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Abstract

Optimization under uncertainty is a classic theme in the fields of algorithm design and

machine learning. The traditional design of online algorithms have however proved to

be insufficient for practical instances, since it only tries to optimize for the worst-case

(but possibly highly unlikely) future scenarios. The availability of data and the advent

of powerful machine learning paradigms has led to a promising approach of leveraging

predictions about the future to aid in making decisions under uncertainty. This motivates

us to explore whether algorithm design can go beyond the worst-case, i.e is it possible

to design efficient algorithms that perform well for the typical instances, while retaining

a suitable robustness guarantee for the worst-case instance? This entails our vision of

combining the power of Machine Learning and Algorithm design to get the best of both

worlds. This can be categorized into two inter-dependent parts : (1) How to design the

prediction pipeline to generate forecasts about the future unknowns and (2) Given such

predictions, how to re-design the decision-making algorithm to best leverage them. In

this thesis, we investigate both of these questions, and summarise the key contributions as

follows:

Rent or Buy Problem We investigate the rent-or-buy problem and design a simple

online algorithm that leverages predictions from classification black-box model whose

performance is directly dependent on the prediction error of the classification task. We then

demonstrate that by incorporating the optimization benchmarks in prediction model leads

to significantly better performance, while maintaining a worst-case adversarial result.
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Online Search We define a general online search framework that captures classic

problems like (generalized) ski rental, bin packing, minimum makespan scheduling, etc.

We then model the task of making predictions as a regression problem and show nearly

tight bounds on the sample complexity of this regression problem.

Online Algorithms with Multiple Predictions We study the setting of online covering

problems that are supplemented with multiple predictions. We give algorithmic techniques

that obtain a solution that is competitive against the performance of the best predictor.

We apply our algorithmic framework to solve classical problems such as online set cover,

(weighted) caching, and online facility location in the multiple predictions setting.
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1

Introduction

Decision making under uncertainty is pervasive in today’s world and manifests itself in

many practical instances such as the decision to rent or buy; constructing the most optimal

portfolio in investment; scheduling jobs on a machine(s) etc. A fundamental challenge when

it comes to designing any decision making algorithm is the complete lack of information

about the future. For instance when deciding whether to rent (or buy) a house, a person may

not know how long they will stay at that particular location before they move-out. A longer

duration would suggest buying a house while a shorter duration makes renting a prudent

choice. Traditionally, theoretical analysis of algorithms under uncertainty have always

assumed a pessimistic outlook of the future, i.e the future must hold whatever is worst for

our decision-making. While this assumption leads to very robust theoretical guarantees

for the worst-case; very little is left to say about the performance of these algorithms in

typical real-world instances since the worst-case scenarios might be highly improbable.

This problem becomes specifically significant when one considers the plethora of data that

is readily available in this age. Typical problem instances arise from a distribution (instead

of arising adverserially) and one can expect reasonable forecasts about the future. That

being said, we can not completely rely on the forecasts solely since they are not omniscient
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(and in certain rare cases, can be completely wrong). In contrast to traditional algorithm

design, machine learning (ML) takes a more optimistic approach of trying to predict the

future by fitting an appropriate model to past data. A popular line of recent research has

been to incorporate ML predictions in the design of online algorithms to improve their

performance while preserving (at least partially) the inherent worst-case guarantees. One of

the most popular measures of an online algorithm’s performance is given by the competitive

ratio defined as follows:

Definition 1. For an online minimization problem P, the competitive ratio of an algorithm

A is said to be α if for all problem instances I, the cost of the algorithm on the instance

denoted COSTA pIq satisfies:

COSTA pIq ď α ¨COSTOPT pIq`β

where COSTOPT pIq denotes the cost of an optimal offline algorithm that knows the entire

future in advance and β is a fixed constant.

The competitive ratio captures the ”penalty” an online algorithm has to pay for not

knowing the future, since knowing the future would mean performing optimally and having

a CR of 1. Our goal is to design learning-augmented algorithms whose competitive ratio

gracefully interpolates between optimal offline algorithms if the predictions are accurate

– a property called consistency – and traditional online algorithms that do not use any

predictions – a property called robustness.

The above-mentioned approach entails many important questions:

1. What to predict? A problem can have multiple parameters that are dependent on the

future, we must investigate what parameters are significant for our decision making.

2. How these predictions should be generated? Typically, any prediction paradigm

aims to minimize a certain notion of loss that is related to the mismatch between the
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predicted and the actual values. We will see that incorporating the optimization goals

of the decision maker in the loss function can lead to provably better performance.

3. Once the predictions are generated, how do we design the decision maker that

takes into account these predictions? We want the performance that has a graceful

degradation with the accuracy of the predictions.

1.1 Preliminaries

In this section we setup the notations and necessary framework that will be used throughout

the thesis.

An online version of a problem is such that the entire information about the problem is

not revealed at the beginning but arrives in a piece-by-piece manner. At every instance a

piece of information is revealed, an algorithm has to make a decision that can’t be changed

in the future. In contrast an offline problem is one where the entire input is known to the

algorithm at the outset. Examples of online problems include Ski Rental, Paging, Linear

Search, Secretary Problem. In addition, many popular NP-hard problems such as Travelling

Salesperson or Set Cover have online versions where importance parameters of the problem

are revealed in an online fashion.

1.1.1 Rent-or-Buy Problem

In the rent-or-buy problem a player has two options: to buy a particular resource by paying

a one-time cost, say $B, or to rent it by paying a smaller recurring cost, say at a rate of $1

per day. The player does not know the length of usage in advance, and only learns when

she is finished using the resource.

Learning to Rent

We denote the feature vector by x P XĎ Rd and the duration length by y. We assume that

px,yq is drawn from an unknown joint distribution D. Given a feature vector x, the goal
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of the algorithm is to produce a threshold θ pxq such that the player rents till time θ pxq

and buys if she is still in need of the resource. The goal is to output a function θ p¨q that

minimizes the expected competitive ratio across the distribution. If the distribution D is

known, one can simply compute θ˚p¨q such that θ˚pxq minimizes the competitive ratio for

the conditional distribution y|x. However, the distribution D is not known to the algorithm,

and has to be “learned” from training data. The “learning-to-rent” algorithm observes

n training samples pxi,yiq „ D, and based on them, generates a function θ p¨q that maps

feature vectors x to the wait time.

1.1.2 Online Search Framework

In the ONLINESEARCH framework, there is as an input sequence Σ“ σ1,σ2, . . . available

offline, and the actual online input is a prefix of this sequence ΣT “ σ1,σ2, . . . ,σT , where

the length of the prefix T is revealed online. Namely, in each online step t ą 0, there are two

possibilities: either the sequence ends, i.e., T “ t, or the sequence continues, i.e., T ą t. The

algorithm must maintain, at all times t, a solution that is feasible for the current sequence,

i.e., for the prefix Σt “ σ1, . . . ,σt . The goal is to obtain a solution that is of minimum cost

among all the feasible solutions for the actual input sequence ΣT . Many classical problems

fit into this framework (see section 3.2)

Learning to Search

An instance px,zq of the LEARNTOSEARCH problem is given by a feature x P X, and

the (unknown) cost of the optimal offline solution z P r1,Ms. The two quantities x and z

are assumed to be drawn from a joint distribution on Xˆr1,Ms. A prediction strategy

works with a hypothesis class F that is a subset of functions X ÞÑ r1,Ms and tries to

obtain the best function f PF that predicts the target variable z accurately. For notational

convenience, we set our target y “ lnz, i.e., we try to predict the log-cost of the optimal
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solution. 1 Furthermore, let D denote the input distribution on XˆY , where Y “ r0,Hs

and H “ lnM; i.e., we assume that px,yq „ D.

We define a LEARNTOSEARCH algorithm as a strategy that receives a set of m samples

S „ Dm for training, and later, when given the feature set x of a test instance px,yq „ D

(where y is not revealed to the algorithm), it defines an online algorithm for the ONLINE-

SEARCH problem where the optimal cost is ey.

1.1.3 Online Covering Framework

Online covering is a powerful framework for capturing a broad range of problems in

combinatorial optimization. In each online step, a new linear constraint a ¨xě b is presented

to the algorithm, where x is the vector of variables, a is a vector of non-negative coefficients,

and b is a scalar. The algorithm needs to satisfy the new constraint, and is only allowed to

increase the values of the variables to do so. The goal is to minimize an objective function

c ¨x, where c is the vector of costs that is known offline.

Online Covering with Multiple Predictions

Our goal will be to obtain a generic algorithm for OCP with multiple suggestions. When

the j-th constraint is presented online, the algorithm also receives k suggestions of how

the constraint can be satisfied. We denote the s-th suggestion for the j-th constraint by

variables xip j,sq; they satisfy
řn

i“1 ai jxip j,sq ě 1, i.e., all suggestions are feasible.

To formally define the best suggestion, we say that a solution txi : i P rnsu is supported

by the suggestions txip jq : i P rns, j P rmsu if xi ě xip jq for all j P rms. Using this definition,

we consider below two natural notions of the best suggestion that we respectively call the

experts setting and the multiple predictions setting.

1 Note that predicting the log-cost of OPTpT q is equivalent to predicting the input length T ; when multiple
input lengths might have the same optimal cost, we can just pick the longest one.
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The Experts Setting. In the experts setting, there are k experts, and the s-th suggestion for

each constraint comes from the same fixed expert s P rks (say some fixed ML algorithm or

a human expert). The online algorithm is required to be competitive with the best among

these k experts2. To formalize this, we define the benchmark:

STATIC “min
sPrks

n
ÿ

i“1

ci ¨max
jPrms

xip j,sq.

Note that tmax jPrms xip j,sq : i P rnsu is the minimal solution that is supported by the sugges-

tions of expert s; hence, we define the cost of the solution proposed by expert s to be the

cost of this solution.

The Multiple Predictions Setting. In the multiple predictions setting, we view the set of k

suggestions in each step as a bag of k predictions (without indexing them specifically to

individual predictors or experts) and the goal is to obtain a solution that can be benchmarked

against the best of these suggestions in each step. Formally, our benchmark is the minimum-

cost solution that is supported by at least one suggestion in each online step:

DYNAMIC “min
x̂PX̂

n
ÿ

i“1

ci ¨ x̂i, where

X̂ “ tx̂ : @i P rns,@ j P rms,Ds P rks, x̂i ě xip j,squ.

1.2 Summary of Results

1.2.1 Rent-or-buy

Our goal is to design a learning-to-rent algorithm with an expected competitive ratio of

p1` εq, and analyze the dependence of the number of samples n on the value of ε .

2 This is similar to the experts model in online learning, hence the name.
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– By making mild Lipchitz assumptions on the joint distribution px,yq, we design a

p1` εq accurate algorithm. However this has a sample complexity of Op 1
εOpdq q where

d is dimension of the sample space. We show that we can not avoid an exponential

dependence on d without making further assumptions.

– To reduce the sample complexity, we make an assumption that the binary variable

yě B is PAC-learnable by a hypothesis class of VC Dimension d, and give a 1` ε

competitive algorithm using just Op d
ε2 q samples. Furthermore, we exploit the specific

structure of the problem to improve the sample complexity of the training set to

remove the dependence on d entirely (although at a slightly worse dependence on ε).

– We also consider a noisy model where the labels in the training set are noisy, i.e :

labels for a certain fraction of the input distribution are flipped adverserially. We

give a noise tolerant algorithm for the learning-to-rent problem with a competitive

ratio of 1` 3
?

p, where p is the mis-classification error of a noise tolerant binary

classifier. We complement this bound by showing that for a noise level of η , the best

competitive ratio achievable is 1`
?

η

2 .

– For robustness, we show that none of our algorithms has competitive ratios any worse

than 1` 1
ε

in the adversarial setting.

1.2.2 Online Search

– For the LEARNTOSEARCH problem, we show a sample complexity bound of O
`H¨d

ε

˘

for obtaining a competitive ratio of 1` ε , where H and d respectively represent the

log-range of the optimal cost and a measure of the expressiveness of the function

class F called its pseudo-dimension.

– We also extend this result to the so-called agnostic setting, where the function class

F is no longer guaranteed to contain an exact function f that maps x to z, rather the

7



competitive ratio is now in terms of the best function in this class that approximates

f . We also prove nearly matching lower bounds for our sample complexity bounds

in the two models.

– Our framework can also be extended to the setting where the offline optimal solution

is hard to compute, but there exists an algorithm with competitive ratio c given the

cost of optimal solution. In that case our algorithms gives a competitive ratio cp1`εq,

which can still be better than the competitive ratio without predictions.

Furthermore, we give three examples of classic problems – ski rental with multiple

options, online scheduling, and online bin packing – to illustrate the applicability of the

ONLINESEARCH framework.

1.2.3 Online Covering

– We design an OCP algorithm whose cost is Oplogkq competitive with respect to the

best suggested solution. We give a lower bound of Ωplogkq by only using binary

(0/1) coefficients and unit cost for each variable, which implies that the lower bound

holds even for the special case of the unweighted set cover problem.

– Using standard techniques, we observe that the OCP algorithm can be robustified,

i.e., along with being Oplogkq-competitive against the best suggested solution, the

algorithm can be made Opαq-competitive against the optimal solution where α is the

competitive ratio of the best online algorithm (without predictions).

– Next, we generalize the online covering framework by introducing box-type con-

straints. We demonstrate that our techniques and results from online covering extend

to this more general setting.

We use these formulations for solving online set cover, online caching and online facility

location problems – in the multiple predictions setting.
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1.3 Thesis Roadmap

In chapters 2 and 3 we examine how we can leverage the problem structure in generating

suitable predictions for online algorithms. This is done using a classification based approach

for Rent-or-Buy in chapter 2 and a regression based approach for ONLINESEARCH in

chapter 3. In Chapter 4 we examine the scenario where we have multiple predicted

solutions, and we try to be competitive against the best solution. Chapter 5 contains the

concluding remarks and discussions on future research.
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2

Learning-Augmented Algorithms for Rent-or-Buy

2.1 Introduction

The rent-or-buy (a.k.a. ski rental) problem is considered a classical problem of optimization

under uncertainty. In this problem, an algorithm is faced with one of two choices: a small

recurring (rental) cost, or a large (buying) cost that has to be paid once but no cost thereafter.

This choice routinely arises in our daily lives such as in the decision to rent or buy a house,

corporate decisions to rent or buy data centers, expensive equipment, and so on. Naturally,

the optimal choice depends on the duration of use, a longer duration justifying the decision

to buy instead of renting. But, this is where the uncertainty lies: the length of use is often

not known in advance. We formally define this problem next.

2.1.1 Problem Definition

In the ski rental problem, a skier has two options: to buy skis at a one time cost of (say) $B

or to rent them at a cost of $1 per day. The skier does not know the length of the ski season

in advance, and only learns it once the season ends. Note that if the length of the season

were known, then the optimal policy is to buy at the beginning of the season if it lasts longer

than B days, and rent every day if it is shorter. But, in the absence of this information, an
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algorithm has to decide the duration of renting skis before buying them.

2.1.2 Background

The ski rental problem is perhaps the most fundamental, and structurally simplest, of all

problems in online algorithms, and has been widely studied in many contexts (see, e.g.,

Karlin et al. (1994, 2003); Lotker et al. (2008); Khanafer et al. (2013); Kodialam (2014)),

including that of online algorithms with ML predictions Purohit et al. (2018); Gollapudi

and Panigrahi (2019a). It is well-known that the best competitive ratio achievable by a

deterministic algorithm for this problem is 2 (e.g., Karlin et al. (1988)), and that by a

randomized algorithm is e
e´1 (e.g., Karlin et al. (1994)). The ski-rental problem Karlin et al.

