/an edge), we let G+U denote85

the graph obtained by applying the updates in U to the graph G. Our results build on the86



L. Chen, R. Duan, R. Wang, H. Zhang and T. Zhang XX:3

following main theorem.87

I Theorem 1. There is a data structure with O(min{m log n, n2}) size, and can be built in88

O(min{m log n, n2}) time, such that given a set U of k insertions, a DFS tree of G + U can89

be reported in O(n + k) time.90

By the above theorem combined with a de-amortization trick in [1], we establish the91

following corollary for maintaining a DFS tree in an undirected graph with incremental92

updates.93

I Corollary 2 (Incremental DFS tree). Given a sequence of online edge/vertex insertions,94

a DFS tree can be maintained in O(n) worst case time per insertion.95

1.3 Organization of the Paper96

In Section 2 we introduce frequently used notations and review two building blocks of our97

algorithm — the tree partition structure [9] and the fractional cascading technique [6, 7]. In98

Section 3, we consider a batched version of the incremental setting, where all incremental99

updates are given at once, after which a single DFS tree is to be reported. Given an effi-100

cient scheme to answer queries of form Q(T (·), ·, ·), we prove Theorem 1, which essentially101

says there is an efficient algorithm, which we call BatchInsert, for the batched incremental102

setting. In Section 4, we elaborate on the implementation of the central query subrou-103

tine Q(T (·), ·, ·) used in the batched incremental algorithm. We first review a standard104

de-amortization technique, applying which our algorithm for the batched setting directly105

implies the efficient algorithm for the incremental setting stated in Corollary 2. We then,106

in Sections 4.1 and 4.2 respectively, introduce (1) an optimized data structure that takes107

O(m log n) time for preprocessing and answers each query in O(log n) time, and (2) a rela-108

tively simple data structure that takes O(n2) time for preprocessing and answers each query109

in O(1) time. One of these two structures, depending on whether m log n > n2 or not, is then110

used in Section 4.3 to implement a scheme that answers each query in amortized O(1) time.111

This is straightforward when the (n2, 1) structure is used. When instead the (m log n, log n)112

structure is used, we apply a nontrivial combination of the tree partition structure and the113

fractional cascading technique to bundle queries together, and answer each bundle using a114

single call to the (m log n, log n) structure. We show that the number of such bundles from115

queries made by BatchInsert cannot exceed O(n/ log n), so the total time needed for queries116

is O(n). This finishes the proof of Theorem 1 and Corollary 2 and concludes the paper.117

2 Preliminaries118

Let G = (V, E) denote the original graph, T a corresponding DFS tree, and U a set of119

inserted vertices and edges. We first introduce necessary notations.120

T (x): The subtree of T rooted at x.121

path(x, y): The path from x to y in T .122

par(v): The parent of v in T .123

N(x): The adjacency list of x in G.124

L(x): The reduced adjacency list for vertex x, which is maintained during the algorithm.125

T ∗: The newly generated DFS tree.126

par∗(v): The parent of v in T ∗.127

Our result uses a tree partition lemma in [9] and the famous fractional cascading structure128

in [6, 7], which are summarized as the following two lemmas.129
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I Lemma 3 (Tree partition structure [9]). Given a rooted tree T and any integer parameter k130

such that 2 ≤ k ≤ n = |V (T )|, there exists a subset of vertices M ⊆ V (T ), |M | ≤ 3n/k − 5,131

such that after removing all vertices in M , the tree T is partitioned into sub-trees of size at132

most k. We call every v ∈M an M -marked vertex, and M a marked set. Also, such M can133

be computed in O(n log n) time.134

I Lemma 4 (Fractional cascading [6, 7]). Given k sorted arrays {Ai}i∈[k] of integers with135

total size
∑k

i=1 |Ai| = m. There exists a data structure which can be built in O(m) time and136

using O(m) space, such that for any integer x, the successors of x in all Ai’s can be found137

in O(k + log m) time.138

3 Handling batch insertions139

In this section, we study the dynamic DFS tree problem in the batch insertion setting.140

