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Abstract
Quantitative judgment aggregation is a new research topic in (computational) social
choice. In this model, agents judge the relative quality of different entities, and
from this we aim to obtain an aggregate assessment of their relative qualities. As is
the case for the more traditional voting-by-ranking model in social choice, there
are corresponding statistical problems. For example, a race provides a “judgment”
of the relative abilities of the contestants, and we may wish to aggregate the
results of multiple races. In this context, we no longer need to worry about, e.g.,
strategic misreporting by the judges, which enlarges the space of possibilities for
aggregation rules. We investigate this larger space theoretically and evaluate on
data from various real races.
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Introduction

In the theory of voting, each voter ranks a set of alternatives, and a voting rule maps the vector of
rankings to either a winning alternative or an aggregate ranking of all the alternatives. There has
been significant interaction between computer scientists interested in voting theory and the learningto-rank community. This latter community is interested in problems such as learning how to rank
webpages in response to a search query, or how to rank recommendations to a user (see, e.g., [26]).
Here, too, one may wish to aggregate multiple rankings into a single one, for example aggregating the
ranking results from different algorithms (“voters”) into a single meta-ranking. The interests of the
communities differ somewhat: e.g., the learning-to-rank community is less concerned about strategic
voting, and more about learning how much weight to assign to each voter. Still, a natural point of
intersection for these two communities is a model in which there is a latent “true” ranking of the
alternatives, of which all the votes are just noisy observations. Given such a model, it is natural to try
to estimate the correct ranking given the votes—and a procedure for doing so corresponds to a voting
rule. (See, e.g., [43, 7, 28, 3, 35, 39] for early work, and [13] for an overview.)
Voting rules are but one type of mechanism in the broader field of social choice, which concerns itself
with the broader problem of making decisions based on the preferences and opinions of multiple
agents, which are not necessarily represented as rankings. For example, in judgment aggregation (for
an overview, see [15]), judges assess whether certain propositions are true or false. If we simply take
a majority vote of the judges for each proposition, the resulting values for the propositions may be
logically inconsistent with each other. This raises the question of what are good judgment aggregation
rules that do result in logically consistent outcomes. The observation that there are other types of
input that are aggregated in social choice leads to the natural question of whether these also have
analogous problems in statistics and machine learning (as is the case for ranking).
In this paper, we study this question for a relatively new model in social choice, which is a quantitative
judgment aggregation problem [9, 10]. Specifically, the goal is to aggregate relative quantitative
judgments, such as: “I believe that using 1 unit of gasoline is as bad as creating 2.7 units of landfill
trash.” As in the case of ranking, there are examples where similar relative “judgments” are produced
by a process other than an agent reporting them. Consider, for example, a race in which contestant A

finishes in 20:00 and contestant B in 30:00. Hence, the “judgment” is that A is 1.5 times as fast as
B. In a different race, their relative performance may be different. We may wish to aggregate these
performances, in order to evaluate the contestants as well as to predict their relative performance in
a future race. Given the different motivation, some of the aspects that are important in the social
choice setting are less important to us here. For example, in a social choice setting, we may worry
about agents strategically misreporting their judgments. In the contexts we are considering, this is
not relevant because a race is not a strategic agent. As we will see, this will expand the set of rules
that we may wish to consider.
Specifically, our goal is to obtain a theoretically well motivated, transparent, interpretable, and
auditable aggregate measure of how relatively well contestants have performed. These other attributes,
in addition to predicting future contests well, are essential for the responsible use of these techniques
for, e.g., establishing a leaderboard.
1.1

Motivating Examples

In this section, we provide three motivating examples on which naïve mean/median performs poorly.
Example 1. When each race has some common “difficulty” (say, headwind, or how hilly a marathon
route is), if a contestant only participates in the “easy” races (or only the “hard” races), simply taking
the median or mean will return biased estimates, as shown in Figure 1.
Contestant \ Race
Alice
Bob
Charlie

Boston
4:00:00
4:11:00

New York
4:10:00
4:18:00

Chicago
3:50:00
4:01:00
4:09:00

Figure 1: Bob finished 8 minutes faster than Charlie in the same race (Chicago), which suggests that
Bob runs marathons faster than Charlie. However, if we look at the results of all three races and
simply take mean or median, Charlie’s mean/median finishing time will be faster than Bob’s. This is
because, in this example, (it appears that) conditions were more favorable in the Chicago marathon.
Example 2. If our data shows that Alice has beaten before Bob in some race, and Bob has beaten
Charlie in another race, but we have never seen Alice and Charlie competing in the same race, we
may want to predict that Alice is a faster runner than Charlie (see Figure 2). More generally, if Bob
does not show up in the testing dataset, then the naïve median/mean effectively ignores all the data
on Bob. However, some of the information can be useful for comparing other contestants.
Contestant \ Race
Alice
Bob
Charlie

Boston
4:11:00

New York
4:10:00
4:18:00

Chicago
4:01:00
4:09:00

Figure 2: The same results as in Figure 1, but with different data missing. If we only look at the data
on Alice and Charlie, it is difficult to judge who is the faster runner; if anything, Charlie appears
slightly faster. However, if we know Bob’s results in these races, then we can use transitivity to infer
that Alice is faster than Charlie.
Example 3. When the variance of the difficulty of the race is much higher than the variance in the
contestants’ performances, taking the median will essentially focus on the result of a single race (the
race with median difficulty) as illustrated in Figure 3.
Quantitative Judgment Aggregation (QJA) takes care of all the issues in previous examples because it
considers relative performance instead of absolute performance.
1.2