(1994); Lotker et al. (2008); Khanafer et al. (2013); Kodialam (2014), and variants such as

TCP acknowledgment Karlin et al. (2003), the parking permit problem Meyerson (2005a),

snoopy caching Karlin et al. (1988), etc. model the fundamental difficulty in decision

making under uncertainty in many situations.

2.1.3 Our Contributions

We consider a ”learning” version of Ski-Rental problem where the length of the ski-season

is not adversarial but instead arises from an unknown distribution. We show tight sample

complexity bounds to obtain a solution that is within a 1` ε factor of the best possible

solution for that distribution. Next, we consider a PAC-learning framework where we

use a black-box classifier that predicts whether the number of ski-days is greater than

the threshold for buying (or not) and give a 1` 2 ¨
?

ε competitive algorithm if the mis-

classification error is ε . We further demonstrate that these results are noise-tolerant. Finally,

we leverage the specific structure of the rent-or-buy problem to open the black-box learner

and design a special margin-based classifier. By using this new prediction pipeline, we are

able to further improve our sample complexity bounds.

11



2.2 Learning Framework

For notational convenience, we consider a continuous version of the ski rental problem,

where the buying cost is $1, and the length of the ski season is denoted by y. (The

assumption on the buying cost is w.l.o.g. by appropriate scaling.) Therefore, the optimal

offline solution is to buy at the outset when yě 1 and rent throughout when yă 1. We also

denote the feature vector by x P Rd (e.g., weather predictions, skier behavior, etc.) and

assume that px,yq is drawn from an unknown joint distribution D. Given a feature vector x,

the goal of the algorithm is to produce a threshold θ pxq such that the skier rents till time

θ pxq and buys at that point if the ski season is longer. We call θ pxq the wait time of the

algorithm.

If the distribution D were known to the algorithm, then for each input x, it can compute

the conditional distribution y|x and solve the resulting stochastic ski rental problem, i.e.,

where the input is drawn from a given distribution. It is well known that the optimal strategy

in this case can be described by a fixed wait time that we denote as θ˚pxq.

Of course, in general, the distribution D is not known to the algorithm, and has to be

“learned” from training data. The “learning-to-rent” algorithm observes n training samples

pxi,yiq „ D, and based on them, generates a function θ pxq that maps feature vectors x to

the wait time. The (expected) competitive ratio of the algorithm is given by:

CRpθ ,Dq “ Epx,yq„Drgpθ pxq,yqs (2.1)

where gpθ pxq,yq “

# y
minty,1u when yă θ pxq
1`θpxq
minty,1u when yě θ pxq.

(2.2)

The goal of the learning-to-rent algorithm is to output a function θ p¨q that minimizes

CR in Eq. (2.1). Since the ideal strategy is to output the function θ˚p¨q, we measure the

performance of the algorithm as the ratio between CRpθ ,Dq and CRpθ˚,Dq.

Definition 2. A learning-to-rent algorithm A with threshold function θ p¨q is said be pε,δ q-

accurate with n samples, if for any distribution D, after observing n samples, we have the
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following guarantee with probability at least 1´δ :

CRpθ ,Dq ď p1` εq ¨ CRpθ˚,Dq. (2.3)

If we say that an algorithm is p1` εq-accurate, we mean Eq. (2.3) holds for some fixed

constant δ .

The additional parameter D can be dropped when the distribution is clear from the

context.

2.3 Our Approach

In this section we give the main ideas about our algorithms. For arbitrary lipchitz distribu-

tions, discretize the sample space using an ε-net. Then, for each cell in the ε-net, we have

one of two cases. Either, there are sufficiently many samples to estimate the conditional

distribution y | x. Or, a baseline online algorithm can be used for the cell if it has very few

samples.

Our next goal is to improve the dependence on d since the number of features in a

typical setting can be rather large, which would make the previous algorithm prohibitively

expensive. To this end, we use a PAC learning approach to address the problem. Since the

optimal ski rental policy exhibits threshold behavior (rent throughout if yă B and buy at

the outset if y ě B), we treat the underlying learning problem as a classification task. In

particular, we introduce an auxiliary binary variable z that captures the two regimes for the

optimal ski rental policy:

z“
"

1 if yě B
0 if yă B

We then show that if z belongs to a concept class that is pε,δ q PAC-learnable from x, then

we can obtain a learning-to-rent algorithm that achieves a competitive ratio of p1`2
?

εq

with probability 1´δ . This implies, for instance, that if there were a linear classifier for z,

then the number of required training samples n to obtain a p1` εq competitive algorithm
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can be decreased from exponential to linear in d, specifically Opd{ε2q. Finally, our most

significant idea is to modify the loss function in the learning algorithm to incorporate the

optimization objective. In particular, we observe that the classification error is almost

entirely due to samples close to the threshold, but for values of y close to B, mis-classifying

z does not cost us significantly in the ski rental objective. This allows us to create an

artificial margin around the classification boundary and discard all samples that appear in

this margin. Using this improvement, we can improve the sample complexity of the training

set to remove the dependence on d entirely (although at a slightly worse dependence on ε)

2.4 A General Learning-to-Rent Algorithm

As described in the introduction, it is natural (and required) to assume that the joint

distribution D on px,yq is Lipschitz in the sense that similar feature vectors x imply similar

conditional distributions y|x. In this section, our main contribution is to design a learning-

to-rent algorithm under this minimal assumption.

First, we give the precise definition of the Lipschitz property we require. In particular,

we measure distances between distributions using the earth mover distance (EMD) metric.

Definition 3. For probability distributions X,Y over Rd ,

EMDpX,Yq “ min
D:D|x“X,D|y“Y

`

Epx,yq„Dr‖x´ y‖s
˘

.

The joint distribution D above is such that its marginals with respect to y and x are equal

to X and Y respectively. We now define the Lipschitz property using EMD as the distance

measure between distributions.

Definition 4. A joint distribution on px,yq P Rd ˆR` is said to be L-Lipschitz iff for

all x1,x2 P Rd , the marginal distributions Y1 “ y|x1, Y2 “ y|x2 satisfy EMDpY1,Y2q ď

L ¨‖x1´ x2‖2.

Now we are ready to state our main result in this section:
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Theorem 1. For the learning-to-rent problem, if x P r0,1sd , and the joint distribution px,yq

is L-Lipschitz, then there exists an algorithm that uses n “
´

L
?

d
ε

¯Opdq
samples and is

p1` εq-accurate with high probability.1 2

Algorithm 1 Outputs θA for a given distribution on y

Query
´

δ

ε6

¯

samples for some constant δ ą 0.

Initialize array l of length 1
ε2

Let `rθ s Ð average of gpθ ,yq over all samples y.
return θA Ð argminθPrε,1{εs,θ{εPN `rθ s.

2.4.1 Algorithm for a fixed feature

Let us first consider a warm-up example where we have a fixed x and only consider the

conditional distribution y|x (See Algorithm 1). In this case, it is natural to optimize θ over

the empirical samples of y. However, if we don’t put any constraint on θ , the competitive

ratio for a sample y can be unbounded (this can happen when θ is close to 0 or very large),

which might hurt generalization. We solve this problem by proving that it suffices to

consider θ in the range rε,1{εs in order to get an p1`εq-accurate solution. (See Lemma 2).

For this special case, we have the following result:

Theorem 2. If a learning-to-rent problem has only one possible input x, then there exists

an algorithm requiring O
´

δ

ε6

¯

samples that achieves p1` εq accuracy with probability

ě 1´O
ˆ

e´Ωp δ
ε q

ε2

˙

.

Let D be the distribution of y, and θ˚ be the optimal threshold for this distribution and

f ˚D is the optimal expected competitive ratio. We first show that it suffices to get a threshold

that is not much larger than θ˚:

1 with probability exceeding 1´ εΩpdq

2 The quantity ε is considered to be small (ď 0.01) throughout the analysis
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Algorithm 2 Outputs θApxq for multi-dimensional x

Divide the hyper-cube r0,1sd into sub-cubes of side length ε3

64L
?

d
each. The number of

such cubes is N “
´

64L
?

d
ε3

¯d
. Index the cubes by i, where 1ď iď N.

Query Π“

´

1024L
?

d
ε6

¯2d
samples, and let Iε “ rε,1{εs.

Set threshold τ “

´

64L
?

d
ε8

¯d
.

for each sub-cube Ci:
if the number of samples from the sub-cube exceeds τ

then
Compute θi Ð argminθPIε ,θ{εPNEpx,yq:xPCirgpθ ,yqs.
For all x PCi: return θApxq Ð θi.

else
For all x PCi: return θApxq Ð 1.

Lemma 1. Let the length of the ski-renting season y„ D, then:

CRpθ˚` ε,Dq ď p1` εq f ˚D

where f ˚D“ CRpθ˚,Dq is the optimal value and the optimal threshold θ˚“ argminθPR` CRpθ ,Dq.

Proof. We compare the competitive ratio at different values of y. Recall that :

gpθ ,yq “

$

’

&

’

%

p1`θq

mint1,yu if yě θ

y
mint1,yu otherwise

When y ď θ˚ then both thresholds will lead to the same cost and gp.,yq remains

unchanged.

For θ˚` ε ą yą θ˚ we have

gpθ˚` ε,yq
gpθ˚,yq

“
y

1`θ˚
ď 1.

Finally, for yą θ˚` ε , we have

gpθ˚` ε,yq
gpθ˚,yq

“
1`θ˚` ε

1`θ˚
ď p1` εq.

16



Since the ratio is bounded above by 1` ε for all y, after taking the expectation we have

Ey„Drgpθ˚` ε,yqs ď p1` εq ¨Ey„Drgpθ˚,yqs.

The next lemma shows that without loss of generality we only need to consider thresh-

olds in the range rε,1{εs:

Lemma 2. Let f ε
D “min

θPrε, 1
ε s

CRpθ ,Dq then:

f ε
D ď f ˚Dp1` εq,

where f ˚D“ CRpθ˚,Dq is the optimal value, the optimal threshold being θ˚“ argminθPR` CRpθ ,Dq.

Proof. Let θ ε “ argmin
θPrε, 1

ε s
be the optimal threshold within the range rε,1{εs. We

consider different cases for the optimal threshold (without constraints) θ˚.

Case I: When θ˚ P
“

ε, 1
ε

‰

then clearly we have θ˚ “ θ ε .

Case II : θ˚ ă ε , in this case we show that choosing θ “ θ˚` ε is good enough: by

Lemma 1, we have that θ˚` ε P
“

ε, 1
ε

‰

and, f ε
D ď CRpθ˚` ε,Dq ď p1` εq f ˚D.

Case III : θ˚ ą 1
ε
, in this case we show that choosing θ “ 1{ε is good enough. When

yď 1{ε , then gp1{ε,yq ď gpθ˚,yq. When yą 1{ε , then gp1{ε,yq
gpθ˚,yq ď

1{ε`1
y ď

1{ε`1
1{ε “ 1` ε .

Hence, f ε
D ď Ey„D rgp1{ε,yqs ď p1` εq f ˚D.

Next we show how to estimate the expected competitive ratio using samples from the

distribution.

Lemma 3. Given a fixed θ P
“

ε, 1
ε

‰

, by taking δ

ε4 samples of y„D, the quantity Ey„Drgpθ ,yqs

can be estimated to a multiplicative accuracy of ε with probability 1´ e´
2δ

ε .

Proof. Note that when θ P
“

ε, 1
ε

‰

then gpθ ,yq is bounded above by 1
ε
` 1, therefore the

random variable gpθ ,yq has a variance σ2 bounded above by 1
ε2 .
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Let CRpθ ,Dq “Ey„Drgpθ ,yqs be the true mean of the distribution and xCRpθ ,Dq denotes

the estimate that we have obtained by taking δ

ε4 samples. Also, any estimate of gpθ ,yq

is from a distribution whose mean is CRpθ ,Dq and is bounded inside the range r1,1` 1
ε
s.

Therefore, taking δ

ε4 samples and by Hoeffding’s Inequality Hoeffding (1963), we claim

that :

P
“

xCRpθ ,Dq´ CRpθ ,Dq ą t
‰

ď exp
ˆ

´
2δ t
ε2

˙

.

Setting t “ ε and using the fact that CRpθ ,Dq ě 1, we get that with probability: 1´ e´
2δ

ε ,

xCRpθ ,Dq ď p1` εqCRpθ ,Dq.

Finally, we are ready to prove Theorem 2:

Proof of Theorem 2. The algorithm simply involves dividing the segment
“

ε, 1
ε

‰

into small

intervals of ε width. This would give us at most 1{ε2 intervals.(refer to Algorithm 1) For

each interval rθ0´ε,θ0s we use the δ

ε6 samples at θ “ θ0 to calculate xCRpθ0,Dq. We output

the θ0 that has the minimum xCRpθ0,Dq over all such intervals.

By Lemma 3 we know that our estimate is within a p1` εq multiplicative factor of

the true CRpθ0,Dq with probability: 1´ e´
2δ

ε . Since there are at most 1
ε2 such θ0: by a

simple union bound, we claim that all our estimates on the competitive ratio are p1` εq

multiplicative factor of the true CRpθ0,Dq with probability : 1´
ˆ

e´
2δ
ε

ε2

˙

. Also lemma

1 tells us that CRpθ0,Dq is within a p1` εq factor of CRpθ ,Dq for all θ P rθ0´ ε,θ0s.

Therefore, by taking the minimum over all θ0 : we are within a p1` 2ε ` ε2q factor of

min
θPrε, 1

ε s
CRpθ ,Dq. Finally, we invoke lemma 2 to claim that our value is within a p1`4εq

(for ε ă 0.4) multiplicative factor of f ˚. Repeating the above analysis with ε 1 “ ε

4 , we

achieve p1` ε 1q accuracy using 256δ

ε 14
samples with probability: 1´16

´

e´8δ{ε1

ε 12

¯

.
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2.4.2 Algorithm for Multi-dimensional Distribution

To go from a single x to the whole distribution, the main idea is to discretize the domain

of x using an ε-net for small enough ε .3 For each cell in the ε-net, we show that if there

are enough samples in the training set from that cell, then we can estimate the conditional

probability y|x to a sufficient degree of accuracy for the optimization loss to be bounded by

1` ε . On the other hand, if there are too few samples, then the probability density in the

cell is small enough that it suffices to use a worst case online algorithm for all test data in

the cell. (The formal algorithm is given in Algorithm 2.)

Lemma 4. Given two distributions D1,D2 such that EMDpD1,D2q ď ∆, then:

Ey„D1rgpθ ` ε,yqs ď p1` εq

ˆ

1`
∆

ε2

˙

Ey„D2rgpθ ,yqs, for any θ P R`.

Proof. Let pipy0q be the probability that y “ y0 for distribution Di. For y ď θ ` ε :

gpθ`ε,yq
gpθ ,yq ď 1. Also, when yą θ ` ε then, gpθ`ε,yq

gpθ ,yq “ 1`θ`ε

1`θ
ď p1` εq.

Let us begin at distribution D2, and there be an adversary who wants to increase the

expectation Eyrgpθ ` ε,yqs by shifting some probability mass and thereby changing the

distribution. However the adversary cannot change the distribution drastically (which is

where the EMD comes into play), the total earth mover distance between the new and old

distribution can be at most ∆.

The figure 2.1 shows the different values of gpθ ,yq and gpθ `ε,yq in the regions where

yď θ , y P pθ ,θ `εs and yą ε`θ . Note that the difference gpθ `ε,yq´gpθ ,yq is greatest

when yą ε`θ . Shifting any probability mass within the regions yă θ or yą θ ` ε does

not increase the quantity gpθ`ε,yq
gpθ ,yq . If we shift some probability mass from y1 P rθ ,θ ` εs to

y2 ą θ ` ε , the increase in gpθ`ε,y2q
gpθ ,y1q

is upper bounded by 1` ε . Note that we can shift as

3 The ε in the ε-net is not the same as the accuracy parameter ε . We are overloading ε in this description
because the reader may be familiar with the term ε-net; in the formal algorithm (Algorithm 2), we avoid this
overloading.
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FIGURE 2.1: Value of gpθ ,yq in different regimes of y

much mass as we want from y1 “ θ ` ε´ τ to y2 “ θ ` ε` τ for τ Ñ 0`.