The goal of this section is to prove Theorem 1. Our algorithm basically follows the same141

framework for fully dynamic DFS proposed in [1]. Since we are only interested in the142

dynamic DFS tree problem in the batch insertion setting, the algorithms BatchInsert and143

DFS presented below is a moderate simplification of the original algorithm in [1], by directly144

pruning those details unrelated to insertions.145

Algorithm 1: BatchInsert
Data: a DFS tree T of G, set of insertions U

Result: a DFS tree T ∗ of G + U

1 Add each inserted vertex v into T , set par(v) = r;
2 Initialize L(v) to be ∅ for each v;
3 Add each inserted edge (u, v) to L(u) and L(v);
4 Call DFS(r);

146

Algorithm 2: DFS
Data: a DFS tree T of G, the entering vertex v

Result: a partial DFS tree
1 Let u = v;
2 while par(u) is not visited do
3 Let u = par(u);
4 Mark path(u, v) to be visited;
5 Let (w1, . . . , wt) = path(u, v);
6 for i ∈ [t] do
7 if i 6= t then
8 Let par∗(wi) = wi+1;
9 for child x of wi in T except wi+1 do

10 Let (y, z) = Q(T (x), u, v), where y ∈ path(u, v);
11 Add z into L(y);

12 for i ∈ [t] do
13 for x ∈ L(wi) do
14 if x is not visited then
15 Let par∗(x) = wi;
16 Call DFS(x);

147
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In Algorithm BatchInsert, we first attach each inserted vertex to the super root r, and148

pretend it has been there since the very beginning. Then only edge insertions are to be149

considered. All inserted edges are added into the reduced adjacency lists of corresponding150

vertices. We then use DFS to traverse the graph starting from r based on T , L, and build151

the new DFS tree while traversing the entire graph and updating the reduced adjacency152

lists.153

In Algorithm DFS, the new DFS tree is built in a recursive fashion. Every time we enter154

an untouched subtree, say T (u), from vertex v ∈ T (u), we change the root of T (u) to v and155

go through path(v, u); i.e., we wish to reverse the order of path(u, v) in T ∗. One crucial step156

behind this operation is that we need to find a new root for each subtree T (w) originally157

hanging on path(u, v). The following lemma tells us where the T (w) should be rerooted on158

path(u, v) in T ∗.159

I Lemma 5 ([1]). Let T ∗ be a partially constructed DFS tree, v the current vertex being160

visited, w an (not necessarily proper) ancestor of v in tree T ∗, and C a connected component161

of the subgraph induced by unvisited vertices. If there are two edges e and e′ from C incident162

on v and w, then it is sufficient to consider only e during the rest of the DFS traversal.163

Let Q(T (w), u, v) be the edge between the highest vertex on path(u, v) incident to a164

vertex in subtree T (w), and the corresponding vertex in T (w). Q(T (w), u, v) is defined to165

be Null if such an edge does not exist. By Lemma 5, it suffices to ignore all other edges166

but just keep the edge returned by Q(T (w), u, v); this is because we have reversed the order167

of path(u, v) in T ∗ and thus Q(T (w), u, v) connects to the lowest possible position in T ∗.168

Hence T (w) should be rerooted at Q(T (w), u, v).169

Denote (x, y) to be the edge returned by Q(T (w), u, v) where x ∈ path(u, v), and then170

we add y into L(x). After finding an appropriate entering edge for each hanging subtree,171

we process each vertex v ∈ path(u, v) in ascending order of depth (with respect to tree T ).172

For every unvisited w ∈ L(v), we set par∗(w) = v, and recursively call DFS(w).173

I Theorem 6. BatchInsert correctly reports a feasible DFS tree T ∗ of graph G + U .174

Proof. We argue that in a single call DFS(v), where u is the highest unvisited ancestor of v,175

every unvisited (at the moment of being enumerated) subtree T (w) hanging from path(u, v),176

as well as every vertex on path(u, v) except v, will be assigned an appropriate parent such that177

these parent-child relationships constitute a DFS tree of G at the termination of BatchInsert.178