Additional Related Work

Random utility models. Random utility models ([17, 46]) explicitly reason about the contestants
being numerically different from each other—e.g., one contestant is generally 1.1 times as fast as
another. However, they are still designed for settings in which the only input data we have is ranking
data, rather than numerical data such as finishing times. Moreover, random utility models generally
2

Contestant \ Race
Alice
Bob
Charlie

Boston
4:00:00
4:11:00
4:10:00

New York
4:10:00
4:18:00
4:32:00

Chicago
3:50:00
4:01:00
4:09:00

Figure 3: Simply taking the median throws away the useful information in the other two races if the
common noise has high variance. Specifically, everyone’s median race time is in Boston, so based on
this we would predict Charlie to be faster than Bob. However, if we consider the other two races as
well it certainly seems that Bob is faster than Charlie.

also do not model common factors, such as a given race being tough and therefore resulting in higher
finishing times for everyone.
Matrix Completion. Richer models considered in recommendation systems appear too general
for the scenarios we have in mind. Matrix completion [32, 2] is a popular approach in collaborative
filtering, where the goal is to recover missing entries given a partially-observed low-rank matrix.
While the exact objective functions are different, our QJA approach is conceptually similar to ranktwo matrix completion. We try to express the contestants’ scores as the sum of two rank-one matrices:
one matrix describing the strength of the candidates (same value across different races) and another
one capturing the difficulty of the race (same offset across different contestants). While using higher
ranks may lead to better predictions, we want to model contestants in a single-dimensional way,
which is necessary for interpretability purposes (the single parameter is interpreted as the “quality” of
the contestant).
Preference Learning. Preference learning trains on a subset of items which have preferences
toward labels and predicts the preferences for all items (see, e.g., [31]). One high-level difference is
that preference learning tends to use existing methodologies in machine learning to learn rankings.
In contrast, our methods (as well as those in previous work [9, 10]) are social-choice-theoretically
well motivated. In addition, our methods are designed for quantitative predictions, while the main
objective of preference learning is to learn ordinal predictions (e.g., rankings).
Elo and TrueSkill. Empirical methods, such as the Elo rating system [14] and Microsoft’s
TrueSkill [20], have been developed to maintain rankings of players in various forms of games.
Unlike QJA, these methods focus more on the online aspects of the problem, i.e., how to properly
update scores after each game. While under specific statistical assumptions, these methods can
in principle predict the outcome of a future game, they are not designed for making ordinal or
quantitative predictions in their nature.

2

Quantitative Judgment Aggregation with `p -Loss

We are now ready to formally define Quantitative Judgment Aggregation (QJA). We generalize earlier
definitions [9, 10] by adding the exponent p; p = 1 corresponds to how it is defined previously.
Definition 1 (Quantitative Judgment Aggregation (QJA) with `p -Loss). A pairwise contest result is a
tuple (a, b, y), indicating that contestant a outperformed contestant b by y units in a contest. Fix p > 0.
Given a set of contestants V with |V | = n, a set of pairwise contest results E = {ai , bi , yi }m
i=1 ,
m
n
and
weights
{w
}
,
the
QJA
problem
with
`
-loss
asks
for
a
vector
x
∈
R
that
minimizes
i
p
i=1
Pm
p
i=1 wi |xai − xbi − yi | .
The `p -loss QJA rule outputs an optimal solution x ∈ Rn to `p -loss QJA (with ties broken arbitrarily).
Intuitively, x reflects the estimated skill levels of the contestants, and serves as a predictor for the
outcome of a future contest. y is by how much a actually outperformed b in one contest in our data,
and the quantity xa − xb is by how much we expect contestant a to outperform contestant b in a
future contest. Generally speaking, we will place the same weight wi = 1 on all races.
QJA with `2 -loss is in important ways similar to taking the average for each contestant.
Lemma 1. When all contestants participate in all contests, and all weights wi = 1, QJA with `2 -loss
is equivalent to taking the mean of each contestant’s results.
3

We defer the proof for the lemma, as well as all other proofs, to Appendix A in the full version of
the paper. In contrast, QJA with `1 -loss is closely related to taking the median. When there are only
two contestants a and b, QJA with `1 -loss consists in setting xa − xb to the median of the pairwise
differences in races. This is considered an essential property in true social choice applications [10]—
for one, it removes incentives to strategically misreport—which is why earlier work did not consider
other values of p; however, for our applications here, this property is not essential. Rather, the
exponent p accounts for compatibility with different noise models. For example, `2 methods usually
perform better with moderate noise, while `1 is much more robust to outliers. Intuitively, a smaller p
works better for stronger noise. This intuition is justified in the following subsection, where we study
the optimality of `p -loss QJA as an estimator. We also provide an axiomatic characterization of `p
QJA in Appendix C.
MLE Interpretation of `p -Loss Rules

2.1

We next show that every `p -loss QJA rule can be interpreted as the maximum-likelihood estimator
for the “true” relative abilities of the contestants, under a model in which contest results are noisy
observations of these latent abilities.
Recall that the i-th pairwise race result (ai , bi , yi ) represents that player ai performed yi units better
than player bi . Assume there exists a latent ground-truth ability vector x∗ , and the value of yi is
drawn independently for each i, from the distribution with Pr[yi ] ∝ exp(−|yi − (x∗ai − x∗bi )|p ). For
example, when p = 2, we observe the difference between the abilities of any pair of contestants with
i.i.d. Gaussian noise. We show that QJA with `p -loss is the MLE for this family of noise models.
Proposition 1. The `p -loss QJA rule is the MLE rule for Pr[yi ] ∝ exp(−|yi − (x∗ai − x∗bi )|p ).