The maximum change occurs when we move from y1ă θ to y2ą θ`ε , then gpθ`ε,y2q
gpθ ,y1q

“

´

mint1,y1u
y1

¨
p1`θ`εq

mint1,y2u

¯

ď

´

p1`θ`εq

mint1,y2u

¯

. However, the maximum probability mass that can be

moved is upper bounded by ∆

y2´y1
(Since we know that D1 and D2 differ by ∆).

Thus the upper bound we obtain is,

Ey„D1rgpθ ` ε,yqs
Ey„D2rgpθ ,yqs

ď p1` εq` max
y1Pr0,θq,y2ąθ`ε

ˆ

p1`θ ` εq

mint1,y2u
ˆ

∆

y2´ y1

˙

“ p1` εq`

ˆ

1`θ ` ε

θ ` ε
ˆ

∆

ε

˙

ď p1` εq`p1` εq
∆

ε2

“ p1` εq

ˆ

1`
∆

ε2

˙

As a corollary, by linearity of expectation we know if many distributions are close, then

their optimal solutions are also close:

Corollary 1. Let D1,D2 be two joint distributions on pX ,Y q such that they have the same

support S on X. If @xi,x j P S, Di“Y | pX “ xiq,D j“Y | pX “ x jq satisfies EMDpDi,D jqď∆

then:

Epx,yq„D1 rgpθ ` ε,yqs ď p1` εq

ˆ

1`
∆

ε2

˙

Epx,yq„D2 rgpθ ,yqs
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And,

min
θ

Epx,yq„D1 rgpθ ,yqs ď p1` εq

ˆ

1`
∆

ε2

˙

min
θ

Epx,yq„D2 rgpθ ,yqs

We now give the proof of Theorem 1 to show the sample complexity to obtain a 1` ε

learning-to-rent algorithm:

Proof. Let us focus on a certain sub-cube Ci, we will break them into two cases: one

where the sub-cube gets enough samples and one where the sub-cube does not get enough

samples.

CASE I: Let’s say that we met the threshold and got over 1
ε8d samples in Ci. Let Di be the

true conditional distribution of Y when X “ x lies in Ci. Clearly, when we are sampling Y

where X lies inside Ci our estimate might be a from a different distribution D̂i.

But both these distributions are from a linear combinations of conditional distributions

Y | pX “ xq over x P Ci. Using algorithm 1 we get a θi for Ci and using the result from

Theorem 2 (with δ “ 1
ε8d´6 ), and union bound over all the cubes, we can claim that with a

very high probability: ě 1´O
´

εΩpdq
¯

, it satisfies:

@i Ey„D̂i
rgpθi,yqs ď

´

1`
ε

3

¯

¨min
θ

Ey„D̂i
rgpθ ,yqs (2.4)

Using Corollary 1 we have the following

min
θ

Ey„Dirgpθ ,yqs ď
´

1`
ε

4

¯

ˆ

1`
16∆

ε2

˙

min
θ

Ey„D̂i
rgpθ ,yqs (2.5)

Since for any x,y PC, we have ‖x´ y‖2 ď
ε3

64L , therefore using the Lipchitz assumption, we
have ∆ď ε3

64 . Hence,

min
θ

Ey„D̂i
rgpθ ,yqs ď

´

1`
ε

3

¯

min
θ

Ey„Dirgpθ ,yqs. (2.6)

Using Theorem 2, and for ε ă 0.1,

Ey„Kirgpθi,yqs ď
ˆ

1`
3ε

4

˙

min
θ

Ey„Dirgpθ ,yqs. (2.7)
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CASE II: When Ci does not have enough samples to meet the threshold and we set

θApxq “ 1 for all x PCi. In this case, we have that gpθApxq,yq “ gp1,yq ď 2.

We will see now that the second case occurs with a very small probability. Let Prx PCis

be denoted as pi and let p̂i be our empirical estimation of pi. By Hoeffding’s bound,

Pr}pi´ p̂i} ě ts ď 2e´2Π¨t2
.

where Π“

´

1024L
?

d
ε6

¯2d
is the number of samples we took. If we set t “ ε4d

p1024L
?

dqd
, we

have: ‖pi´ p̂i‖ă ε4d

p1024L
?

dqd
, with probability : ě 1´2expp´ 2

ε4d q. By carrying a simple

union bound over all such i, we show that the above relation holds true for all Ci with

probability:

1´N ¨2e´
2

ε4d .

Using simple inequalities like e´x ă 1
x2 for xą 0 we can show that this probability is greater

than α “ 1´OpεΩpdqq.

Let a cube be termed good if it has the threshold satisfied and bad otherwise. Also,

Cpxq denotes the cube which contains x and ni is the number of samples lying inside cube Ci.

Let V denote the discrete distribution of x over the cubes. The probability pi “ Px„Vrx PCis

that an x chosen from V will lie in Ci is estimated as p̂i “
ni
Π

and as shown above, with
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probability ě 1´α : ‖pi´ p̂i‖ă ε4d

p1024L
?

dqd
We obtain:

Px„VrCpxq is goods “
ÿ

Ci is good

pi

ě
ÿ

Ci isgood

ni

Π
´

ÿ

Ci is good

p}pi´ p̂i}q

ě

ˆ

ř

all cubes Ci
ni´

ř

Ci is bad ni

Π

˙

´
ε4d

p1024L
?

dqd
ˆN

ě 1´
ˆ

ř

Ci is bad ni

Π

˙

´

´

ε

16

¯d

ě 1´
ˆ

Nˆ τ

Π

˙

´

´

ε

16

¯d
.

ě 1´
´

ε

16

¯d
´

´

ε

16

¯d
.

Thus,

Px„VrCpxq is bads ď 2
´

ε

16

¯d
ď

ε

8
.

Therefore, if θApxq is the algorithm’s output and θ˚pxq is the optimal threshold, then we

get:

Epx,yq„DrgpθApxq,yqs “
ˆ

1`
3ε

4

˙

ÿ

Ci is good

pmin
θ

Ex,y„Dirgpθ ,yqsPx„Vrx PCisq

` 2
ÿ

Ci is bad

Px„Vrx PCisq

ď

ˆ

1`
3ε

4

˙

Epx,yq„Drgpθ˚pxq,yqs`2Px„VrCpxq is bads

ď

ˆ

1`
3ε

4

˙

Epx,yq„Drgpθ˚pxq,yqs`
ε

4
.
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Since Epx,yq„Drgpθ˚pxq,yqs ě 1, we have

Epx,yq„DrgpθApxq,yqs ď
ˆ

1`
3ε

4

˙

Epx,yq„Drgpθ˚pxq,yqs`
ε

4
¨Epx,yq„Drgpθ˚pxq,yqs

“ p1` εq ¨Epx,yq„Drgpθ˚pxq,yqs.

2.4.3 Lower Bound Construction

The main shortcoming of Theorem 1 is that there is an exponential dependence of the

sample complexity on the number of feature dimensions d. Unfortunately, this dependence

is necessary, as shown by the next theorem:

Theorem 3. For any learning-to-rent algorithm, there exists a family of 1-Lipschitz joint

distributions px,yq where x P r0,1sd such that the algorithm must query 1
εΩpdq samples in

order to be p1` εq-accurate, for small enough ε ą 0.

FIGURE 2.2: A sub-Hypercube with the core inside

In the construction, we first divide up the feature space r0,1sd , which is in the form

of a hypercube, into smaller hypercubes of side length 9ε . Note that there are 1
p9εqd

such
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sub-hypercubes (see fig 2.2). Next, we define the core of each sub-hypercube as a hypercube

of side length ε at the center of the sub-hypercube. In other words, the core excludes a

boundary of width 4ε in all dimensions. To reduce the effect of the 1-Lipschitz property,

we next make two design choices. First, we define x as being uniformly distributed over

the cores of all the sub-hypercubes, and the boundary regions have a probability density of

0. Second, the conditional distribution y|x is deterministic and invariant in any core, with

value y“ 1´4ε or y“ 1`4ε with probability 1{2 each.

We now prove two key properties of this family of distributions px,yq. The first lemma

shows that we have effectively eliminated the information leakage caused by the 1-Lipschitz

property.

Lemma 5. If an algorithm does not query any sample from a core, then it does not have

any information about the conditional distribution y|x in that core.

Proof. Note that if x1,x2 P Rd are in different cores, then ‖x1´ x2‖ě 8ε . This implies that

even with the 1-Lipschitz property, the EMD between the conditional distributions y|x1 and

y|x2 can be 8ε . Since the two deterministic distributions of y|x used in the construction

have this EMD between them, the lemma follows.

The next lemma establishes that an algorithm that does not have any information about

a conditional distribution y|x in any core essentially cannot do better than random guessing.

Lemma 6. If an algorithm does not query any sample from a core, then its expected

competitive ratio on the conditional distribution y|x in that core is at least 1`2ε .

Proof. If a rent-or-buy algorithm is specified only two possible inputs where y “ 1´4ε

or y “ 1` 4ε (for small enough ε ą 0), it has two possible strategies that dominate all

others: buy at time 0 or rent throughout. The first strategy achieves a competitive ratio of

1
1´4ε

ą 1`4ε for y“ 1´4ε and 1 or y“ 1`4ε , whereas the second strategy achieves a

competitive ratio of 1 for y“ 1´4ε and 1`4ε or y“ 1`4ε . Since the two conditional
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distributions are equally likely in a core for the family of joint distributions constructed

above, the lemma follows.

We are now ready to prove Theorem 3

Proof of Theorem 3. Assume, if possible, that the algorithm uses n “ 1{εd{4 samples.

Recall that we have 1{p9εqd ą 1{εd{2 “ n2 sub-hypercubes (for small enough ε) in the

construction above. This implies that for at least 1´1{n fraction of the sub-hypercubes,

the algorithm does not get any sample from them. By Lemmas 5 and 6, the competitive

ratio of the algorithm on these sub-hypercubes is no better than 1`2ε . Therefore, even if

the algorithm achieved a competitive ratio of 1 on the other sub-hypercubes. the overall

competitive ratio is no better than p1´ 1{nq ¨ p1` 2εq` p1{nq ¨ 1 ą 1` ε . The theorem

now follows from the observation that an optimal algorithm that knows the conditional

distributions y|x in all sub-hypercubes achieves a competitive ratio of 1.

2.5 PAC Learning Approach

In the previous section, we saw that without making further assumptions, the number of

samples required by a learning-to-rent algorithm will be exponential in the dimension of

the feature space. To avoid this, we try to identify reasonable assumptions that allow the

learning-to-rent algorithm to be more efficient.

We follow the traditional framework of PAC learning. Recall that in PAC learning, the

true function mapping features to labels is restricted to a given concept class C :

Definition 5. Consider a set X PRd and a concept class C of Boolean functions X Ñt0,1u.

Let c be an arbitrary hypothesis in C . Let P be a PAC learning algorithm that takes as

input the set S comprising m samples pxi,yiq where xi is sampled from a distribution D

on X and yi “ cpxiq, and outputs a hypothesis ĉ. P is said to be have ε error with failure

probability δ , if with probability at least 1´δ :

Px„Drĉpxq ‰ cpxqs ď ε.
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Standard results in learning theory show that if the function class C is “simple”, the

PAC-learning problem can be solved with a small number of samples. In the learning-to-rent

problem, our goal is to learn the optimal policy θ˚p¨q.

We consider the situation where the value of y is deterministic given x. This assumption

says that the features contain enough information to predict the length of the ski season.

Assumption 1. In the input distribution px,yq „K for the learning-to-rent algorithm, the

value of y is a deterministic function of x i.e y“ f pxq for some function f .

Note that in this case, the optimal solution is going to have competitive ratio of 1, so an

p1` εq-accurate learning-to-rent algorithm must have competitive ratio 1` ε .

Because of Assumption 1, the entire feature space can be divided into two regions: one

where y ă 1 and renting is optimal, and the other where y ě 1 and buying at the outset

is optimal. If the boundary between these two regions is PAC-learnable, we can hope to

improve on the result from the previous section. This could also be seen as a weakening of

Assumption 1:

Assumption 2. In the input distribution px,yq „K for the learning-to-rent algorithm where

X is the domain for x, there exists a hypothesis c : X ÞÑ t0,1u lying in a concept class C

such that c separates the regions yě 1 and yă 1. For notational purposes, we say cpxq “ 1

when yě 1 and cpxq “ 0 when yă 1.

2.5.1 PAC-learning as a black box.

We first show that in this setting, one can use the PAC-learning algorithm as a black-box.

In other words, if we can PAC-learn the concept class C accurately, then we can get

a competitive algorithm for the ski-rental problem. The precise algorithm is given in

Algorithm 3. Note that we only use Assumption 2 here.

The next theorem relates the competitive ratio achieved by Algorithm 3 with the

accuracy of the black-box PAC learner. This implies an upper bound on the sample
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Algorithm 3 Black box learning-to-rent algorithm
Set τ “

?
ε

Learning: Query n samples. Train a PAC-learner.

For test input x:
if PAC-learner predicts yě 1
then θ pxq “ τ

else θ pxq “ 1.

complexity of learning-to-rent, using the sample complexity bounds for PAC learners.

Theorem 4. Given an algorithm that PAC-learns the concept class C with error ε and

failure probability δ , there exists a learning-to-rent algorithm that has a competitive ratio

of p1`2
?

εq with probability 1´δ .

Proof. The algorithm first uses PAC-learning as a black box to learn a hypothesis ĉ. We

then set θ pxq “ 1 when ĉpxq “ 0 and setting θ pxq “ τ (for some small τ that we fix later)

when ĉpxq “ 1.

If D denotes the distribution of input parameter x then we know that,

Px„Drcpxq ‰ ĉpxqs ď ε. (2.8)

Obviously, when ĉpxq “ cpxq “ 1, then our worst-case competitive ratio is 1` τ . When

ĉpxq “ cpxq “ 0, then our competitive ratio is 1. Also with probability ε , cpxq “ ĉpxq and

the worst case competitive ratio is maxp2,1`1{τq.

If we use τ “
?

ε , we see that the competitive ratio CR is bounded above as:

CRpθ ,Kq ď
ˆ

1`
1
τ

˙

¨ ε`p1´ εq ¨ p1` τq

“ 1`
ε

τ
` τ ¨ p1´ εq ď 1`2

?
ε.

Hence, with probability 1´δ , we achieve a competitive ratio of p1`2
?

εq. The robustness

bounds follows immediately from Lemma 8 by noting that θ ě
?

ε for all inputs.
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The above result can be refined for asymmetrical errors (where the classification errors

on the two sides are different) showing that the algorithm is more sensitive to errors of one

type than the other. Let us first define a PAC learner with asymmetrical errors as follows:

Definition 6. Given a set X P Rd and a concept class C of Boolean functions X Ñ t0,1u.

Let there be an arbitrary hypothesis c PC. Let P be a PAC learning algorithm that takes as

input the set S comprising of m samples pxi,yiq where xi is sampled from a distribution D

on X and yi “ cpxiq, and outputs a hypothesis ĉ. P is said to be have an pα,β q error with

failure probability δ , if with probability at least 1´δ on the sampling of set S.

Px„Drĉpxq “ 0,cpxq “ 1s ď α

Px„Drĉpxq “ 1,cpxq “ 0s ď β

We can now show a better bound on the competitive ratio given access an asymmetrical

learner.