When the traversal reaches v, the entire T (u) is untouched, or else u would have been marked179

by a previous visit to some vertex in T (u). We could therefore choose to go through path(v, u)180

to reach u first. By Lemma 5, if a subtree T (w) is reached from some vertex on path(u, v), it181

suffices to consider only the edge Q(T (w), u, v). After adding the query results of all hanging182

subtrees into the adjacency lists of vertices on path(u, v), every hanging subtree visited from183

some vertex x on path(u, v) should be visited in a correct way through edges in L(x) solely.184

Since every vertex will eventually be assigned a parent, BatchInsert does report a feasible185

DFS tree of graph G + U . J186

For now we have not discussed how to implement Q(T (w), u, v) and the above algorithm187

only assumes blackbox queries to Q(T (·), ·, ·). The remaining problem is to devise a data188

structure D to answer all the queries demanded by Algorithm DFS in O(n) total time.189

We will show in the next section that there exists a data structure D with the desired190

performance, which is stated as the following lemma.191
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I Lemma 7. There exists a data structure D with preprocessing time O
(
min{m log n, n2}

)
192

time and space complexity O
(
min{m log n, n2}

)
that can answer all queries Q(T (w), x, y)193

in a single run of BatchInsert in O(n) time.194

Proof of Theorem 1. By Lemma 7, the total time required to answer queries is O(n).195

The total size of reduced adjacency lists is bounded by O(n + |U |), composed by O(|U |)196

edges added in BatchInsert and O(n) added during DFS. Thus, the total time complexity of197

BatchInsert is O(n + |U |).198

During preprocessing, we use depth first search on G to get the initial DFS tree T , and199

buildD in time O
(
min{m log n, n2}

)
. The total time for preprocessing is O

(
min{m log n, n2}

)
.200

J201

4 Dealing with queries in BatchInsert202

In this section we prove Lemma 7. Once this goal is achieved, the overall time complexity203

of batch insertion taken by Algorithm BatchInsert would be O(n + |U |).204

In the following part of this section, we will first devise a data structure in Section 4.1,205

that answers any single query Q(T (w), u, v) in O(log n) time, which would be useful in other206

parts of the algorithm. We will then present another simple data structure in Section 4.2,207

which requires O(n2) preprocessing time and O(n2) space and answers each query in O(1)208

time. Finally, we propose a more sophisticated data structure in Section 4.3, which requires209

O(m log n) preprocessing time and O(m log n) space and answer all queries Q(T (w), x, y)210

in a single run of BatchInsert in O(n) time. Hence, we can always have an algorithm that211

handles a batch insertion U in O(n + |U |) time using O(min{m log n, n2}) preprocessing212

time and O(min{m log n, n2}) space, thus proving Theorem 1. We can then prove Corollary213

2 using the following standard de-amortization argument.214

I Lemma 8. (Lemma 6.1 in [1]) Let D be a data structure that can be used to report215

the solution of a graph problem after a set of U updates on an input graph G. If D can be216

initialized in O(f) time and the solution for graph G+U can be reported in O(h+|U |×g) time,217

then D can be modified to report the solution after every update in worst-case O
(√

fg + h
)

218

update time after spending O(f) time in initialization, given that
√

f/g ≤ n.219

Proof of Corollary 2. Taking f = min{m log n, n2}, g = 1, h = n and directly applying the220

above lemma will yield the desired result. J221

4.1 Answering a single query in O(log n) time222

We show in this subsection that the query Q(T (·), ·, ·) can be reduced efficiently to the range223

successor query (see, e.g., [17], for the definition of range successor query), and show how224

to answer the range successor query, and thus any individual query Q(T (·), ·, ·), in O(log n)225

time.226

To deal with a query Q(T (w), x, y), first note that since T is a DFS tree, all edges not in227

T but in the original graph G must be ancestor-descendant edges. Querying edges between228