3

Computational Aspects of Quantitative Judgment Aggregation

In this section, we study the computational complexity of `p -loss QJA for different values of p. We
give a clean dichotomy result: we show that the problem is NP-hard when 0 < p < 1, and can
be solved in polynomial time when p ≥ 1. We also present faster algorithms for the special cases
p ∈ {1, 2}.
We first prove that the QJA problem is a special case of the `p -regression problem.
Definition 2 (`p -regression). Given a matrix A ∈ Rm×n and a vector z ∈ Rn , find a vector x that
p
minimizes kAx − zkp .
Theorem 1. Fix any p > 0. The QJA problem with `p -loss is a special case of `p -regression.
Polynomial-Time Algorithms When p ≥ 1

3.1

We first show that `p -loss QJA admits polynomial-time algorithms when p ≥ 1. Because QJA with
`p -loss is a special case of `p -regression, it is sufficient to show that `p -regression can be solved
efficiently. `p -regression is a fundamental problem with many applications in statistical data analysis
and machine learning. It has been studied extensively (see, e.g., [30, 40, 12, 11, 33, 4, 29, 5, 41]). In
particular, we invoke the following recent result from [1].
Lemma 2 ([1]). Fix p ≥ 1. Given A ∈ Rm×n and z ∈ Rn , we can compute a vector x such that
kAx − zkp ≤ minx kAx − zkp + ε in time
r


p 

ep nnz(A)(1 + m| 12 − p1 | n ) + m| 12 − p1 | n2 + nω log kzk2
O
,
m
ε
where nnz(A) is the number of non-zero entries in A, and ω is the matrix multiplication exponent.1
Since the dependence on ε is log(1/ε) in Lemma 2, `p -regression can be solved up to machine
precision in polynomial time. We immediately have the following corollary:
Corollary 1. For any p ≥ 1, QJA with `p -loss can be solved in polynomial time.
1

e ) for O(f polylog f ), and we use Op (f ) to hide factors related to p.
Throughout the paper, we write O(f
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Despite the ongoing effort of improving the running time for `p -regression for general values of p, in
practice it is common to choose p = 1 or p = 2 due to their conceptual simplicity and faster running
time. In the next section, we present faster algorithms for QJA when p ∈ {1, 2}.
Faster Algorithms When p ∈ {1, 2}

3.2

In this section, we show that `p -loss QJA admits faster algorithms when p ∈ {1, 2}. Recall that
p
given A ∈ Rm×n and y, the `p -loss QJA problem is to minimize kAx − zkp over x ∈ Rn . It is a
special case of `p -regression where each row of A has exactly two non-zero entries (Ai,ai = wi and
Ai,bi = −wi ).
We can formulate `1 -regression as a linear program (LP). For `1 QJA, [45] gave a faster algorithm
than using general LP solver.
Lemma 3 ([45]). The `1 QJA problem can be reduced to Minimum Cost Flow. Using the flow
e 1.5 log(nW )), where W = maxi wi .
algorithm in [18], `1 QJA can be solved in time O(m
The `2 -regression problem is also commonly known as the (linear) Least-Square regression problem.
We exploit the special structure of `2 QJA, and relate it to the problem of solving Laplacian linear
systems [36, 25, 6]. Formally, we prove the following theorem.
Theorem 2. QJA with `2 -loss can be computed by solving a Laplacian linear system. In particular,
√
e
using the Laplacian solver in [6], QJA with `2 -loss can be solved in time O(m
log n).
NP-hardness When p < 1

3.3

We complement our positive results by the following hardness result.
Theorem 3. For any 0 < p < 1, it is NP-hard to approximate the `p -loss QJA problem within a
factor of 1 + nc2 for some constant c.
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Experiments

In this section, we conduct experiments on real-world datasets. We make ordinal and quantitative
predictions based on our aggregate evaluation of contestants (QJA). From the experiments we see
that `1 QJA performs as well as or better than the best benchmark on all datasets, for both ordinal and
quantitative predictions. All experiments are done on a laptop with 8GB of memory and a 2.6 GHz
Intel Core i5 CPU.
To evaluate QJA, we consider settings where: (1) contests are reasonably frequent, (2) the contests
provide not only a ranking of the participants but also a numerical score, (3) the outcomes vary from
one contest to the next, and (4) not every contestant appears in every contest. Observing scores of
several consecutive contests, we try to make ordinal/quantitative predictions of the chronologically
next contest using QJA and alternative methodologies. We use the Min-Cost Circulation subroutine
provided in the LEMON library2 to implement `1 QJA (as in [45]). We use Sparse Least Squares
Regression provided by SciPy [22] to implement `2 QJA.
Datasets.
• Programming contests. We use data from Codeforces (codeforces.com), a website hosting
frequent online programming contests. In each contest, a score is given to each participant
according to their performance.
• NYC and Boston marathons. Contests used for training and testing include all NYC and Boston
marathons from 2013 to 2017 in chronological order (i.e. Boston 2013 followed by NYC 2013
followed by Boston 2014, etc.). We use data from marathonguide.com, which publishes results
of all major marathon events. In each marathon, the score of a runner is her finishing time in
seconds.
• Formula One races. We use all 20 Formula One races in 2017 (data from www.formula1.com).
In each race, the score of a driver is the difference (in seconds) between her finishing time and the
first finisher’s.
2