Theorem 5. Given an algorithm that PAC learns the concept class C with asymmetrical

errors pα,β q and failure probability δ , there exists an algorithm that has a competitive of

p1`3εq with probability 1´δ , where ε “maxpα,
a

β q

Proof. Again we use PAC-learning as a black box to learn a hypothesis ĉ. We then set

θ pxq “ 1 when ĉpxq “ 0 and setting θ pxq “ τ (for some small τ that will be decided later)

when ĉpxq “ 1

Note that with probability α , ĉpxq “ 0 and cpxq “ 1, then we have competitive ratio

being capped at 2. And with probability β , ĉpxq “ 1 and cpxq “ 0, and our competitive ratio

in this case is 1`τ

τ
. The rest of the cases, we have the competitive ratio capped at 1` τ .
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The expected CR is therefore,

CR ď β p1`
1
τ
q`2α`p1´α´β qp1` τq

“ 1`αp1´ τq` τ`
β

τ

ď 1`α` τ`
β

τ

The CR is minimized at τ “ ε “maxpα,
a

β q and its value is 1`3ε .

Next, we show that the relationship between PAC-learning and learning-to-rent, estab-

lished in one direction in Theorem 4, actually holds in other direction too. In other words,

we can derive a PAC-learning algorithm from a learning-to-rent algorithm. This implies,

for instance, that existing lower bounds for PAC-learning also apply to learning-to-rent

algorithms. Therefore, in principle, the sample complexity of the algorithm in Theorem 4

is (nearly) optimal without any further assumptions.

Theorem 6. If there exists an pε,δ q-accurate learning-to-rent algorithm for a concept

class C with n samples, then there exists an p4ε,δ q PAC-learning algorithm for C with the

same number of samples.

Proof. We will design a PAC learning algorithm (call it P) using the learning-to-rent

algorithm (call it A). Given a sample pxi,ziq for P, we define sample pxi,yiq for A where

yi “ 10 when zi “ 1, and yi “ 0 or y“ 1
2 with probability 1

2 each, when zi “ 0. The output

for P for a feature x is decided as follows: when θ pxq ě 1
2 predict ẑ“ 0, otherwise, predict

ẑ“ 1.

First, we calculate the probability Prẑ“ 0,z“ 1s. When P predicts ẑ“ 0, then we have

θ pxq ě 1
2 . But if, z “ 1, then the optimal cost is 1, whereas the algorithm pays at least 3

2 .

Hence the competitive ratio is bounded below by 3
2 . Since the overall competitive ratio is

less than p1` εq, we have that:

p1´Prẑ“ 0,z“ 1sq`p3{2q ¨Prẑ“ 0,z“ 1s ď p1` εq.

30



Therefore, Prẑ“ 0,z“ 1s ď 2ε .

Second, we calculate the error on the other side which is the probability Prẑ“ 1,z“ 0s.

When P predicts ẑ“ 1, then we have θ pxq ă 1
2 . But if z“ 0, then y“ 1

2 with probability 1
2 ,

and therefore, the competitive ratio isě 2 with probability 1
2 . With the remaining probability

of 1
2 , we have y “ 0, and therefore, the competitive ratio is ě 1. Therefore, the overall

competitive ratio when ẑ“ 1,z“ 0 is ě 2`1
2 “ 3

2 . As earlier, we have Prẑ“ 1,z“ 0s ď 2ε .

Prẑ‰ zs “ Prẑ“ 1,z“ 0s`Prẑ“ 0,z“ 1s ď 4ε .

2.5.2 Margin-based PAC-learning for Learning-to-Rent

Theorem 4 is very general in that there are many concept classes for which we have existing

PAC-learning bounds. On the other hand, even for a simple linear separator, PAC-learning

requires at least Ωpdq samples in d dimensions, which can be costly for large d. However,

the sample complexity can be reduced when the VC-dimension of the concept class is

small:

Theorem 7 (e.g., Kearns and Vazirani (1994)). A concept class of VC-dimension D is pε,δ q

PAC-learnable using n“ Θ

´

D`logp1{δ q
ε

¯

samples. For fixed δ , the sample complexity of

PAC-learning is Θ
`D

ε

˘

.

In particular, this result is used when the underlying data distribution has a margin,

which is the distance of the closest point to the decision boundary:

Definition 7. Given a data set D P Rd ˆt0,1u and a separator c, the margin of D with

respect to c is defined as minx1PRd ,px,yqPD,cpx1q‰y ‖x´ x1‖.

The advantage of having a large margin is that it reduces the VC-dimension of the

concept class. Since the precise dependence of the VC-dimension on the width of the

margin (denoted α) depends on the concept class C , let us denote the VC-dimension by

Dpαq.
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Crucially, we will show that in the learning-to-rent algorithm, it is possible to reduce

the sample complexity even if the original data px,yq „K does not have any margin. The

main idea is that the learning-to-rent algorithm can ignore training data in a suitably chosen

margin. This is because y « 1 for points in the margin, and the competitive ratio of ski

rental is close to 1 for these points even with no additional information. Thus, although

the algorithm fails to learn the label of test data near the margin reliably, this does not

significantly affect the eventual competitive ratio of the learning-to-rent algorithm.

Note that the L-Lipschitz property under Assumption 1 is:

Assumption 3. For x1,x2 P X where X is the domain of x, if y1 “ f px1q and y2 “ f px2q, we

have |y1´ y2| ď L ¨‖x1´ x2‖.

We now give a learning-to-rent algorithm that uses this margin-based approach (Algo-

rithm 4). Recall that α is the width of the margin used by the algorithm; we will set the

value of α later.

Algorithm 4 Margin-based learning-to-rent algorithm
Set γ “ Lα .

Learning: Query n samples. Discard samples pxi,yiq where yi P r1´ γ,1` γs. Use the
remaining samples to train a PAC-learner with margin α .

For test input x:
if PAC-learner predicts yě 1
then θ pxq “ γ

else θ pxq “ 1` γ .

The filtering process creates an artificial margin:

Lemma 7. In Algorithm 4, the samples used in the PAC learning algorithm have a margin

of α .

We now analyze the sample complexity of Algorithm 4.
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Theorem 8. Given a concept class C with VC-dimension Dpαq under margin α , there

exists a learning-to-rent algorithm that has a competitive ratio of 1`OpLαq for n samples

with constant failure probability, where α satisfies:

c

Dpαq
n

“ Lα. (2.9)

Proof. Let q denote the probability that pxi,yiq satisfies 1´ γ ď yi ď 1` γ , i.e., is in the

margin. With probability 1´ q, a test input does not lie in the margin and we have the

following two scenarios:

• With probability p1´ εq, the prediction is correct and the competitive ratio is at most

p1` γq.

• With probability ε , the prediction is incorrect and the competitive ratio is at most

max
´

1` 1
γ
,2` γ

¯

. For small γ (say γ ď 1{2, which will hold for any reasonable

sample size n), this value is 1` 1
γ
.

With probability q, a test input lies in the margin and the competitive ratio is at most 1`γ

1´γ
.

The expected competitive ratio is:

CRpθ ,Kq ď p1´qq ¨ p1´ εq ¨ p1` γq`

`p1´qq ¨ ε ¨
ˆ

1`
1
γ

˙

`q ¨
ˆ

1` γ

1´ γ

˙

ď 1`
„

p1´qq ¨ p1´ εq ¨ γ`p1´qq ¨ ε ¨
1
γ
`q ¨

2γ

1´ γ



ď 1`4γ`p1´qq ¨
ε

γ
for γ ď 1{2.

Now, note that by Chernoff bounds (see, e.g., Motwani and Raghavan (1997)), the

number of samples used for training the classifier after filtering is n f ě np1´ qq{2 with

constant probability. Also, by Theorem 7 and Lemma 7, we predict whether y ă 1 or
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yě 1 with an error rate of ε “ O
´

Dpαq
n f

¯

using n f samples with constant probability. This

implies:

p1´qq ¨ ε “ O
ˆ

Dpαq
n

˙

.

Thus, CRpθ ,Kq ď 1`4γ `O
´

Dpαq
n¨γ

¯

. Optimizing for γ , we have γ “ θ

ˆ

b

Dpαq
n

˙

. But,

we also have γ “ Lα in the algorithm. This implies that we choose α to satisfy Eq. (2.9)

and obtain a competitive ratio of 1`OpLαq.

We now apply this theorem for the important and widely used case of linear separators.

The following well-known theorem establishes the VC-dimension of linear separators with

a margin.

Theorem 9 (see, e.g., Vapnik and Vapnik (1998)). For an input parameter space X P Rd

that lies inside a sphere of radius R, the concept class of α-margin separating hyper-planes

for X has the VC dimension D given by:

Dďmin
ˆ

R2

α2 ,d
˙

`1.

Feature vectors are typically assumed to be normalized to have constant norm, i.e.,

R“ Op1q. Thus, Theorem 8 gives the sampling complexity for linear separators as follows:

Corollary 2. For the class of linear separators, there is a learning-to-rent algorithm that

takes as input n samples and has a competitive ratio of 1`O
´ ?

L
n1{4

¯

.

For instances where a linear separator does not exist, a popular technique called kernel-

ization (see Rasmussen (2003)), is to transform the data points x to a different space φpxq

where they become linearly separable.
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Corollary 3. For a kernel function φ satisfying ‖φpx1q´φpx2q‖ ě 1
ν
¨ ‖x1´ x2‖ for all

x1,x2, assuming the data is linearly separable in kernel space, there exists a learning-to-

rent algorithm that achieves a competitive ratio of 1`O
´?

Lν

n1{4

¯

with n samples,

Conceptually, the corollary states that we can make use of these kernel mappings

without hurting the competitive ratio bounds achieved by the algorithm. This is because

the sample complexity in the margin-based algorithm (Algorithm 4) is independent of the

number of dimensions.

2.6 Learning-to-rent with a Noisy Classifier

So far, we have seen that PAC-learning a binary classifier with deterministic labels (As-

sumption 1) is sufficient for a learning-to-rent algorithm. However, in practice, the data is

often noisy, which leads us to relax Assumption 1 in this section. Instead of requiring y|x to

be deterministic, we only insist that y|x is predictable with sufficient probability. In other

words, we replace Assumption 1 with the following (weaker) assumption:

Assumption 1’. In the input distribution px,yq „K, there exists a deterministic function

f and a parameter p such that the conditional distribution of y|x satisfies y “ f pxq with

probability at least 1´ p.

This definition follows the setting of binary classification with noise first introduced by

Bylander (1994). Indeed, the existence of noise-tolerant binary classifiers (e.g., Blum et al.

(1998); Awasthi et al. (2014); Natarajan et al. (2013)), leads us to ask if these classifiers

can be utilized to design learning-to-rent algorithms under Assumption 1’. We answer this

question in the affirmative by designing a learning-to-rent algorithm in this noisy setting

(see Algorithm 5). This algorithm assumes the existence of a binary classifier than can

tolerate a noise rate of p and achieves classification error of ε . Let p0 “maxpp,εq. If p0

is large, then the noise/error rate is too high for the classifier to give reliable information

about test data; in this case, the algorithm reverts to a worst-case (randomized) strategy.
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On the other hand, if p0 is small, the the algorithm uses the label output by the classifier,

but with a minimum wait time of
?

p0 on all instances to make it robust to noise and/or

classification error.

Algorithm 5 Learning-to-rent with a noisy classifier
Set p0 “maxpp,εq.

Learning:
if p0 ď

1
9pe´1q2

then PAC-learn the classifier on n (noisy) training samples.

For test input x:
if p0 ą

1
9pe´1q2

then Prθ pxq “ zs “

#

ez

e´1 , for z P r0,1s
0, for zą 1.

else
if PAC-learner predicts yă 1
then θ pxq “ 1
else θ pxq “

?
p0.

The next theorem shows that this algorithm has a competitive ratio of 1`Op
?

p0q for

small p0, and does no worse than the worst case bound of e
e´1 irrespective of the noise/error:

Theorem 10. If there is a PAC-learning algorithm that can tolerate noise of p and achieve

accuracy ε , the above algorithm achieves a competitive ratio of minp1`3
?

p0,
e

e´1q where

p0 “maxtp,εu.

Proof of Theorem 10. Note that if p0 ą
1

9pe´1q2 , we choose the threshold θ according to:

Prrθ “ zs “

#

ez

e´1 , for z P r0,1s
0, for zą 1.

It can be verified by taking the expectation that ErAlgs “ e
e´1 ˆminty,1u and we obtain

the competitive ratio e
e´1 Karlin et al. (1994). We now assume that p0 ă

1
9pe´1q2 for the rest

of the proof.
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We first focus on the points where the PAC learner’s prediction is correct. This is indeed

true for 1´ ε fraction of the samples from the distribution, where the expectation is taken

over the probability distribution of the samples.

If y ą 1, then the algorithm chooses to buy at
?

p0, the adversary can flip the label

and cause the CR (in the worst-case) to become 1` 1?
p0

(this happens with probability

p), and otherwise, the competitive ratio is upper bounded by p1`
?

p0q (this occurs with

probabilityď 1´ p). Hence, in expectation the competitive ratio is therefore p
´

1` 1?
p0

¯

`

p1´ pqp1`
?

p0q ă 1`
?

p0`
p
?

p0
.

When y ă 1 and p ď p0 ď
1

9pe´1q2 , we buy at 1 and our competitive ratio is 2 with

probability p (adversarial) and 1 with probability 1´ p (no adversary). Hence, the expected

competitive ratio is 1` 2p. The competitive ratio when the PAC learner is correct is

therefore, maxt1`2p,1`
?

p0`
p
?

p0
u ď p1`2

?
p0q

Now we focus on the points on which the PAC learner makes an error. These comprise

ε fraction of the points in the distribution. When y is predicted to be ď 1 and is actually

ą 1, then our competitive ratio is upper bounded by 2 (since we our always buying before y

exceeds 1 and the optimal solution pays 1). When y is predicted to be ą 1 but is actually

yă 1, then the worst case competitive ratio is 1` 1?
p0

.

We are now ready to calculate the expected competitive ratio as follows:

CR ď p1`2
?

p0q ¨ p1´ εq` ε ¨

ˆ

1`
1
?

p0

˙

ď 1`2p1´ εq
?

p0`

ˆ

ε
?

p0

˙

ď 1`3
?

p0.

We also show that the above result is optimal in a rather strong sense: namely, even

with no classification error, the competitive ratio achieved cannot be improved.
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Theorem 11. For a given noise rate p ď 1
2 , no (randomized) algorithm can achieve a

competitive ratio smaller than 1`
?

p
2 , even when the algorithm has access to a PAC-

learner that has zero classification error.

Proof. We will show that the adversary can choose a distribution on supplying y that yields

a large competitive ratio regardless of the θ that the algorithm chooses. Let’s focus when

yą 1 and the PAC learner correctly predicts this surely.

If there was no adversary, the algorithm should buy at 0 and CR is 1. However the

presence of an adversary makes it a bad move, since the adversary can pick y“ ρ for an

arbitrarily small but positive ρ with a non-zero probability and drive up the competitive

ratio arbitrarily.

Here is the exact strategy that the adversary chooses to hurt the algorithm: the distribu-

tion on y is gpyq “ kye´y. for y P r0,
?

ps (k being the normalization constant) This is quite

similar to the adversarial distribution chosen in Karlin et al. (1994) to enforce an e
e´1 ratio.

Now for any value θ P p0,
?

pq that the algorithm chooses, the competitive ratio is given

by:

CRpθ ,Kq “ p ¨

«

ż

θ

0
gpyqdy`

ż

?
p

θ

p1`θ q

y
gpyqdy

ff

`p1`θ qp1´ pq.