T (w) and path(x, y) where x is an ancestor of y and T (w) is hanging from path(x, y) is there-229

fore equivalent to querying edges between T (w) and path(x, par(w)), i.e., Q(T (w), x, y) =230

Q(T (w), x, par(w)). From now on, we will consider queries of the latter form only.231

Consider the DFS sequence of T , where the i-th element is the i-th vertex reached232

during the DFS on T . Note that every subtree T (w) corresponds to an interval in the DFS233

sequence. Denote the index of vertex v in the DFS sequence by first(v), and the index of234



L. Chen, R. Duan, R. Wang, H. Zhang and T. Zhang XX:7

the last vertex in T (v) by last(v). During the preprocessing, we build a 2D point set S. For235

each edge (u, v) ∈ E, we add a point p = (first(u), first(v)) into S. Notice that for each236

point p ∈ S, there exists exactly one edge (u, v) associated with p. Finally we build a 2D237

range tree on point set S with O(m log n) space and O(m log n) preprocessing time.238

To answer an arbitrary query Q(T (w), x, par(w)), we query the point with minimum239

x-coordinate lying in the rectangle Ω = [first(x), first(w) − 1] × [first(w), last(w)]. If no240

such point exists, we return Null for Q(T (w), x, par(w)). Otherwise we return the edge241

corresponding to the point with minimum x-coordinate.242

Now we prove the correctness of our approach.243

If our method returns Null, Q(T (w), x, par(w)) must equal Null. Otherwise, suppose244

Q(T (w), x, par(w)) = (u, v). Noticing that (first(u), first(v)) is in Ω, it means our method245

will not return Null in that case.246

If our method does not return Null, denote (u′, v′) to be the edge returned by our247

method. We can deduce from the query rectangle that u′ ∈ T (x)\T (w) and v′ ∈ T (w).248

Thus, Q(T (w), x, par(w)) 6= Null. Suppose Q(T (w), x, par(w)) = (u, v). Notice that249

(first(u), first(v)) is in Ω, which means first(u′) ≤ first(u). If u′ = u, then our method250

returns a feasible solution. Otherwise, from the fact that first(u′) < first(u), we know251

that u′ is an ancestor of u, which contradicts the definition of Q(T (w), x, par(w)).252

4.2 An O(n2)-space data structure253

In this subsection we propose a data structure with quadratic preprocessing time and space254

complexity that answers any Q(T (·), ·, ·) in constant time.255

Since we allow quadratic space, it suffices to precompute and store answers to all possible256

queries Q(T (w), u, par(w)). For preprocessing, we enumerate each subtree T (w), and fix the257

lower end of the path to be v = par(w) while we let the upper end u go upward from v by258

one vertex at a time to calculate Q(T (w), u, v) incrementally, in order to get of the form259

Q(T (w), ·, ·) in O(n) total time.260

As u goes up, we check whether there is an edge from T (w) to the new upper end u in261

O(1) time; for this task we build an array (based on the DFS sequence of T ) for each vertex,262

and insert an 1 into the appropriate array for each edge, and apply the standard prefix263

summation trick to check whether there is an 1 in the range corresponding to T (w). To be264

precise, let Au : [n]→ {0, 1} denote the array for vertex u. Recall that first(v) denotes the265

index of vertex v in the DFS sequence, and last(v) the index of the last vertex in T (v). For a266

vertex u, we set Au[first(v)] to be 1 if and only if there is an edge (u, v) where u is the higher267

end. Now say, we have the answer to Q(T (w), u, v) already, and want to get Q(T (w), u′, v)268

in O(1) time, where u′ = par(u). If there is an edge between T (w) and u′, then it will be the269

answer. Or else the answer to Q(T (w), u′, v) will be the same as to Q(T (w), u, v). In order270

to know whether there is an edge between T (w) and u′, we check the range [first(w), last(w)]271

in Au′ , and see if there is an 1 in O(1) time using the prefix summation trick.272

I Lemma 9. The preprocessing time and query time of the above data structure are O(n2)273

and O(1) respectively.274

Proof. The array Au and its prefix sum can be computed for each vertex u in total time275