See lemon.cs.elte.hu/trac/lemon.
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• SAT solver competitions. SAT Competition is a competitive event for solvers of the Boolean
Satisfiability (SAT) problem (satcompetition.org). We focus on the main-track results of 2017.
Each SAT instance is treated as a contest, and each solver as a contestant.
Evaluation. For Codeforces, marathon, and Formula One datasets, contests are naturally ordered
by the times at which they happen. In such cases, we use several consecutive contests to predict
the immediately succeeding one. For each point in a figure, we average the results over 5 runs on
different test contests. Specifically, suppose there are m + n contests. For every k = 1, . . . , m, we
report the average accuracy over n = 5 runs. For the i-th run, we use the (m + i)-th contest as test
set, and use the k immediately preceding contests as training data. In the SAT solver competition
dataset, contests (i.e., SAT instances) exhibit no chronological order. We use all contests but one as
the training set to predict the remaining one, and report the average.
Benchmarks. We evaluate `1 and `2 QJA against the following benchmarks. Means and medians
are like QJA in that they use numerical information, but unlike QJA in that they use absolute
instead of relative numbers; i.e., they do not correct for the difficulty of the individual contest. In
one-dimensional environments like ours, means and medians are considered to be among the best
imputation methods for various tasks (see, e.g., [16, 34]). Kemeny-Young and Borda are like QJA in
that they are social-choice-theoretic methods that use relative rather than absolute performance, but
unlike QJA in that they do not use numerical information, only the ranking of contestants. Among
social-choice-theoretic methods, Kemeny-Young and Borda both have natural interpretations as
estimating a “ground truth” ranking of the contestants [42, 43, 7, 38, 8]. We do not claim that
these methods are superior to all other ranking-based methods (such as, for example, random utility
models) for all purposes; but our measure of accuracy, explained below, strongly favors KemenyYoung. Specifically, among ranking-based methods, Kemeny-Young optimizes exactly our measure
of accuracy on the training set, giving it an advantage over every other ranking-based method. (Indeed,
we will see that it significantly outperforms Borda.) See Appendix B for more details about the
benchmarks and the datasets.
• Means. For every contestant in the training set, we take the mean of her scores in all training
contests in which she participates.
• Medians. For every contestant in the training set, we take the median of her scores in all training
contests in which she participates.
• The Kemeny-Young rule [24, 44, 42]. This is a voting method that takes multiple (partial) rankings
of the contestants as input. We obtain these rankings from the training contests. It outputs ordinal
predictions only; specifically, it outputs a ranking that minimizes the number of disagreements on
pairs of contestants with the input rankings.
• The Borda rule. The Borda rule is a voting rule that only uses rankings as input and only produces
a ranking as output. We use a normalized version of the Borda rule. The i-th ranked participant
in contest j receives 1 − 2(i − 1)/(nj − 1) points, where nj is the number of participants in the
contest. The aggregated ranking result is obtained by sorting the contestants by their total points.
• Ratings (for the Codeforces dataset only). Codeforces maintains ratings for all users, using a
variant of the Elo rating system [14]. The ratings are calculated based on all previous contests, and
are intended to be predictive.
• TrueSkill (for the SAT solver dataset only). TrueSkill is a Bayesian skill rating system. The official
python package (see https://trueskill.org/) does not work for contests consisting of more
than 130 participants, so we only test it on the relatively small SAT solver dataset.
There are many other, related approaches that deserve mention in this context, but that are not ideal to
compare to because they do not exactly fit our setting and/or motivation. There is work on predicting
differences in final scores in football [27, 23, 19], but our setting is different, because a football
match always has only two contestants. Similarly, the Bradley-Terry model [21] uses only pairwise
comparisons. Thurstone’s model [37], like the voting methods, only takes ranking information as
input. QJA in some ways resembles matrix factorization, but the focus in that line of work tends to
be on recovering the ground truth from a relatively small number of entries, rather than aggregating
results in a simple, transparent manner.
Ordinal predictions. We first focus on ordinal predictions, which allows us to compare to benchmarks that only output a ranking. We measure the accuracy by the percentage of incorrect pairwise
predictions on core contestants in the test contest’s ranking.
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(a)

(b)

(c)

Figure 4: Comparison of accuracy on the Codeforces dataset.

(a)

(b)

Figure 5: Comparison of accuracy on the marathon dataset.

(a)

(b)

Figure 6: Comparison of accuracy on the F1 dataset.

Figure 4 shows the accuracies of QJA and the benchmarks on the Codeforces dataset. The Figure 4a
shows the error rates of all methods. Note that Codeforces ratings are based on the full history,
and we cannot restrict it to a limited training set. Hence, its performance is a constant in the figure.
In Figure 4b, we pairwise compare `1 QJA to the benchmarks most related to it, Kemeny-Young
and medians, as well as to Codeforces ratings. Numbers below 0 indicate that `1 QJA performs
better. In Figure 4c, we compare `2 QJA to the benchmarks most related to it, Borda and means, as
well as to Codeforces ratings. The figure shows that training on 50 contests, both versions of QJA,
Kemeny-Young, and means are competitive with Codeforces ratings. In addition, `1 QJA performs
similarly to Kemeny-Young, and `2 QJA performs similarly to means.
Figure 5 shows the accuracies of QJA and the benchmarks on the marathon dataset. Figure 5a shows
the error rates of all methods, and Figure 5b plots the differences between `1 QJA and Kemeny-Young,
and between `2 QJA and means, respectively. Medians and Borda are not plotted in the right chart,
since the gaps to QJA are already large enough in 5a. Figure 6 shows similar statistics for the Formula
One dataset. We note that `2 QJA and means are quite close on the Formula One dataset, since, as
discussed above, in that dataset, almost all contestants are present in all contests.
7

The first row of Table 1 shows the accuracies of QJA and the benchmarks on the SAT solver dataset.
The size of the training set here is always the same, consisting of all instances but one. There are
46 qualifying instances in total, as discussed above. `2 QJA does not appear separately since it is
equivalent to means on this dataset. Again, `1 QJA beats all the benchmarks, including the carefully
designed TrueSkill rating system (which, as argued above, would handle online prediction tasks
better).