Calculating the derivative with respect to θ , we get:

dpCRpθ ,Kqq
dpθ q

“ pgpθ q` p
ż

?
p

θ

gpyq
y

dy´ p
p1`θ q

θ
gpθ q`p1´ pq

“ p
gpθ q

θ
` p

ż

?
p

θ

ke´ydy`p1´ pq

“ ´pke´θ
` pkpe´θ

´ e´
?

p
q`p1´ pq

“ ´pke´
?

p
`p1´ pq

Using the fact that the total probability
ş

?
p

0 gpyqdy“ 1 we get that k “ 1
p1´p1`

?
pqe´

?
pq

.

It is easy to see that this value of k gives: dpCRpθ ,Kq
dpθq ď 0.
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Hence CRpθ ,Kq decreases as θ goes from 0 to
?

p. Also, the algorithm gains nothing

by increasing θ beyond
?

p. Hence, the best competitive ratio is obtained when algorithm

chooses θ “
?

p. Thus, the algorithm can’t hope for a competitive ratio better than

CRp
?

p,Kq “ p
ż

?
p

0
gpyqdy`p1`

?
pqp1´ pq

“ p`p1`
?

pqp1´ pq

“ 1`
?

p´ p
?

p

For pă 1{2:

ě 1`
?

p
2

2.7 Robustness Bounds

In this section, we address the scenario when there is no assumption on the input, i.e., the

choice of the input is adversarial. The desirable property in this setting is encapsulated in

the following definition of “robustness” adapted from the corresponding notion in Purohit

et al. (2018):

Definition 8. A learning-to-rent algorithm A with threshold function θ p¨q is said to be

γ-robust if gpθ pxq,yq ď γ for any feature x and any length of the ski season y.

First, we show an upper bound on the competitive ratio for any algorithm based on the

shortest wait time for any input.

Lemma 8. A learning-to-rent algorithm with threshold function θ p¨q is
´

1` 1
θ0

¯

-robust

where:

θ0 “ min
xPRd

θ pxq.
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Proof. Note that the function gpθ ,yq achieves its maximum value at y “ θ ` ρ where

ρ Ñ 0`. In this case, the algorithm pays 1`θ , while the optimal offline cost approaches θ .

This gives us that maxyPR` gpθ ,yq “
`

1` 1
θ

˘

. Now, since there is no x such that θ pxq ă θ0,

we get:

max
yPR`,xPRd

gpθ pxq,yq ď
ˆ

1`
1
θ0

˙

.

The robustness bounds for our algorithms are straightforward applications of the above

lemma. We derive these bounds below. First, we consider Algorithm 2 based only on the

Lipschitz assumption.

Theorem 12. Algorithm 2 is
`

1` 1
ε

˘

-robust.

Proof. Algorithm 2 always chooses a threshold in the range rε,1{εs, i.e., θ ě ε for all

inputs. The theorem now follows by Lemma 8.

Next, we consider the black box algorithm that uses the PAC learning approach, i.e.,

Algorithm 3.

Theorem 13. Algorithm 3 is
´

1` 1?
ε

¯

-robust.

Proof. Note that Algorithm 3 has θ ě
?

ε for all inputs, which by Lemma 8 gives a

robustness bound of 1` 1?
ε
.

Next, we show robustness bounds for the margin-based approach, i.e., Algorithm 4.

Theorem 14. Algorithm 4 is
`

1` 1
Lα

˘

-robust.

Proof. This follows from Lemma 8, with the observation that the shortest wait time in

Algorithm 4 is γ “ Lα .

Finally, we consider the noisy classification setting in Algorithm 5.
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Theorem 15. Algorithm 5 is max
´

e
e´1 ,1`

1?
ε

¯

-robust.

Proof. In the two cases in Algorithm 5, either the threshold θ satisfies θ ě
?

p0 or a

random threshold is chosen for which the expected competitive ratio is e
e´1 for any input.

In the first, case, we further note that p0 “ maxpp,εq ě ε , i.e., 1` 1?
p0
ď 1` 1?

ε
. The

theorem now follows by applying Lemma 8.

2.8 Experimental Simulations

In this section, we use numerical simulations to evaluate the algorithms that we designed

for the learning-to-rent problem: the black box algorithm (Algorithm 3), the margin-based

algorithm (Algorithm 4), and the algorithm for a noisy classifier (Algorithm 5). We

compare the first two algorithms and show that as the predicted by the theoretical analysis,

the margin-based algorithm substantially outperforms the black box algorithm in high

dimensions. For learning-to-rent with a noisy classifier, we show that its competitive ratio

follows the p1`
?

pq-curve predicted by the theoretical analysis with increasing noise rate

p.

Experimental Setup. We first describe the joint distribution px,yq „ D used in the

experiments. We choose a random vector W P Rd as W „ Np0,I{dq. We view W as a

hyper-plane passing through the origin pW T x“ 0q. The value of y, representing the length

of the ski season, is calculated as 2
p1`e´WT xq

, such that y ě 1 when W T x ě 0 and y ă 1

otherwise. Note that this satisfies the Lipschitz condition given in Definition 4, with L“ 2

for ‖W‖ ď 1. The input x is drawn from a mixture distribution, where with probability

1{2 we sample x from a Gaussian x „ Np0,I{dq, and with probability 1{2, we sample x

as x “ αW `η , here α „ Np0,1q is a coefficient in the direction of W and η „ Np0, 1
d Iq.

Choosing x from the Gaussian distribution ensures that the data-set has no margin; however,

in high dimensions, W T x will concentrate in a small region, which makes all the label y

very close to 1. We address this issue by mixing in the second component which ensures
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that the distribution of y is diverse.

Training and Validation. For a given training set, we split it in two equal halves, the

first half is used to train our PAC learner and the second half is used as a validation set

to optimize the design parameters in the algorithms, namely τ in Algorithm 3 and γ in

Algorithm 4.

Parameter Optimization for Algorithm 3 and Algorithm 4. We perform this opti-

mization on a validation set that is distinct from the training set for these algorithms.

For the black box algorithm (Algorithm 3), we have to choose the value of the parameter

τ . Here we set τ “ cε where c ą 0 is a parameter that we optimize on the validation set.

In order to do this, we minimize the loss (in this case, the competitive ratio) by running

gradient descent from a starting value c0, where c0 P t1000,100,10,1,0.1,0.01u.

For the margin based learning-to-rent algorithm (Algorithm 4), we optimize the value

of γ using a similar procedure by running gradient descent from the starting value γ0
N1{4 ,

where γ0 P t0.1,0.01,0.001,0.0001,10´5u.

FIGURE 2.3: Comparison of Algorithm 3 (blue) and Algorithm 4 (orange). From left to
right, d “ 2,100, and 5000.

We test our algorithms for dimensions d “ 2,100, and 5000. For each d, we create a

large corpus of samples and select N of them randomly and designate this as the training

set; the remaining samples form the test set.

Comparison between the two algorithms. The comparative performance of Algo-

rithm 3 and Algorithm 4 for d “ 2,100, and 5000 is given in Fig. 2.3.4 For small d (d “ 2),
4 In all the figures, the vertical bars represent standard deviation of the output value and the value plotted on
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FIGURE 2.4: Classification error in Algorithm 3 (green) and Algorithm 4 (blue for all
samples, orange for filtered samples).

we do not see a significant difference in the performance of the two algorithms because the

curse of dimensionality suffered by Algorithm 3 is not prominent at this stage. In fact, in

this case the optimal margin on validation set is very close to 0. However, as d increases,

Algorithm 4 starts outperforming Algorithm 3 as expected from the theoretical analysis. For

d “ 100, this difference of performance is prominent at small sample size but disappears

for larger samples, because of the trade-off between sample size and number of dimensions

in Corollary 2 and Theorem 4. Eventually, at d “ 5000, Algorithm 4 is clearly superior.

To further understand the difference between the black box approach and the margin-

based approach, in Figure 2.4, we plot the error of the two binary classifiers used in

Algorithm 3 and Algorithm 4 when d “ 5000. Although both classifiers achieve very low

accuracy on the entire data-set, the margin-based classifier was able to correctly label

the data points that are far from the decision boundary, i.e., the data points where mis-

classification would be costly from the optimization perspective. As a result, Algorithm 4

performs much better overall.

Learning with noise. We now evaluate the learning-to-rent algorithm with a noisy

classifier (Algorithm 5), We fix the number of dimensions d “ 100, and create a training

set of N “ 105 samples using the same distribution as earlier. But now, we add noise to the

data by declaring each data point as noisy with probability p (we will vary the parameter p

over our experiments). There are two types of noisy data points: ones where the classifier

predicts yě 1 and the actual value is yă 1, or vice-versa. For data points of the first type,

the curve is the mean.
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we choose y from the worst case input distribution in the lower bound given by Theorem 11,

i.e, Pry “ zs “ e
e´1 ¨ z ¨ e

´z for z P r0,1s and point mass of 1{pe´ 1q at some z ą 1, say

at z “ 2. For data points of the second type, the input distribution is not crucial, so we

simply choose a uniform random y in r1,2s. The testing is done on a batch of 1000 samples

from the same distribution. We use a noise tolerant Perceptron Learner (see, e.g., Bylander

(1994)) to learn the classes (yě 1 and yă 1) in the presence of noise. We can see that even

for noise rates as high as 40%, the competitive ratio of the learning-to-rent algorithm is still

better than the e
e´1 that is the best achievable in the worst case. (Figure 2.5)

FIGURE 2.5: Algorithm 5 with varying noise rate with d “ 100.

2.9 Conclusion

In this chapter, we explored the question of customizing machine learning algorithms

for optimization tasks, by incorporating optimization objectives in the loss function. We

demonstrated, using PAC learning, that for the classical rent or buy problem,the sample

complexity of learning can be substantially improved by incorporating the insensitivity of

the objective to mis-classification near the classification boundary (which is responsible

for large sample complexity if accurate classification were the end goal). In addition, we

showed worst-case robustness bounds for our algorithms, i.e., that they exhibit bounded

competitive ratios even if the input is adversarial.
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2.10 Chapter Notes

The work presented in this chapter was done jointly with Rong Ge and Debmalya Panigrahi.

It appeared in the Proceedings of the 37th International Conference on Machine Learning,

PMLR 119:303-313 (see Anand et al. (2020))
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3

A Regression Approach for ONLINESEARCH

3.1 Introduction

As seen in the last chapter, supplementing an algorithm with reasonably accurate predictions

can vastly improve its performance. In the previous chapter, we relied on a classification

learning approach for the Ski Rental problem, where we aimed to learn a function that maps

the feature set to a binary label characterizing the optimal solution. However, in general,

the value of the optimal solution is a real-valued function, which motivates a regression

approach to learning-augmented online algorithms that we elucidate in this chapter.

3.1.1 Background

At the time of writing this thesis, there has been very recent research that focuses on

the learnability of predicted parameters in online algorithms. Recently, Lavastida et

al. Lavastida et al. (2020), building on the work of Lattanzi et al. Lattanzi et al. (2020), took

a data-driven algorithms approach to design online algorithms for scheduling and matching

problems via learned weights. In this line of work, the goal is to observe sample inputs in

order to learn a set of weights that facilitate better algorithms for instances from a fixed

distribution. Anand et al. Anand et al. (2020) relied on a classification learning approach
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for the Ski Rental problem.

3.1.2 Problem Definition

To formalize the notion of an unknown optimal solution that we seek to learn via regression,

we use the online search (ONLINESEARCH) framework. In this framework, there is as an

input sequence Σ“ σ1,σ2, . . . available offline, and the actual online input is a prefix of this

sequence ΣT “ σ1,σ2, . . . ,σT , where the length of the prefix T is revealed online. Namely,

in each online step t ą 0, there are two possibilities: either the sequence ends, i.e., T “ t, or

the sequence continues, i.e., T ą t. The algorithm must maintain, at all times t, a solution

that is feasible for the current sequence, i.e., for the prefix Σt “ σ1, . . . ,σt . The goal is to

obtain a solution that is of minimum cost among all the feasible solutions for the actual

input sequence ΣT .

We make some mild assumptions on the problem.

• Monotonicity: Any feasible solution for an input sequence is also feasible for any

prefix of the sequence. Moreover, the cost of the optimal solution is monotonically

non-decreasing in the length of the prefix.

• Composibility: If we add a feasible solution for a input sequence to an existing

solution, the overall solution remains feasible for the sequence.

• Solvability: The offline problem is solvable, i.e., given a prefix of the input sequence,

there is an algorithm that outputs the optimal solution for the prefix.

These assumptions hold for essentially all online problems we care for.

3.1.3 Our Contributions

We will give a sketch of our main approach and results in this chapter. We will first design

a simple strategy for the ONLINESEARCH problem without predictions and then explore

how predictions can aid such an algorithm. Then we explore the design of the prediction
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pipeline; show the inadequacy of traditional loss metric and instead motivate the design of

a cognizant loss function that is synergistic with the performance measure of the online

algorithm.

Our Approach

As a warm up, we first give an algorithm called DOUBLE for the ONLINESEARCH problem

without predictions in Section 3.4. The DOUBLE algorithm has a competitive ratio of 4.

We build on the DOUBLE algorithm in Section 3.5, where we give an algorithm called

PREDICT-AND-DOUBLE for the ONLINESEARCH problem with predictions. We show that

the PREDICT-AND-DOUBLE algorithm has a consistency of 1`ε and robustness of Op1{εq,

for any hyper-parameter ε ą 0. We also show that this tradeoff between consistency and

robustness is asymptotically tight.

Our main contributions are in Section 3.6. In this section, we model the question of

obtaining a learning-augmented algorithm for the ONLINESEARCH problem in a regression

framework. Specifically, we assume that the input comprises a feature vector x that is

mapped by an unknown real-valued function f to an input for the ONLINESEARCH problem

z. In the training phase, we are given a set of labeled samples of the form px,zq from some

(unknown to the algorithm) data distribution D. The goal of the learning algorithm is to

produce a mapping from the feature space to algorithmic strategies for the ONLINESEARCH

problem, such that when it gets an unlabeled (test) sample x from the same distribution D,

the algorithmic strategy corresponding to x obtains a competitive solution for the actual

input z in the test sample (that is unknown to the algorithm).

The learning algorithm employs a regression approach in the following manner. It as-

sumes that the function f is from a hypothesis class F , and obtains an empirical minimizer

in F for a carefully crafted loss function on the training samples. The design of this loss

function is crucial since a bound on this loss function is then shown to translate to a bound

on the competitive ratio of the algorithmic strategy. (Indeed, we will show later that because
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of this reason, standard loss functions used in regression are inadequate for our purpose.)

Finally, we use statistical learning theory for real-valued functions to bound the sample

complexity of the learner that we design.

Using the above framework, we show a sample complexity bound of O
`H¨d

ε

˘

for

obtaining a competitive ratio of 1` ε , where H and d respectively represent the log-range

of the optimal cost and a measure of the expressiveness of the function class F called

its pseudo-dimension.1 We also extend this result to the so-called agnostic setting, where

the function class F is no longer guaranteed to contain an exact function f that maps

x to z, rather the competitive ratio is now in terms of the best function in this class that

approximates f . We also prove nearly matching lower bounds for our sample complexity

bounds in the two models.

Our framework can also be extended to the setting where the offline optimal solution

is hard to compute, but there exists an algorithm with competitive ratio c given the cost

of optimal solution. In that case our algorithms gives a competitive ratio cp1` εq, which

can still be better than the competitive ratio without predictions (see examples in next

subsection).

3.2 Applications of the ONLINESEARCH framework

The ONLINESEARCH framework is applicable whenever an online algorithm benefits from

knowing the optimal value of the solution. Many online problems benefit from this knowl-

edge, which is sometimes called advice in the online algorithms literature. For concreteness,

we give three examples of classic problems – ski rental with multiple options, online

scheduling, and online bin packing – to illustrate the applicability of our framework. Our

algorithm PREDICT-AND-DOUBLE (explained in more detail in section 3.5) successively

predicts the optimal value of the solution and appends the corresponding solution to its

1 Intuitively, the notion of pseudo-dimension extends that of the well-known VC dimension from binary to
real-valued functions.
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output.