O(n2). For each subtree T (w), we go up the path from w to the root r, and spend O(1)276

time for each vertex u on path(r, w) to get the answer for Q(T (w), u, par(w)). There are277

at most n vertices on path(r, w), so the time needed for a single subtree is O(n), and that278

needed for all subtrees is n · O(n) = O(n2) in total. On the other hand, for each query, we279



XX:8 An Improved Algorithm for Incremental DFS Tree in Undirected Graphs

simply look it up and answer in O(1) time. Hence we conclude that the preprocessing time280

and query time are O(n2) and O(1) respectively. J281

4.3 An O(m log n)-space data structure282

Observe that in BatchInsert (and DFS), a bunch of queries {Q(T (wi), x, y)} are always made283

simultaneously, where {T (wi)} is the set of subtrees hanging from path(x, y). We may284

therefore answer all queries for a path in one pass, instead of answering them one by one.285

By doing so we confront two types of hard queries.286

First consider an example where the original DFS tree T is a chain L where a1 is the287

root of L and for 1 ≤ i ≤ n − 1, ai+1 is the unique child of ai. When we invoke DFS(a1)288

on L, path(u, v) is the single node a1. Thus, we will call Q(T (a2), a1, a1) and add the289

returned edge into L(a1). Supposing there are no back-edges in this graph, the answer of290

Q(T (a2), a1, a1) will be the edge (a1, a2). Therefore, we will recursively call the DFS(a2) on291

the chain (a2, an). Following further steps of DFS, we can see that we will call the query292

Q(T (w), x, y) for Ω(n) times. For the rest of this subsection, we will show that we can deal293

with this example in linear time. The idea is to answer queries involving short paths in294

constant time. For instance, in the example shown above, path(u, v) always has constant295

length. We show that when the length of path(u, v) is smaller than 2 log n, it is affordable296

to preprocess all the answers to queries of this kind in O(m log n) time and O(n log n) space.297

r

r0

a1 a2

……
an

2 �1 an
2

Figure 1 In this example, if we stick to the 2D-range-based data structure introduced before,
then computing all Q(T (ai), r, r′) would take as much as O(n log n) time.

The second example we considered is given as Figure 1. In this tree, the original root is298

r. Suppose the distance between r and r′ is n/2. When we invoke DFS(r′), path(u, v) the299

path from r to r′. Thus, we will call T (a1, r, r′), T (a2, r, r′), . . ., T (an−2, r, r′), which means300

we make Ω(n) queries. In order to deal with this example in linear time, the main idea is301

using fractional cascading to answer all queries Q(T (w), x, y) with a fixed path(u, v), for all302

subtrees T (w) with small size.303

In the examples shown above, all subtrees cut off path(u, v) have constant size and thus304

the total time complexity for this example is O(n). We will finally show that, by combining305

the two techniques mentioned above, it is enough to answer all queries Q(T (w), x, y) in linear306

time, thus proving Lemma 7.307
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Mv1

v1

v2

Mv2
Mv4

Mv3

v4
v3

(a) In this example, each blue node represents a
vertex vi(1 ≤ i ≤ 4) from set M , and Mvi ’s are
drawn as yellow triangles. For each triangle, a
fractional cascading data structure is built on ad-
jacency lists of all vertices inside.

{� log n

{� log n

{� log n

{� log n

(b) In this picture, sets M and X ∪{r} are drawn
as blue nodes and black nodes respectively, and
each yellow triangle is a subtree rooted at a leaf
of T [X], which has size ≥ log n. Note that every
ancestor-descendent tree path between two black
nodes contains a blue node.