(a)

(b)

(c)

(d)

(e)

(f)

Figure 7: Comparison of absolute error of differences on the Codeforces, marathon, and F1 datasets.
method
average error rate
average absolute error

`1 QJA
34.84%
327.17

Kemeny-Young
35.98%
N/A

Borda
35.76%
N/A

TrueSkill
35.35%
N/A

means
38.25%
372.85

medians
39.75%
340.95

Table 1: SAT solver competition results.
Quantitative predictions. We now turn our attention to quantitative predictions—where we aim
to predict not only whether A finishes ahead of B, but also by how much. For this, we measure
accuracy by the average absolute error between predicted pairwise differences of scores and the actual
differences. We compare QJA only to means and medians, since the other benchmarks are designed
only for ordinal predictions. Figure 7 shows the errors of QJA and the quantitative benchmarks on the
Codeforces, marathon, and Formula One datasets. Figure 7a shows the error rates of all methods on
the Codeforces dataset. In 7d, we plot, on the Codeforces dataset, the differences of errors between
(1) `1 QJA and medians, and (2) `2 QJA and means. QJA is significantly better than the benchmarks
in terms of quantitative predictions. Figures 7b and 7e (resp. 7c and 7f) similarly compares QJA and
the benchmarks on the marathon (resp. Formula One) dataset. `2 QJA and means are close on the
Formula One dataset for exactly the same reason, as discussed above. The second row of Table 1
show the absolute errors of QJA and the benchmarks on the SAT solver dataset. `1 QJA beats the
benchmarks on average.
Summary of Experimental Results. From the experiments we see that the benchmark methods
often perform very differently across datasets and tasks. For example, Kemeny-Young performs
quite well on the Codeforces and SAT solver datasets, but much worse on the marathon dataset.
Means gives good pairwise predictions on the Codeforces dataset, but performs less well on the other
two. Also, despite its remarkable performance in pairwise predictions as a simple method, means is
consistently worse than both versions of QJA in terms of quantitative predictions. We suspect this
instability of performance is caused in part by the difference in the underlying noise models of the
respective datasets. On the other hand, the two versions of QJA are never significantly worse than
their benchmark counterparts, and in particular `1 QJA performs as well as or better than the best
benchmark on all datasets, for both ordinal and quantitative predictions.
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Broader Impact
Our methods can be used to evaluate contestants in a more accurate, transparent, interpretable and
auditable way. By taking into account more information in a theoretically principled way, our methods
can help prevent potential bias induced by complicated blackbox ranking and preference learning
methods. Of course, implemented in irresponsible ways, our methods could lead to privacy issues (as
they produce predictions of the true, potentially private, “strength” of the contestants), and could be
maliciously manipulated in certain scenarios.
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A

Omitted Proofs


Proof of Lemma 1. Consider any pair of contestants a and b and all k = m/ n2 pairwise contest
results between a and b: {(a, b, yi )}ki=1 . Let ta,i and tb,i be the results of a and b in the i-th race, we
have yi = ta,i − tb,i .
Pk
P
Observe that i=1 (xa − xb − yi )2 is minimized when xa − xb = k1 i yi , and choosing xa =
P
P
1
1
i ta,i and xb = k
i tb,i satisfies this condition. Thus, by setting x to be the mean vector of all
k
contest results, we minimize the `2 -loss between all pairs of contestants simultaneously.
Proof of Proposition 1. The MLE selects
a vector x that maximizes the following quantity (which is
Q
proportional
to the likelihood of x): i exp(−|yi − (xai − xbi )|p ). The logarithm
P
P of this quantities is
− i |yi −(xai −xbi )|p . Maximizing this quantity is equivalent to minimizing i |yi −(xai −xbi )|p ,
which is exactly the objective function of `p -loss QJA.
Proof of Theorem 1. Given a QJA instance (V, E) with |V | = n, E = {ai , bi , yi }m
i=1 and weights
{wi }m
i=1 , we construct an `p -regression instance (A, z) as follows. The matrix A has dimensions
m × n; for the i-th row of A, let Ai,ai = wi , Ai,bi = −wi , and Ai,j = 0 for all other j ∈
/ {ai , bi }.
Let z denote the n-dimensional vector with zi = wi yi . We conclude the proof by noting that any
optimal solution x to the `p -regression instance (A, z) is an
solution to the
QJA
Poptimal
Poriginal
p
m
m
instance (V, E). This is because x minimizes kAx − zkp = i=1 ((Ax)i − zi )p = i=1 wi |xai −
xbi − yi |p .
Proof of Theorem 2. We first show that `2 -regression corresponds to solving a linear system. Let
f (x) denote the objective value of `2 -regression at x. The goal is to minimize
1
2 f (x)

2

= 12 kAx − zk2 = 21 x> A> Ax − z > Ax + 21 z > z.