Ski Rental with Multiple Options. Generalizations of the ski rental problem with

multiple options have been widely studied (e.g., Ai et al. (2014); Lotker et al. (2012);

Meyerson (2005b); Fleischer (2001)), recently with ML predictions Wang et al. (2020).

Suppose there are V options (say coupons) at our disposal, where coupon i costs us Ci and

is valid for di number of days. Given such a setup, we need to come up with a schedule:

tptk, ikq,k “ 1,2 . . .u that instructs us to buy coupon ik at time tk. (The classic ski rental

problem corresponds to having only two coupons C1 “ 1,d1 “ 1 and C2 “ B,d2 Ñ8.) Our

ONLINESEARCH framework is applicable here: a solution that allows us to buy coupons

valid time t is also a valid solution for all times sď t. Further, PREDICT-AND-DOUBLE

can be implemented efficiently as we can compute OPTptq, for any time t using a dynamic

program.

Online Scheduling. Next, we consider the classic online scheduling problem where

the goal is to assign jobs arriving online to a set of identical machines so as to minimize

the maximum load on any machine (called the makespan). For this algorithm, the classic

list scheduling algorithm Graham (1969) has a competitive ratio of 2. A series of works

Galambos and Woeginger (1993); Bartal et al. (1992); Karger et al. (1996); Albers (1999)

improved the competitive ratio to 1.924, and currently the best known result has competitive

ratio of (approx) 1.92 Fleischer and Wahl (2000); in fact, there are nearly matching lower

bounds Gormley et al. (2000). However, if the optimal makespan (OPT) is known, then

these lower bounds can be overcome, and a significantly better competitive ratio of 1.5 can

be obtained in this setting Böhm et al. (2017) (see also Azar and Regev (1998); Kellerer and

Kotov (2013); Gabay et al. (2015, 2017)). The ONLINESEARCH framework is applicable

here with a slight modification: whenever PREDICT-AND-DOUBLE tries to buy a solution

corresponding to a predicted value of OPT, we execute the 1.5-approximation algorithm

based on this value. The problem still satisfies the property that a solution for t jobs is valid

for any prefix. We get a competitive ratio of 1.5`Opεq that significantly outperforms the
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competitive ratio of 1.92 without predictions.

Online Bin Packing. As a third example, we consider the online bin packing problem.

In this problem, items arrive online and must be packed into fixed-sized bins, the goal being

to minimize the number of bins. (We can assume w.l.o.g., by scaling, that the bins are of

unit size.) Here, it is known that the critical parameter that one needs to know/predict is not

OPT but the number of items of moderate size, namely those sized between 1{2 and 2{3. If

this is known, then there is a simple 1.5-competitive algorithm Angelopoulos et al. (2015),

which is not achievable without this additional knowledge. Again, our ONLINESEARCH

framework can be used to take advantage of this result. In this case, the application is not

as direct, because predicting OPT does not yield the better algorithm. Nevertheless, an

inspection of the algorithm in Angelopoulos et al. (2015) reveals the following strategy:

The items are partitioned into three groups. The items of size ě 2{3 are assigned individual

bins, items of size between 1{3 and 1{2 are assigned separate bins where at least two of

them are assigned to each bin, and the remaining items are assigned a set of common bins.

Clearly, the first two categories can be handled online without any additional information;

this means that we can define a surrogate OPT (call it OPT1) that only captures the optimal

number of bins for the common category. Note that the of prediction of OPT’ serves as a

substitute for knowing the numbers of items of moderate size. Now, if OPT1 is known, then

we can recover the competitive ratio of 3{2 by using a simple greedy strategy. This now

allows us to use the ONLINESEARCH framework where we predict OPT1. As earlier, the

ONLINESEARCH framework can be applied with slight modification: whenever PREDICT-

AND-DOUBLE tries to buy a solution corresponding to a predicted value of OPT1, we

execute the 1.5-competitive algorithm based on this value. The problem still satisfies the

property that a solution for t items is valid for any prefix.
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3.3 LEARNTOSEARCH

An instance px,zq of the LEARNTOSEARCH problem is given by a feature x P X, and

the (unknown) cost of the optimal offline solution z P r1,Ms. The two quantities x and z

are assumed to be drawn from a joint distribution on Xˆr1,Ms. A prediction strategy

works with a hypothesis class F that is a subset of functions X ÞÑ r1,Ms and tries to

obtain the best function f PF that predicts the target variable z accurately. For notational

convenience, we set our target y “ lnz, i.e., we try to predict the log-cost of the optimal

solution. Note that predicting the log-cost of OPTpT q is equivalent to predicting the input

length T .2 Furthermore, let D denote the input distribution on XˆY, where Y “ r0,Hs

and H “ lnM; i.e., we assume that px,yq „ D.

We define a LEARNTOSEARCH algorithm A as a strategy that receives a set of m

samples S „ Dm for training, and later, when given the feature set x of a test instance

px,yq „ D (where y is not revealed to the algorithm), it defines an online algorithm for

the ONLINESEARCH problem with input y. Recall that an online algorithm constitutes a

sequence of solutions that the algorithm buys at different times of the input sequence.

Definition 9. We use OPTptq to denote an optimal (offline) solution for the input prefix of

length t; we overload notation to denote the cost of this solution by OPTptq as well.

We will use the notation CRA px,yq to denote the competitive ratio obtained by an

algorithm A on the instance px,yq. For a given set of thresholds pτ0,τ1 . . .q, define iT “

minτiąT i. Then, A pays a total cost of
řiT

i“0 OPTpτiq, and thus the competitive ratio is

CRA px,yq “
řiT

i“0 OPTpτiq

ey .

We define the “efficiency” of a LEARNTOSEARCH algorithm by comparing its performance

with the best achievable competitive ratio. The optimal competitive ratio for a given

2 When multiple input lengths might have the same optimal cost, we can just pick the longest one.
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distribution may be strictly greater than 1. For example, consider the distribution where x

is fixed (say x0) and z is uniformly distributed over the set t2,4u. One can verify that the

best strategy for the above distribution is to buy the solution of cost 2, and then if the input

has not ended, then buy the solution of cost 4. The competitive ratio for this strategy (in

expectation) is 1.25.

Definition 10. A LEARNTOSEARCH algorithm A is said to be ε-efficient if

Epx,yq„DCRA px,yq ď ρ
˚
` ε,

where ρ˚ “ Epx,yq„DCRA ˚px,yq and A ˚ is an optimal solution that has full knowledge of

D and no computational limitations.

The “expressiveness” of a function family is captured by the following standard defini-

tion:

Definition 11. A set S “ tx1,x2, . . .xmu is said to be “shattered” by a class F of real-

valued functions S ÞÑ r0,Hs if there exists “witnesses” R “ tr1,r2 . . .rmu P r0,Hsm such

that the following condition holds: For all subsets T Ď S, there exists an f PF such that

f pxiq ą ri if and only if xi P T . The “pseudo-dimension” of F (denoted as PdimpF q) is

the cardinality of the largest subset S Ď X that is shattered by F .

3.4 ONLINESEARCH without Predictions

As a warm up, we first describe a simple algorithm called DOUBLE (Algorithm 6) for the

ONLINESEARCH problem without predictions. This algorithm places milestones on the

input sequence corresponding to inputs at which the cost of the optimal solution doubles.

When the input sequence crosses such a milestone, the algorithm buys the corresponding

optimal solution and adds it to the existing online solution. This simple algorithm will form

a building block for the algorithms that we will develop later in the chapter; hence, we

describe it and prove its properties below.
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Definition 12. Given an input length τ and any α ą 0, we use MIN-LENGTHpα,τq to de-

note the smallest length t such that OPTptq ě α ¨OPTpτq. The monotonicity property of OPT

ensures that MIN-LENGTHpα,τq ą τ if α ą 1, and MIN-LENGTHpα,τq ď τ otherwise.

Algorithm 6 DOUBLE

Input: The input sequence I .
Output: The online solution SOL.

Set i :“ 0, τ0 :“ 1, SOL :“H.
for t “ 1,2, . . . ,T

if t “ τi
Set τi`1 “MIN-LENGTHp2,τiq.
Add OPTpτi`1´1q to SOL.
Increment i.

Theorem 16. The DOUBLE algorithm is 4-competitive for the ONLINESEARCH problem.

Proof. Recall that T denotes the length of the input sequence. Let τi ď T ă τi`1. Then,

the cost of the optimal solution, OPTpT q ě OPTpτiq by monotonicity, while the cost of the

online solution SOL is given by:

OPTpτ1´1q`OPTpτ2´1q` . . .`OPTpτi`1´1q

ď 2 ¨OPTpτi`1´1q ď 4 ¨OPTpτiq.

3.5 ONLINESEARCH with Predictions

In the previous section, we described a simple online algorithm for the ONLINESEARCH

problem. Now, we build on this algorithm to take advantage of ML predictions. For now,

we do not concern ourselves with how these predictions are generated; we will address this

question in the next section.

Suppose we have a prediction T̂ for the input length T of an ONLINESEARCH problem

instance. Naı̈vely, we might trust this prediction completely and buy the solution OPTpT̂ q.

While this algorithm is perfect if the prediction is accurate, it can fail in two ways if the
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prediction is inaccurate: (a) if T ! T̂ and therefore OPTpT q ! OPTpT̂ q, then the algorithm

has a large competitive ratio, and (b) if T ą T̂ , then OPTpT̂ q may not even be feasible for T .

A natural idea is to then progressively add OPTptq solutions for small values of t (similar to

DOUBLE) until a certain threshold is reached, before buying the predicted optimal solution

OPTpT̂ q. Next, if T ą T̂ , the algorithm can resume buying solution OPTptq for t ą T̂ , again

using DOUBLE, until the actual input T is reached.

One problem with this strategy, however, is that the algorithm does not degrade grace-

fully around the prediction, a property that we will need later. In particular, if T is only

slighter larger than T̂ , then the algorithm adds a solution that has cost 2 ¨OPTpT̂ q, thereby re-

alizing the worst case scenario in Theorem 16 that was achieved without any prediction. Our

work-around for this issue is to buy OPTptq for a t slightly larger than T̂ , instead of OPTpT̂ q

itself, which secures us against the possibility of the actual input being slightly longer than

the prediction. We call this algorithm PREDICT-AND-DOUBLE (Algorithm 7). Here, we

use a hyper-parameter ε that offers a tradeoff between the consistency and robustness of

the algorithm. We also use the following definition:

Definition 13. Given an input length τ and any α ą 0, we use MAX-LENGTHpα,τq to

denote the largest length t such that OPTptq ď α ¨OPTpτq.

As described in the introduction, the desiderata for an online algorithm with predictions

are its consistency and robustness; we establish the tradeoff between these parameters for

the PREDICT-AND-DOUBLE algorithm below.

Theorem 17. The PREDICT-AND-DOUBLE algorithm has a consistency of 1` ε and

robustness of 5
`

1` 1
ε

˘

.

Proof. When the prediction is correct, i.e., T “ T̂ , the algorithm only runs Phases 1 and

2. At the end of Phase 1, by Theorem 16, the cost of SOL is at most 4 ¨OPTpt1q ď p4ε{5q ¨

OPTpT̂ q. In Phase 2, the algorithm buys a single solution of cost at most p1`ε{5q ¨OPTpT̂ q.

55



Algorithm 7 PREDICT-AND-DOUBLE

Input: The input sequence I and prediction T̂ .
Output: The online solution SOL.

Set SOL :“H, t1 :“MIN-LENGTHpε{5, T̂ q, and t2 :“MAX-LENGTHp1` ε{5, T̂ q.
Phase 1: Execute DOUBLE while t ă t1.
Phase 2: At t “ t1, add OPTpt2q to SOL.
Phase 3: If t ą t2, resume DOUBLE as follows:
Set i :“ 0, τ0 :“ t2`1.
for t “ t2`1, t2`2, . . . ,T

if t “ τi
Set τi`1 “MIN-LENGTHp2,τiq.
Add OPTpτi`1´1q to SOL.
Increment i.

Adding the two, and noting that the optimal cost is OPTpT̂ q, we get a consistency bound of

1` ε .

For robustness, we consider three cases. First, if t ă t1, then the competitive ratio is

4 by Theorem 16. Next, if t ą t2, then the total cost of SOL is at most p1` εqOPTpT q in

Phases 1 and 2 (from the consistency analysis above), and at most 4 ¨OPTpT q in Phase 3

by Theorem 16. Thus, in this case, the competitive ratio is 5` ε . Finally, we consider the

case t1 ď t ď t2. Here, the algorithm runs Phases 1 and 2, and the cost of SOL is at most

p1` εq ¨OPTpT̂ q by the consistency analysis above. By monotonicity, the optimal solution

is smallest when T “ t1, i.e., OPTpT q ě ε

5 ¨OPTpT̂ q. Thus, the competitive ratio is bounded

by 5
`

1` 1
ε

˘

.

We also show that this tradeoff between p1` εq-consistency and Op1{εq-robustness

bounds is essentially tight.

Theorem 18. Any algorithm for the ONLINESEARCH problem with predictions that has a

consistency bound of 1` ε must have a robustness bound of Ω
`1

ε

˘

.

Proof. If T ě T̂ , the algorithm has to buy a solution that is feasible for T̂ at some time

τ ď T̂ . In particular, we must have OPTpτq ď ε ¨ OPTpT̂ q for deterministic algorithms,
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else the consistency bound would be ą 1` ε simply based on being feasible for t “ τ

which incurs cost ą ε ¨ OPTpT̂ q and again for t “ T̂ which incurs an additional cost of

OPTpT̂ q. This implies a robustness bound of Ω
`1

ε

˘

if the input T “ τ . The same argument

extends to randomized algorithms: now, since ErOPTpτqs ď ε ¨ OPTpT̂ q, it follows that

E
”

OPTpT̂ q
OPTpτq

ı

ě
OPTpT̂ q

ErOPTpτqs
“Ω

`1
ε

˘

.

Having shown the consistency and robustness of the PREDICT-AND-DOUBLE algorithm,

we now analyze how its competitive ratio varies with error in the prediction T̂ . In particular,

the next lemma shows that the competitive ratio gracefully degrades with prediction error

for small error, and is capped at 4 for large error.

Lemma 9. Given a prediction T̂ for the input length, the competitive ratio of PREDICT-

AND-DOUBLE is given by:

CR ď

$

’

&

’

%

4 , T ď t1
p1` εq ¨

OPTpT̂ q
OPTpT q , t1 ď T ď t2

4 , T ą t2

where t1 represents the minimum value of t that satisfies OPTptq ě ε

5 ¨ OPTpT̂ q and t2

represents the maximum value of t that satisfies OPTptq ď p1` ε

5q ¨OPTpT̂ q.

Proof. When T ď t1, the competitive ratio of 4 follows from the doubling strategy of the

algorithm. Next, when t1 ă T ď t2, the algorithm pays at most 4 ¨ ε

5 ¨ OPTpT̂ q until t “ t1

and then pays at most
`

1` ε

5

˘

¨OPTpT̂ q for the solution OPTpt2q, which adds up to at most

p1` εq ¨ OPTpT̂ q. In contrast, the optimal cost is OPTpT q; hence, the competitive ratio

is p1` εq ¨
OPTpT̂ q
OPTpT q . Finally, when T ą t2, then let τ j ď T ă τ j`1 (using the notation in

Algorithm 7). The algorithm pays at most

`

1` ε`2` . . .2 j`1˘OPTpT̂ q ď 2 j`2
¨OPTpT̂ q,

while the optimal cost is at least 2 j ¨OPTpT̂ q. Hence, the competitive ratio is at most 4.
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3.6 A Regression Approach for ONLINESEARCH

In the previous section, we designed an algorithm for the ONLINESEARCH problem

that utilizes ML predictions. Now we delve deeper into how we can generate these

predictions. More generally, we develop a regression-based approach to learn to solve an

ONLINESEARCH problem.