Data structure308

The data structure consists of the following parts.309

(i) Build the 2D-range successor data structure that answers any Q(T (·), ·, ·) in O(log n)310

time.311

(ii) For each ancestor-descendent pair (u, v) such that u is at most 2 log n hops above v,312

precompute and store the value of Q(T (v), u, par(v)).313

(iii) Apply Lemma 3 with parameter k = log n and obtain a marked set of size O(n/ log n).314

Let M be the set of all marked vertices x such that |T (x)| ≥ log n. For every v /∈ M ,315

let ancv ∈M be the nearest ancestor of v in set M .316

Next we build a fractional cascading data structure for each u ∈ M in the following317

way. Let Mu be the set of all vertices in T (u) whose tree paths to u do not intersect318

any other vertices u′ 6= u from M , namely Mu = {v | ancv = u}; see Figure 2a for an319

example. Then, apply Lemma 4 on all N(v), v ∈ Mu where N(v) is treated as sorted320

array in an ascending order with respect to depth of the edge endpoint opposite to v;321

this would build a fractional cascading data structure that, for any query encoded as322

a w ∈ V , answers for every v ∈Mu its highest neighbour below vertex w in total time323

O(|Mu|+ log n).324

Here is a structural property of M that will be used when answering queries.325

I Lemma 10. For any ancestor-descendent pair (u, v), if path(u, v)∩M = ∅, then path(u, v)326

has ≤ 2 log n hops.327

Proof. Suppose otherwise. By definition of marked vertices there exists a marked vertex328

w ∈ path(u, v) that is ≤ log n hops below u. Then since path(u, v) has > 2 log n many hops,329

it must be T (w) ≥ log n which leads to w ∈M , contradicting path(u, v) ∩M = ∅. J330

331
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Preprocessing time332

First of all, for part (i), as discussed in a previous subsection, 2D-range successor data333

structure takes time O(m log n) to initialize. Secondly, for part (iii), on the one hand by334

Lemma 3 computing a tree partition takes time O(n log n); on the other hand, by Lemma335

4, initializing the fractional cascading with respect to u ∈ M costs O(
∑

v∈Mu
|N(v)|) time.336

Since, by definition of Mu, each v ∈ V is contained in at most one Mu, u ∈ M , the overall337

time induced by this part would be O(
∑

u∈M

∑
v∈Mu

|N(v)|) = O(m).338

Preprocessing part (ii) requires a bit of cautions. The procedure consists of two steps.339

(1) For every ancestor-descendent pair (u, v) such that u is at most 2 log n hops above v,340

we mark (u, v) if u is incident to T (v).341

Here goes the algorithm: for every edge (u, w) ∈ E (u being the ancestor), let z ∈342

path(u, w) be the vertex which is 2 log n hops below u (if path(u, w) has less than 2 log n343

hops, then simply let z = w); note that this z can be found in constant time using the344

level-ancestor data structure [5] which can be initialized in O(n) time. Then, for every345

vertex v ∈ path(u, z), we mark the pair (u, v). The total running time of this procedure346

is O(m log n) since each edge (u, w) takes up O(log n) time.347

(2) Next, for each v ∈ V , we compute all entries Q(T (v), u, par(v)) required by (ii) in an348

incremental manner. Let u1, u2, · · · , u2 log n be the nearest 2 log n ancestors of v sorted349

in descending order with respect to depth, and then we directly solve the recursion350

Q(T (v), ui+1, par(v)) =
{

Q(T (v), ui, par(v)) (ui+1, v) is not marked
ui+1 i = 0 or (ui+1, v) is marked

for all 0 ≤351

i < 2 log n in O(log n) time. The total running time would thus be O(n log n).352

Summing up (i)(ii)(iii), the preprocessing time is bounded by O(m log n).353

Query algorithm and total running time354

We show how to utilize the above data structures (i)(ii)(iii) to implement Q(T (·), ·, ·) on line355

9-11 in Algorithm DFS such that the overall time complexity induced by this part throughout356

a single execution of Algorithm BatchInsert is bounded by O(n).357

Let us say we are given (w1, w2, · · · , wt) = path(u, v) and we need to compute Q(T (x), u, v)358

for every subtree T (x) that is hanging on path(u, v). There are three cases to discuss.359

(1) If path(u, v) ∩M = ∅, by Lemma 10 we claim path(u, v) has at most 2 log n hops, and360

then we can directly retrieve the answer of Q(T (x), u, v) from precomputed entries of361