The derivative is f 0 (x) = A> Ax − A> z. Therefore, f (x) is minimized when x = (A> A)−1 A> z.
Let L = A> A. Because A has only two non-zero entries in each row and they sum up to 0, we can
view A as an edge-vertex incidence matrix and thus L is a graph Laplacian. 3
Finally, we invoke the main result of [6]: given an n × n Laplacian matrix L with
√ m non-zero entries,
one can compute an ε-approximate solution to a linear system in L in time O(m log n log(1/ε)).
Proof of Theorem 3. We reduce Max-Cut to QJA. For a Max-Cut instance G = (V, E) where
|V | = n and |E| = m, we construct an instance with n + 2 activities, {0, 1} ∪ V , and O(n + m)
weighted edges:
•
•
•
•

From 1 to 0 with difference 1 and weight w1 .
From 0 to u for u ∈ V with difference 0 and weight w2 .
From 1 to u for u ∈ V with difference 0 and weight w2 .
From u to v for (u, v) ∈ E with difference 1 and weight 1.

We further require that w1 > nw2 and w2 >

2n
1−p .

To show validity of the reduction, we first establish integrality of any optimal solution.
Lemma 4. Any optimal solution of the `p -regression instance described in the above reduction is
integral. Moreover, all variables must be either 0 or 1 up to a global constant shift.
We need an inequality for the proof of Lemma 4.
Lemma 5. For any d ∈ (0, 21 ], p ∈ (0, 1),
1 − (1 − d)p ≤ pdp .
3

A graph Laplacian matrix L satisfies Li,j < 0 for any i 6= j, and Li,i =

12

P

j6=i

|Li,j |.

Proof. Fix p ∈ (0, 1). Let f (d) = pdp − 1 + (1 − d)p . We have
f 0 (d) = p(pdp−1 − (1 − d)p−1 ).

Note that f 0 is decreasing for d ∈ (0, 1). In other words, f is single peaked on 0, 12 and continuous
at 0. Now we only have to check that f (0) ≥ 0, which is trivial, and f 12 ≥ 0. For the latter, let
g(p) = (p + 1)0.5p − 1.
g(p) ≥ 0 for p ∈ [0, 1] since g(p) is concave on [0, 1] and g(0) = g(1) = 0. The lemma follows.
Proof of Lemma 4. Let x(a) be the potential of activity a. W.l.o.g. assume that in any solution,
x(0) = 0. We first show that if x(1) 6= 1, then moving it to 1 strictly improves the solution. Suppose
|x(1) − 1| = d. By moving x(1) to 1, we decrease the cost on edge (1, 0) by w1 dp . For any other
edge (1, u) incident on 1, the cost can increase by no more than w2 dp , since
|x(1) − x(u) − d|p ≤ |x(1) − x(u)|p + dp .
Overall, the cost decreases by at least
w1 dp − nw2 dp > nw2 dp − nw2 dp = 0.
Now we show that moving any fractional x(u) to the closest value in {0, 1} strictly improves the
solution. There are two cases:
• 0 < x(u) < 1. W.l.o.g. 0 < x(u) ≤ 12 and we try to move it to 0 by a displacement of d = x(u).
The total cost on (0, u) and (1, u) decreases by w2 (dp + (1 − d)p − 1), while the total cost on
edges of form (u, v) and (v, u) can increase by no more than n(dp + (2 + d)p − 2p ). We show
that the former amount is larger by taking the ratio.
w2 (dp + (1 − d)p − 1)
2(dp + (1 − d)p − 1)
>
n(dp + (2 + d)p − 2p )
(1 − p)(dp + (2 + d)p − 2p )
2(dp + (1 − d)p − 1)
≥
2(1 − p)dp
p
d + (1 − d)p − 1
=
(1 − p)dp
p
d − pdp
≥
(1 − p)dp
= 1.
So, there is a positive improvement from rounding x(u).
• x(u) ∈
/ [0, 1]. W.l.o.g. x(u) < 0 and we try to move it to 0 by a displacement of d = −x(u). The
total cost on (0, u) and (1, u) decreases by w2 (dp + (1 + d)p − 1), while the total cost on edges of
form (u, v) and (v, u) can increase by no more than n(dp + (2 + d)p − 2p ). It is easy to see that
n(dp + (2 + d)p − 2p ) < n(dp + (1 + d)p − 1)
2n
<
(dp + (1 + d)p − 1)
1−p
< w2 (dp + (1 + d)p − 1).
We conclude that in any optimal solution, x(0) = 0, x(1) = 1, and for any u ∈ V , x(u) ∈ {0, 1}.
Lemma 6. A Max-Cut instance has a solution of size at least k iff its corresponding Lp -regression
instance has a solution of cost at most nw2 + 2(m − k) + k2p . Moreover, with such a solution to the
Lp -regression instance, one can construct the Max-Cut solution of the claimed size.
Proof. Given a Max-Cut solution of size at least k, setting the potentials of the two vertex sets to be
0 and 1 respectively gives a Lp -regression solution with cost at most nw2 + 2(m − k) + k2p .
Given a `p -regression solution of cost at most nw1 +2(m−k)+k2p , we first round the solution to the
form stated in Lemma 4. The two vertex sets U = {u ∈ V | x(u) = 0} and V = {v ∈ V | x(v) = 1}
then form a Max-Cut solution of size at least k.
Any approximation with an additive error less than 2 − 2p can be rounded to produce an optimal
solution to the optimization version of Max-Cut, not to mention Max-Cut itself is APX-hard.
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B