Recall that an online algorithm constitutes a sequence of solutions that the algorithm

buys at different times of the input sequence (see Algorithm 8 for a generic description of

a LEARNTOSEARCH algorithm).

Algorithm 8 A general LEARNTOSEARCH algorithm
Training: Given a Sample Set S, the training phase outputs a mapping M from every
feature vector x P X to an increasing sequence of positive integers
Testing: Given unknown sample x P X, define thresholds Mpxq “ pτ0,τ1 . . .q
Set i :“ 0, SOL :“ OPTpτ0´1q.
while (Input has not ended)

if (SOL is infeasible)
SOL :“ OPTpτi`1´1q.
Increment i.

3.6.1 The Sample Complexity of LEARNTOSEARCH

Our overall strategy is to learn a suitable predictor function f P F and use f pxq as a

prediction in the PREDICT-AND-DOUBLE algorithm. Note that prediction errors on the two

sides (over- and under-estimation) affect the competitive ratio of PREDICT-AND-DOUBLE

(given by Lemma 9) in different ways. If we underestimate OPTpT q by a factor less than

1` ε

5 , i.e., OPTpT 1q ď OPTpT q ď
`

1` ε

5

˘

¨OPTpT 1q, the competitive ratio remains 1`Opεq,

but a larger underestimate causes the competitive ratio to climb up to 4. On the other

hand, if we overestimate OPTpT q, then the competitive ratio grows steadily by the ratio of

over-estimation, until it reaches 5 ¨
`

1` 1
ε

˘

, beyond which it drops down (and stays at) 4.

This asymmetric dependence is illustrated in Figure 3.1.

At a high level, our goal is to use regression to obtain the best function f PF . But, the
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FIGURE 3.1: Competitive ratio of the PREDICT-AND-DOUBLE algorithm for a fixed
prediction T̂ as a function of the input T , where the prediction is T̂

asymmetric behavior of the competitive ratio suggests that we should not use a standard loss

function in the regression analysis. Let ε be the accuracy parameter for the PREDICT-AND-

DOUBLE algorithm, and let ŷ“ ln OPTpT̂ q and y“ ln OPTpT q be the predicted and actual

log-cost of the optimal solution respectively. Then we define the following loss function

that follows the asymmetric behaviour of the competitive ratio for PREDICT-AND-DOUBLE:

Definition 14. The ε-parameterized competitive error is defined as:

`εpy, ŷq “

$

’

’

’

&

’

’

’

%

5
ε
´1 when yď ŷ´ ln 5

ε

eŷ´y´1 when ŷ´ ln 5
ε
ă yď ŷ

1
ε
¨ py´ ŷq when ŷă yď ŷ` ln

`

1` ε

5

˘

1 when yą ŷ` ln
`

1` ε

5

˘

.

We give more justification for using this loss function, and show that standard loss

functions do not suffice for our purposes in Section 3.7. Using this loss function, we can

measure the error of a function for an input distribution or for a fixed input set:

Definition 15. Given a distribution D on the set XˆY and function f : X ÞÑ Y, we define

ERD,εp f q “ Epx,yq„Dr`εpy, f pxqqs.

Alternatively, for a set of samples, S „ Dm, we define,

ERS,εp f q “
1
m
¨

m
ÿ

i“1

`εpyi, f pxiqq.
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Our high-level goal is to use samples to optimize for the loss function called ε-

parameterized competitive error that we defined above over the function class F , and

then use an algorithm that translates the empirical error bound to a competitive ratio bound.

This requires, in the training phase, that we optimize the empirical loss on the training

samples. We define such a minimizer below:

Definition 16. For a given set of samples S „ D and a function family F , we denote an

optimization scheme O : S ÞÑ F as ε´Sample Error Minimizing (SEM) if it returns a

function f̂ PF satisfying:

ERS,εp f̂ q ď inf
fPF

“

ERS,εp f q
‰

` ε.

For the rest of this chapter, we will assume that we are given an ε´ SEM routine for ar-

bitrary ε ą 0. We are now ready to present our LEARNTOSEARCH algorithm (Algorithm 9),

which basically uses the predictor with minimum expected loss to make predictions for

PREDICT-AND-DOUBLE.

Algorithm 9 A LEARNTOSEARCH algorithm with accuracy parameter ε

Training:
Input: Sample Set S, Function Family F
Output: f̂ output by an ε-SEM algorithm O , i.e., ERS,εp f̂ q ď inf f̃PF ERS,εp f̃ q` ε .

Testing:
Given new sample x, set ŷ“ f̂ pxq.
Predicted prefix length: T̂ “maxOPTptqďeŷ t.
Call PREDICT-AND-DOUBLE with T̂ and ε .

We relate the competitive ratio of Algorithm 9 to the error of function f̂ obtained during

training:

Lemma 10. Algorithm 9 has a competitive ratio upper bounded by
´

1` ε`3 ¨ ERD,εp f̂ q
¯

.

Proof. We use Lemma 9 to prove this result. Let ŷ and T̂ be as in the description of

Algorithm 9. Let t1, t2 be as in the statement of Lemma 9 with respect to T̂ .

Now consider the following cases (as in the statement of Lemma 9)
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• T ă t1: by definition of t1, OPTpT q ă ε

5 ¨ OPTpT̂ q, and so, y ă ŷ´ ln 5
ε
. Since the

competitive ratio is at most 4 in this case, we see that (using Definition 14) this is at

most `εpŷ,yq.

• t1 ď T ď T̂ : In this case, ŷ´ ln 5
ε
ď yď ŷ. This case, the competitive ratio is at most

p1` εq ¨ eŷ´y
ď 1` ε`3

`

eŷ´y
´1

˘

“ 1` ε`3`εpŷ,yq,

where the first inequality follows from the fact that ŷě y.

• T̂ ď T ď t2 : Here ŷă yď ŷ` ln
`

1` ε

5

˘

. Again, the competitive ratio is at most

p1` εq ¨ eŷ´y
ď 1` ε ď 1` ε`3`εpŷ,yq,

where the first inequality follows from ŷă y.

• T ą t2: Here yě ŷ` ln
`

1` ε

5

˘

. Lemma 9 shows that the competitive ratio is at most

4, which is at most 1` ε`3`εpŷ,yq.

We note that for all values y, the competitive ratio is upper bounded by 1`ε`3 ¨`εpŷ,yq,

where `εpŷ,yq is the ε-parameterized competitive error of ŷ. So, the expected competitive

ratio is ď 1` ε`3 ¨ ERD,εp f̂ q.

Standard and Agnostic Models. We consider two different settings. First, we assume that

the function class F contains the function f ˚ that maps the feature set x to y – we call

this the standard model. We relax this assumption in the more general agnostic model,

where the function class F is arbitrary. In terms of the error function, in the standard

model, we have inf fPF ERD,εp f q “ inf fPF ERS,εp f q “ 0, while no such guarantee holds in

the agnostic model.

3.6.2 Analysis in the Standard Model

Next, we analyze the competitive ratio of Algorithm 9 in the standard model, i.e., when

inf fPF ERD,εp f q “ inf fPF ERS,εp f q “ 0.
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Theorem 19. In the standard model, Algorithm 9 obtains a competitive ratio of 1`Opεq

with probability at least 1´δ , when using O
ˆ

H¨d log 1
ε

log 1
δ

ε

˙

samples, where d “ PdimpF q.

When the cost of the optimal solution OPTpτq is hard to compute, we can replace the

offline optimal with an online algorithm that achieves competitive ratio c given the value of

τ to get the following:

Corollary 4. In the standard model, if there exists a c-competitive algorithm for OPTpτq

given the value of prefix-length τ , Algorithm 9 obtains a competitive ratio of cp1`Opεqq

with probability at least 1´δ , when using O
ˆ

H¨d log 1
ε

log 1
δ

ε

˙

samples, where d “ PdimpF q.

We also show that the result in Theorem 19 is tight up to a factor of H log1{ε:

Theorem 20. Let F be a family of real valued functions such that there exists a function

f ˚ : X ÞÑ Y that f ˚pxq “ y and let d “ PdimpF q. There exists an instance of the LEARN-

TOSEARCH problem that enforces any algorithm to query Ω

ˆ

d log 1
δ

ε

˙

samples in order to

have an expected competitive ratio of 1` ε with probability ě 1´δ .

In order to have sample complexity bounds relating to the pseudo dimension of the

function class, we would need to introduce the notion of covering numbers and relate them

to the pseudo-dimension.

Definition 17. Given a set S in Euclidean space and a metric dp¨, ¨q, the set W Ď S is said

to be ε cover of S if for any s P S, there exists a w PW such that dps,wq ď ε . The smallest

possible cardinality of such an ε cover is known as the ε covering number of S with respect

to d and is denoted as Ndp¨,¨qpε,Sq.

When d is given by the distance metric

dppr,sq “
ˇ

ˇ

d
ÿ

i“1

pri´ siq
pˇ
ˇ

1{p
,
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where r “ pr1,r2 . . .rdq,s“ ps1,s2 . . .sdq P Rd , we shall denote the ε covering number of a

set S by Nppε,Sq. For a given real-valued function family F and x“ px1,x2, . . . ,xmq P Xm,

we denote

F|x “ tp f px1q, f px2q, . . . , f pxmqq | f PF u and

Nppε,F ,mq “ sup
xPXm

“

Nppε,F|xq
‰

.

Note that N1pε,F ,mq ďN2pε,F ,mq ďN8pε,F ,mq.

Given a loss function `p¨, ¨q, and sample set S “ tpxi,yiq, i“ 1,2 . . .mu, we can define

p`F q|S as :

p`F q|S “ t` f pxi,yiq|pxi,yiq P S, f PF u Ă Rm.

where ` f pxi,yiq “ `pyi, f pxiqq.

The following is a well-known result that relates covering numbers to the pseudo

dimension (cf. Theorem 12.2 in Book Anthony and Bartlett (1999)):

Lemma 11. Let F be a real-valued function family with pseudo dimension d, then for any

ε ď 1
d , we have

N1 pε,F ,mq ď O
ˆ

1
εd

˙

.

First, we relate covering numbers to the difference between ERS,εp f q and ERD,εp f q.

This will be crucial in proving Theorem 19.

Lemma 12. Let D be a distribution on XˆY and let S PDm. For 0ď η ď 12 and mě 8¨H
η2 ,

for any real valued function family F , we have:

PSPDm

„

ERD,εp f q ď p1`αq ¨ ERS,εp f q`η
2
¨

ˆ

1`
1
α

˙

ď 4 ¨N1

´

ηε

8
,F ,2m

¯

¨ exp
ˆ

´
m ¨η2¨

64H

˙

.

Moreover, we also have the other side as :

PSPDm

„

ERS,εp f q ď
2α`1
p1`αq

¨ ERD,εp f q`η
2
¨

ˆ

1`
1
α

˙

ď 4 ¨N1

´

ηε

8
,F ,2m

¯

¨exp
ˆ

´
m ¨η2¨

64H

˙
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To prove this lemma, we need the following definition.

Definition 18. The normalised (ε parameterised) error is defined as :

ÊRS,D,εp f q “
|ERS,εp f q´ ERD,εp f q|

a

ERD,εp f q
.

Lemma 13. Let D be a distribution on XˆY and let S „ Dm. For η ď 12, and m ě 8H
η2 ,

for any real valued function family F , we have

PS„Dm

«

sup
fPF

|ÊRSp f q´ ÊRDp f q|ě η

ff

ď 4 ¨N pη{8, `F ,2mq ¨ exp
ˆ

´
m ¨η2

64H

˙

.

We break this proof into four separate claims as illustrated below.

First, we reduce the probability of the event: rÊRSp f q ě ηs to a probability term

involving two sample sets S, S̄ the members of which are drawn independently.

Lemma 14. For mě 8H
η2 , we have that:

PS„Dm

«

sup
fPF

ÊRSp f q ě η

ff

ď 2 ¨PpS,S̄q„DmˆDm

«

sup
fPF

|ÊRSp f q´ ÊRS̄p f q|ě η{2

ff

.

Proof. For a given sample S „ Dm, let f S
bad PF denote a function f such that |ÊRSp f q´

ÊRDp f q|ě η if it exists, otherwise we set f to be any fixed function in the family F . Now,

PpS,S̄q„DmˆDm

«

sup
fPF

|ÊRSp f q´ ÊRS̄p f q|ě η

2

ff

ě PpS,S̄q„DmˆDm

”

|ÊRSp f S
badq´ ÊRS̄p f S

badq|ě
η

2

ı

ě PpS,S̄q„DmˆDm

”!

ÊRSp f S
badq ě η

)

X

!

ÊRS̄p f S
badq ď

η

2

)ı

“ PS„Dm

”

ÊRSp f S
badq ě η

ı

¨PS̄„Dm|S

”

ÊRS̄p f S
badq ď

η

2

ı

“ PS„Dm

«

sup
fPF

ÊRSp f q ě η

ff

¨PS̄„Dm|S

”

ÊRS̄p f S
badq ď

η

2

ı

.
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Now, the term PS̄„Dm|S
“

ÊRS̄p f S
badq ď

η

2

‰

is bounded below by the Chebyshev’s inequal-

ity as follows:

PS̄„Dm|S

”

ÊRS̄p f S
badq ď

η

2

ı

ě 1´
VarS̄„Dm|S

“

ÊRS̄p f S
badq

‰

η2

4

ě 1´

˜

H

m ¨ η2

4

¸

ě
1
2
,

where the last inequality follows from the fact that mě
´

8¨H
η2

¯

and that

VarpERS̄p f S
badqq

ERDp f S
badq

“
1
m
¨

i“m
ÿ

i“1

Varp` f S
bad
pxi,yiqqq

Ep` f S
bad
pxi,yiqq

ď
1
m
¨H,

because ` f S
bad
pxi,yiqq P r0,Hs.

The second claim intuitively says that the probabilities remain unchanged under sym-

metric permutations. Let σ denote a permutation on the set t1,2, . . . ,2mu such that for

each i P t1,2, . . . ,mu, we use either of the two mappings:

• σpiq “ i and σpm` iq “ m` i, or

• σpiq “ m` i and σpm` iq “ i.

Let Γm denote the set of all such permutations σ . Suppose we draw i.i.d. samples S „

Dm and S̄ „ Dm; let S “ ts1,s2, . . . ,smu and S̄ “ ts̄1, s̄2, . . . , s̄mu. Then, define σpSq and

σpS̄q by using a permutation σ P Γm as follows. Let σpSq “ ts11,s
1
2, . . . ,s

1
mu and σpS̄q “

ts̄11, s̄
1
2, . . . , s̄

1
mu such that s1i “ si and s̄1i “ s̄i if σpiq “ i and σpm` iq “ m` i, while s1i “ s̄i

and s̄1i “ si if σpiq “ m` i and σpm` iq “ i. Let Um denote the uniform distribution over

Γm.

Lemma 15. For every f PF :

PpS,S̄q„DmˆDm r|ÊRSp f q´ ÊRS̄p f q|ě η{2s ď sup
pS,S̄qPpXˆYq2m

´

Pσ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η{2
ı¯

.
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Proof. We have for every f PF :

PpS,S̄q„DmˆDm r|ÊRSp f q´ ÊRS̄p f q|ě η{2s

“ PpS,S̄q„DmˆDm, σ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η{2
ı

(by the i.i.d. property)

ď sup
pS,S̄qPpXˆYq2m

´

Pσ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η{2
ı¯

,

where in the last expression we chose the members of S, S̄ adversarially instead of randomly.