(ii), each taking constant query time.362

(2) Second, consider the case where path(u, v)∩M 6= ∅. Let s1, s2, · · · , sl, l ≥ 1 be the con-363

secutive sequence (in ascending order with respect to depth in tree T ) of all vertices from364

M that are on path(u, v). For those subtrees T (x) that are hanging on path(u, par(s1)),365

we can directly retrieve the value of Q(T (x), u, par(x)) from (ii) in constant time, as by366

Lemma 10 path(u, par(s1)) has at most 2 log n hops.367

(3) Third, we turn to study the value of Q(T (x), u, par(x)) when par(x) belongs to a368

path(si, par(si+1)), i < l or path(sl, v). The algorithm is two-fold.369

(a) First, we make a query of u to the fractional cascading data structure built at vertex370

si (1 ≤ i ≤ l), namely part (iii), which would give us, for every descendent y ∈Msi ,371

the highest neighbour of y below u. Using this information we are able to derive372

the result of Q(T (x), u, v) if |T (x)| < log n, since in this case T (x) ∩M = ∅ and373

thus T (x) ⊆Msi
.374

By Lemma 4 the total time of this procedure is O(|Msi
|+ log n).375
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(b) We are left to deal with cases where |T (x)| ≥ log n. In this case, we directly compute376

Q(T (x), u, v) using the 2D-range successor built in (i) which takes O(log n) time.377

Correctness of the query algorithm is self-evident by the algorithm. The total query378

time is analysed as following. Throughout an execution of Algorithm BatchInsert, (1) and379

(2) contribute at most O(n) time since each T (x) is involved in at most one such query380

Q(T (x), u, v) which takes constant time. As for (3)(a), since each marked vertex s ∈ M381

lies in at most one such path (w1, w2, · · · , wt) = path(u, v), the fractional cascading data382

structure associated with Ms is queried for at most once. Hence the total time of (3)(a)383

is O(
∑

s∈M (|Ms| + log n)) = O(n + |M | log n) = O(n); the last equality holds by |M | ≤384

O(n/ log n) due to Lemma 3.385

Finally we analyse the total time taken by (3)(b). It suffices to upper-bound by O(n/ log n)386

the total number of such x with the property that |T (x)| ≥ log n and path(u, par(x))∩M 6= ∅.387

Let X be the set of all such x’s.388

I Lemma 11. Suppose x1, x2 ∈ X and x1 is an ancestor of x2 in tree T . Then path(x1, x2)∩389

M 6= ∅.390

Proof. Suppose otherwise path(x1, x2)∩M = ∅. Consider the time when query Q(T (x2), u, v)391

is made and let path(u, v) be the path being visited by then. As x2 ∈ X, by definition it must392

be path(u, par(x2))∩M 6= ∅. Therefore, path(u, x2) is a strict extension of path(x1, x2), and393

thus x1, par(x1) ∈ path(u, x2), which means x1 and par(x1) become visited in the same in-394

vocation of Algorithm DFS. This is a contradiction since for any query of form Q(T (x1), ·, ·)395

to be made, by then par(x1) should be tagged “visited” while x1 is not. J396

Now we prove |X| = O(n/ log n). Build a tree T [X] on vertices X ∪ {r} in the natural
way: for each x ∈ X, let its parent in T [X] be x’s nearest ancestor in X ∪ {r}. Because of

|X| < 2#leaves of T [X] + #vertices with a unique child in T [X]

it suffices to bound the two terms on the right-hand side: on the one hand, the number of397

leaves of T [X] is at most n/ log n since for each leave x it has |T (x)| ≥ log n; on the other398

hand, for each x ∈ T [X] with a unique child y ∈ T [X], by Lemma 11 path(x, y) ∩M 6= ∅,399

and so we can charge this x to an arbitrary vertex in path(x, y) ∩M , which immediately400

bounds the total number of such x’s by |M | = O(n/ log n); see Figure 2b for an illustration.401

Overall, |X| ≤ O(n/ log n).402
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