More Details of the Experiments

Datasets.
• Programming contests. We use data from Codeforces (codeforces.com), a website hosting
frequent online programming contests. In each contest, a score is given to each participant
according to their performance. We train on up to 50 consecutive contests to predict the next
one. Contests used for training and testing are all Division 1 contests (meaning only more skilled
users can participate) ranging from “VK Cup 2016 - Round 1” to “Codeforces Round #467”. The
corresponding time interval is about 2 years. There are usually 500 to 1000 contestants in each
contest.
• NYC and Boston marathons. Contests used for training and testing include all NYC and Boston
marathons from 2013 to 2017 in chronological order (i.e. Boston 2013 followed by NYC 2013
followed by Boston 2014, etc.). We use data from marathonguide.com, which publishes results
of all major marathon events. In each marathon, the score of a runner is her finishing time in
seconds. The numbers of finishers of both marathons are usually very large (more than 20000).
We take only the first 1000 finishers in each marathon for training and evaluation. We train QJA on
up to 5 (corresponding to a time interval of about 2.5 years) consecutive contests.
• Formula One races. We use all 20 Formula One races in 2017 (data from www.formula1.com).
In each race, the score of a driver is the difference (in seconds) between her finishing time and the
first finisher’s. If a driver fails to finish, her score is 100 times the number of laps by which she
is behind the first finisher. There are 20 drivers in each race, and 24 drivers in total. Almost all
drivers are present in all races.
• SAT solver competitions. SAT Competition is a competitive event for solvers of the Boolean
Satisfiability (SAT) problem (satcompetition.org). We focus on the main-track results of 2017.
Each SAT instance is treated as a contest, and each solver as a contestant. Since most instances
are solved by few solvers, we restricted our attention to instances where more than 90% of the
solvers terminate. The score of a solver, when it terminates, is the time used in seconds. If a solver
does not terminate, its score is the time limit. There are 32 contestants (solvers) and 46 qualifying
contests (instances). Note that for the SAT solver dataset, all contestants (solvers) appear in each
contest (instance).
Benchmarks. We evaluate `1 and `2 QJA against the following benchmarks. Means and medians
are like QJA in that they use numerical information, but unlike QJA in that they use absolute
instead of relative numbers; i.e., they do not correct for the difficulty of the individual contest. In
one-dimensional environments like ours, means and medians are considered to be among the best
imputation methods for various tasks (see, e.g., [16, 34]). Kemeny-Young and Borda are like QJA in
that they are social-choice-theoretic methods that use relative rather than absolute performance, but
unlike QJA in that they do not use numerical information, only the ranking of contestants. Among
social-choice-theoretic methods, Kemeny-Young and Borda both have natural interpretations as
estimating a “ground truth” ranking of the contestants [42, 43, 7, 38, 8]. We do not claim that
these methods are superior to all other ranking-based methods (such as, for example, random utility
models) for all purposes; but our measure of accuracy, explained below, strongly favors KemenyYoung. Specifically, among ranking-based methods, Kemeny-Young optimizes exactly our measure
of accuracy on the training set, giving it an advantage over every other ranking-based method. (Indeed,
we will see that it significantly outperforms Borda.)
• Means. For every contestant in the training set, we take the mean of her scores in all training
contests in which she participates. This quantitative aggregation also induces an ordinal aggregation,
simply by sorting the means. Note that if all contestants appear in every contest (as in the SAT
solver dataset), then `2 QJA is equivalent to taking means.
• Medians. For every contestant in the training set, we take the median of her scores in all training
contests in which she participates. Medians more closely resembles `1 QJA.4
• The Kemeny-Young rule [24, 44, 42]. This is a voting method that takes multiple (partial) rankings
of the contestants as input. We obtain these rankings from the training contests. It outputs ordinal
predictions only; specifically, it outputs a ranking that minimizes the number of disagreements on
pairs of contestants with the input rankings. This rule has a natural interpretation as estimating
4

For example, if there are only two contestants who participate in every contest, and one obtains the exact
same score in every contest, then `1 QJA comes down to the median score of the other.
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the “correct” ranking [42, 43], and is again closely related to `1 QJA and medians.5 Finding the
Kemeny-Young outcome is known to be NP-hard. There are exact methods based on integer
programming that can solve instances with up to hundreds of candidates in practice, but for largerscale data (like the datasets we consider), those methods do not scale. It is therefore unrealistic to
compare against certifiably optimal Kemeny-Young outcomes, or to make predictions based on
such outcomes in practice. We use an open-source heuristic solver6 . Based on our tests on smaller
instances, the heuristic solver almost always produces outcomes of the same or similar quality to
the certifiably optimal ones.
• The Borda rule. The Borda rule is a voting rule that only uses rankings as input and only produces
a ranking as output. We use a normalized version of the Borda rule. The i-th ranked participant
in contest j receives 1 − 2(i − 1)/(nj − 1) points, where nj is the number of participants in the
contest. The aggregated ranking result is obtained by sorting the contestants by their total points.
Borda can be viewed as a variant of means 7 , and is therefore also closely related to `2 QJA.
• Ratings (for the Codeforces dataset only). Codeforces maintains ratings for all users, using a
variant of the Elo rating system [14]. The ratings are calculated based on all previous contests, and
are intended to be predictive. We use the ratings right before each contest to predict its result. Note
that although the ratings are quantitative, they are not on a scale related to the actual scores of the
contestants, so we only use them to provide ordinal predictions.
• TrueSkill (for the SAT solver dataset only). TrueSkill is a Bayesian skill rating system. The official
python package (see https://trueskill.org/) does not work for contests consisting of more
than 130 participants, so we only test it on the relatively small SAT solver dataset. It is observed
that TrueSkill generally outperforms the Elo rating system [20], so we only compare to the former.
We remark that the prediction of TrueSkill depends considerably on how we order contests in the
training set. To calibrate for this uncertainty, we shuffle the contests and take the average of error
rates across 100 runs. In each run, the error rate is calculated in the same way as described in the
paper.
There are many other, related approaches that deserve mention in this context, but that are not ideal to
compare to because they do not exactly fit our setting and/or motivation. There is work on predicting
differences in final scores in football [27, 23, 19], but our setting is different, because a football
match always has only two contestants. Similarly, the Bradley-Terry model [21] uses only pairwise
comparisons. Thurstone’s model [37], like the voting methods, only takes ranking information as
input. QJA in some ways resembles matrix factorization, but the focus in that line of work tends to
be on recovering the ground truth from a relatively small number of entries, rather than aggregating
results in a simple, transparent manner.
Contestants to make predictions for. Not every contestant appears in every contest, and some
contestants in the test contest may not appear in any of the training contests. Making predictions for
such contestants only muddles the evaluation of our methods. On the other hand, suppose we make
predictions for all the candidates that have appeared in some training set. Then, as the size of the
training set increases, we make predictions for more participants who do not participate regularly,
potentially worsening the accuracy. Also, as the size of the training set grows, more and more
contestants may become seen and therefore more or less predictable. But on the other hand, to study
the effect of the growth of the training set, we want to keep the set of contestants to predict stable.
We therefore try to make predictions for the largest possible set of contestants that is meaningful and
stable when the size of the training set grows: predict only for the set of contestants that appear in the
testing set and the chronologically last training contest. For the Codeforces dataset, we have no less
than 130, normally about 170 core contestants. For the marathon dataset, we have no less than 40,
normally about 60 core contestants. For the SAT solver competition dataset, the number is always 32
since every contestant participates in every contest. As we will see, in all of our datasets, there are
enough core contestants to predict to suppress variance across contestants.
Multiplicative vs. additive differences. Our aim is to consider and predict relative performance of
contestants, but this can be interpreted in multiple ways. In the experiments, we consider additive
differences between contestants (“A finished 30 seconds before B”), instead of using log to translate
5

To see the similarity, one may again consider the example with two contestants, one of which gets the same
score every time. The outcomes of the three rules are all determined by the median score of the other contestant.
6
See numerical.recipes/whp/ky/kemenyyoung.html
7
Borda assigns scores to contestants linear in their ranks, and when every contestant participates in all
contests, the output ranking is induced by the mean of the scores assigned.
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to multiplicative differences (“A’s finish time was 0.98 of B’s”). For all our benchmarks, considering
additive differences does not make any difference in how they are computed; but, for QJA, it does
matter. This only affects QJA. Experimental results show that the choice affects `1 QJA to only a
barely noticeable extent. This is perhaps not surprising because `1 QJA is more similar to medianbased approaches that are invariant to any monotone transformation. In contrast, experiments show
that working with additive differences makes `2 QJA more accurate. Hence, we only report results
in the additive model.

C

Axiomatic Characterization

We characterize `p QJA by giving a set of axioms for the family of transformation functions of
pairwise loss that we consider. We show that those transformation functions considered in QJA are
essentially the minimum set of functions satisfying these axioms.
Recall that for each pair of contestants a and b where a outperforms b by y, the absolute error of the
prediction vector {x} on this pair is |xa − xb − y|. Using this as the loss function, we obtain the
`1 QJA rule, which has been characterized using axioms in the context of social choice theory [10].
Below we extend this characterization to `p QJA for any positive rational number p ∈ Q+ . Note that
restricting p to be rational is without loss of generality, since the output of `p QJA is continuous in p.
The idea is to consider transforming the absolute error by a transformation function f to obtain the
actual pairwise loss, which is f (|xa − xb − y|). For `p QJA, it is easy to see that the transformation
function is f (t) = tp . To characterize QJA as a family of rules (for different p ∈ Q+ ), we give
axioms for the corresponding family of transformation functions, i.e., tp for p ∈ Q+ . Let F be a
family of transformation functions. Below are the axioms we consider:
• Identity. There is an identity transformation f0 ∈ F , such that f0 (t) = t for any t ≥ 0.
• Invertibility. For each f1 ∈ F , there is an f2 ∈ F such that f1 composed with f2 is identity, i.e.,
for any t ≥ 0,
f1 (f2 (t)) = t.
• Closedness under multiplication. For any f1 , f2 ∈ F , there exists f3 ∈ F such that for any t ≥ 0,
f1 (t) · f2 (t) = f3 (t).
We show below that the family of transformation functions F ∗ corresponding to the QJA rules is the
minimum family of functions satisfying the above axioms.
By the first axiom, the identity transformation f0 where f0 (t) = t is in F ∗ — this corresponds to `1
QJA. Now by the third axiom, for any k ∈ Z+ , f0k is also in F , where f0k (t) = tk . By the second
1/k
1/k
1/k
axiom, for any k ∈ Z+ , f0 is also in F , where f0 (t) = t1/k . This is because f0 (f0k (t)) = t.
1/q
Finally, for any r ∈ Q+ where r = p/q for p, q ∈ Z+ , by the third axiom, f0r = (f0 )p is in F ∗ ,
r
r
where f0 (t) = t .
Note that the above argument establishes that F ∗ contains all transformation functions corresponding
to QJA, i.e.,
{tr | r ∈ Q+ } ⊆ F ∗ .
Below we show the other direction, i.e., {tr | r ∈ Q+ } satisfy the 3 axioms, and as a result,
F ∗ ⊆ {tr | r ∈ Q+ }.
For f1 (t) = tr1 and f2 (t) = tr2 where r1 , r2 ∈ Q+ , we have
f1 (t) · f2 (t) = tr1 +r2 ,
where r1 + r2 ∈ Q+ , and

f1 (f2 (t)) = (tr2 )r1 = tr1 ·r2 ,
where r1 · r2 ∈ Q+ . This implies F ∗ = {tr | r ∈ Q+ } as desired.
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