Third, we make use of covering numbers to quantify the above probability.

Lemma 16. Fix a pS, S̄q P pXˆYq2m. Consider the set G PF such that `G pS, S̄q is an

η

8 -covering (wrt d1p¨, ¨q) of the set `F pS, S̄q “ t` f pxi,yiq | pxi,yiq P SY S̄, f PF u Ă r0,Hs2m.

Then :

PS„Dm

«

sup
fPF

ÊRSp f q ě η

ff

ďN
´

η

8
, `F ,2m

¯

¨max
gPG

PS„Dm

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě
η

4

ı

.

Proof. Note that the cardinality of G is less than N1 pη{8, `F ,2mq and is a bounded number.

We claim that whenever an f PF satisfies, |ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η

2 , then there exists

a g P G such that, |ÊRσpSqpgq´ ÊRσpS̄qpgq|ě
η

4 .

Let g satisfy that, 1
2mr

ř2m
i“1|`gpxi,yiq´ `gpxi,yiq|s ď η

8 .
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We are guaranteed that such a g exists, since it is in the cover.

η

2
ď |ÊRσpSqp f q´ ÊRσpS̄qp f q|

“ |pÊRσpSqp f q´ ÊRσpSqpgqq´pÊRσpS̄qp f q´ ÊRσpS̄qpgqq`pÊRσpSqpgq´ ÊRσpS̄qpgqq|

“ |pÊRσpSqp f q´ ÊRσpSqpgqq|` |ÊRσpS̄qp f q´ ÊRσpS̄qpgq|` |ÊRσpSqpgq´ ÊRσpS̄qpgq|

“ |ÊRσpSqpgq´ ÊRσpS̄qpgq|` | 1
m

m
ÿ

i“1

`

` f pxi,yiq´ `gpxi,yiq
˘

|` | 1
m

2m
ÿ

i“m`1

`

` f pxi,yiq´ `gpxi,yiq
˘

|

ď |ÊRσpSqpgq´ ÊRσpS̄qpgq|`
1
m

2m
ÿ

i“1

|` f pxσpiq,yσpiq
q´ `gpxσpiq,yσpiq

q|

ă |ÊRσpSqpgq´ ÊRσpS̄qpgq|`
η

4
.

Therefore, we get:

PS„Dm

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η{2
ı

ď PS„Dm

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě η{4
ı

ď |G | ¨max
gPG

PS„Dm

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě η{4
ı

.

ďN
´

η

8
, `F ,2m

¯

¨max
gPG

PS„Dm

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě η{4
ı

.

Our final step is to bound Pσ„Um

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě
η

4

ı

for all pS, S̄q P pXˆ

Yq2m, which is effected by the last claim.

Lemma 17. For any f PF , with η ď 12:

Pσ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η

4

ı

ď 2 ¨ exp
ˆ

´
m ¨η2

64H

˙

.

Proof. We use Bernstein’s inequality Craig (1933) that says for n independent zero-mean

67



random variables Xi’s satisfying |Xi|ďM, we have:

P

˜

|
n
ÿ

i

Xi|ą t

¸

ď 2 ¨ exp

˜

´ t2

2
řn

i“1ErX2
i s`

1
3M ¨ t

¸

.

Note that the quantity ÊRσpSqp f q´ ÊRσpS̄qp f q is simply an average of m random vari-

ables, each of which has a variance upper bounded by H. Then applying the above bound:

Pσ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η

4

ı

ď 2 ¨ exp
ˆ

´
m ¨η2

32Hp1` η

12q

˙

ď 2 ¨ exp
ˆ

´
m ¨η2

64H

˙

.

We will use the Lipschitz property of the loss function to relate the covering numbers

of `F and F as follows:

Lemma 18. Let ` : YˆY ÞÑ r0,Hs be a loss function such that it satisfies:

|`py1,yq´ `py2,yq|ď L ¨ |y1´ y2|.

Then, for any real valued function family F , we have:

N pε, `F ,mq ďN
´

ε

L
,F ,m

¯

.

Proof. Let S “ tpx1,y1q . . .pxm,ymqu P pXˆYqm, and let g,h PF be two functions. We

have:

1
m

m
ÿ

i“1

|`gpxi,yiq´ `hpxi,yiq|“
1
m

m
ÿ

i“1

|`pyi,gpxiqq´ `pyi,hpxiqq|ď
L
m

m
ÿ

i“1

|gpxiq´hpxiq|.

Hence, any ε

L cover for F|xm
1

is an ε cover for p`F q|S.
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Now we are ready for the proof of Lemma 13.

Proof of Lemma 13. We have:

PS„Dm

«

sup
fPF

|ÊRSp f q´ ÊRDp f q|ě η

ff

ď 2 ¨PpS,S̄q„DmˆDmrsup
fPF

p|ÊRSp f q´ ÊRS̄p f q|ě η{2q (by Lemma 14)

ď 2 ¨ sup
pS,S̄qPpXˆYq2m

´

Pσ„Um

”

|ÊRσpSqp f q´ ÊRσpS̄qp f q|ě η{2
ı¯

(by Lemma 15)

ď 2 ¨N pη{8, `F ,2mq ¨max
gPG

´

Pσ„Um

”

|ÊRσpSqpgq´ ÊRσpS̄qpgq|ě η{4
ı¯

(by Lemma 16)

ď 4 ¨N pη{8, `F ,2mq ¨ exp
ˆ

´
m ¨η2

64H

˙

(by Lemma 17).

Finally, we arrive at the proof of Lemma 12.

Proof of Lemma 12. Given that,
ˇ

ˇERD,εp f q´ ERS,εp f q
ˇ

ˇď η ¨
a

ERD,εp f q, we claim:

ERD,εp f q ď p1`αq ¨ ERS,εp f q`
ˆ

1`
1
α

˙

¨η
2

, and

ERS,εp f q ď
2α`1
p1`αq

¨ ERD,εp f q`
ˆ

1`
1
α

˙

¨η
2

To show this, we consider the following two cases:

1. If ERD,εp f q ď
`

1` 1
α

˘2
¨η2, then we have

ˇ

ˇERD,εp f q´ ERS,εp f q
ˇ

ˇď
`

1` 1
α

˘

¨η2.

2. Otherwise, we have ERD,εp f q ą
`

1` 1
α

˘2
¨η2, and we get ERD,εp f q ď ERS,εp f q`

α

1`α
¨ ERD,εp f q, and ERS,εp f q ď 2α`1

pα`1q ¨ ERD,εp f q
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In either case, both the claims follow.

Lastly, the ε parameterised loss function `εp¨, ¨q is 1
ε

-Lipschitz in its first argument, from

Lemma 18, we get that:

N
´

η

8
, `F ,2m

¯

ďN
´

ε ¨η

8
,F ,2m

¯

.

We combine these results to present the proof of Theorem 19.

Proof of Theorem 19. By Lemma 10, it suffices to show that there exists a learning algo-

rithm L : Sm ÞÑF that outputs a function f̂ : X ÞÑY PF such that ERD,εp f̂ q ď 4ε . Recall

that in the training phase of Algorithm 9, we use an ε´SEM algorithm O that returns a

function f̂ satisfying:

ERS,εp f̂ q ď inf
f̃PF

ERS,εp f̃ q` ε “ ε, (3.1)

where the last equality is because inf f̃PF ERS,εp f̃ q “ 0 in the standard model. So, we are

left to bound ERD,εp f̂ q in terms of ERS,εp f̂ q, in particular, that ERD,εp f̂ q ď 2 ¨ERS,εp f̂ q`ε ,

which would prove the theorem.

For this purpose, we employ Lemma 12. In this lemma, let us set α “ 1, and η2 “ ε

and denote the event

sup
fPF

ERD,εp f q ď 4ε

as the “good” event; if this does not hold, we call it the “bad” event.

This leaves us to bound the probability of the bad event, which by Lemma 12, is at most

4 ¨N1

˜

ε
3
2

8
,F ,2m

¸

¨ exp
´

´
m ¨ ε
64H

¯

.

This quantity is at most δ when m ěC ¨
ˆ

H¨d¨log 1
ε
¨log 1

δ

ε

˙

for a large constant C, thereby

proving the theorem.
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Let us now move to the lower bound : Consider the input sequence Σ“ τ0,τ1, . . . such

that OPTp0q “ 2,OPTp1q “ 4. Note that the log-cost at the two time-steps are 1 and 2

respectively. Let X be set of d distinct points (on the real line). Let F be the set of all 2d

functions from X to t0,1u. Clearly, the VC-dimension of F is given by d. For every f PF ,

we define a distribution D f over pairs px,yq P Xˆt1,2u as follows: D f is the uniform

distribution over A f :“ tpx, f pxq`1q : x P Xu. Note that this is an instance of the standard

setting, because for any distribution D f , the corresponding function f maps x to y.

Let A be an algorithm for the LTS problem as above which has expected competitive

ratio at most 1` ε{4 with probability at least 1´δ . Let k be an upper bound on the sample

complexity of A . The algorithm A , after seeing k samples, outputs a strategy. The strategy

gives for each x P X, a probability distribution over strategies (i) and (ii) as in the previous

case.

Now consider the following prediction problem P: we choose a function f uniformly

at random from F , and are given k i.i.d. samples from D f . We would like to predict a

function f 1 PF which agrees with f on at least 1´ ε fraction of the points in X.

Lemma 19. Suppose the algorithm A has the above-mentioned properties. Then given k

i.i.d. samples from an instance of P , we can output the desired function f 1 with probability

at least 1´δ .

Proof. Suppose the function f gets chosen. We feed the k i.i.d. samples from D f to A .

The algorithm A outputs a strategy S which, for each x, gives a distribution pqx,1´qxq

over strategies (i) and (ii).

Given this strategy S, we output the desired function f 1 as follows. For every x P X,

if q1pxq ě 1{2, we set f 1pxq “ 1, else we set it to 0. We claim that if A has expected

competitive ratio at most 1` ε , then f 1 agrees with f on at least ε fraction of points in X.

Suppose not. Suppose f pxq ‰ f 1pxq for some x P X. If f pxq “ 0, then the cost of the

optimal strategy here is 2, whereas the algorithm A follows strategy (ii) with probability at
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least 1{2, and its expected cost is more than 2 ¨ 1
2 `4 ¨ 1

2 “ 3. Similarly, if f pxq “ 1, optimal

strategy pays 4. But algorithm A places at least 1{2 probability on strategy (i). Therefore,

its expected cost is more than 1
2 ¨4`

1
2 ¨6“ 5. In either case, it pays at least 1.25 times the

optimal cost. Since f and f 1 disagree on at least ε-fraction of the points, it follows that the

expected competitive ratio of A (when x is chosen uniformly from X) is more than 1`ε{4,

a contradiction.

Since A has competitive ratio at most 1`ε{4 with probability at least 1´δ , the desired

result follows.

Now, it is well known that if we want to find a function f 1 PF which matches with f

on more than 1´ε fraction of points in X with probability at least 1´δ , we need to sample

at least Ω
`d

ε
ln
` 1

δ

˘˘

points from D f (see Thm 5.3 in Anthony and Bartlett (1999)). This

proves Theorem 20.

3.6.3 Extension to the Agnostic Model

In the agnostic model, we no longer assume a function f PF that predicts the log-cost y

perfectly. It is possible that the true predictor is outside F , or in more difficult scenarios

for any feature x, the behaviour of the log-cost y may be entirely arbitrary.

We first show that the loss function ε-parameterized competitive error defined earlier is

still a reasonable proxy for the competitive ratio. Specifically, we show that any algorithm

that hopes to achieve a competitive ratio of 1`Opεq must use a prediction f̂ PF whose

error ERD,εp f q is bounded by Opεq. We formally state this below:

Lemma 20. Let A be an algorithm for LEARNTOSEARCH that has access to a predictor

f̂ : X ÞÑ r0,Hs for the log-cost y. Then, there exists a distribution D and a function f̂A with

the property ERD,εp f̂A q “ ε such that Epx,yq„D rCRA px,yqs ě 1` ε

2 .

Proof. Let the predicted log-cost be ŷ“ fA pxq. Let φpŷq be the sum total of the costs of

solutions bought by A till the optimal log-cost reaches ŷ. Clearly φpŷq ě eŷ. Since the
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algorithm A can be possibly randomized, let eŷ ď φpŷq ď eŷ`ε with probability α over the

distribution chosen by A .

We define the distribution D as: X is just the singleton set tx0u and Y“ tŷ, ŷ ¨ p1` εqu.

The distribution D assigns probability 1´ ε to px0, ŷq and ε to px0, ŷ ¨ p1` εqq (note that

the optimal cost is eŷ and eŷ¨p1`εq in these cases respectively). Note that D and fA satisfy

ERD,εp f̂A q “ ε . The expected competitive ratio of A is a least

CRě p2α`1´αq ¨ε`α ¨ p1´εq`p1´εq ¨p1´αq ¨p1`εq “ 1`ε´p1´αq ¨ε
2
ě 1`

ε

2
.

Unlike in the standard model, we no longer have that for any ε ą 0, min fPF ERD,εp f q “

0. Therefore, we need to first quantify the performance of an ideal algorithm that uses

predictors from F .

Definition 19. Let χpεq “ min fPF ERD,εp f q. Then, ∆F is the solution to the equation:

ε “ χpεq.

∆F measures the best competitive ratio that we can hope to get when we use a predictor

from F . Note that ε appears in two places in this definition, since the loss function in

Definition 14 depends on ε . We first show that this is a reasonable definition in that the

solution to the equation is unique:

Lemma 21. For a given function family F and distribution D, the value of ∆F is unique.

Proof of Lemma 21. Let χpεq “min fPF ERD,εp f q. Note that, χpεq is non-increasing in ε ,

and limεÑ0 χpεq ą 0. Since `εp¨, ¨q ď
5
ε
´1, we have χp2q ă 2. Therefore, there must exist

∆F P p0,2q such that:

∆F “ min
fPF

ERD,∆F
p f q

The uniqueness follows from the monotonicity of the function χp.q
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We also give an algorithm that can approximate ∆F (Algorithm 10).

Algorithm 10 Procedure to estimate ∆F

Input: Sample Set S, and function family F
Let ε be an accuracy parameter given by the size of the sample set S.
Choose ε :“ ε

Compute: f̂ such that ERS,εp f̂ q ďmin fPF ERS,εp f q` ε

3 .
while ε ď ERS,εp f̂ q

ε Ð 2ε .
Recompute f̂ s.t. ERS,εp f̂ q ďmin fPF ERS,εp f q` ε

3 .
Return ε .

Lemma 22. If |S| ěC ¨
ˆ

H¨d log 1
ε

log 1
δ

ε

˙

for suitable constants C ą 0,δ ď 1
2 , and ε ď ∆F ,

then with probability at least 1´δ , we have 5
36 ¨ ε ď ∆F ď

17
8 ε , where ε is as returned by

Algorithm 10.

Proof of Lemma 22. Let χpεq “ min fPF ERD,εp f q and λ pεq “ min fPF ERS,εp f q, where

S „ Dm. For fixed ŷ,y, we note that `εpy, ŷq can only decrease when ε increases. Therefore,

both χpεq and λ pεq are non-increasing with ε .

From Lemma 11, we have : N

ˆ

ε
3
2

8 ,F ,2m
˙

ď
`1

ε

˘Opdq
. Noting that the size of the

sample set m exceeds C ¨
ˆ

H¨d¨log 1
ε
¨log 1

δ

ε

˙

for some large C ě 0, we use Lemma 12 with

η2 “ ε

16 and α “ 1 to claim that with probability 1´δ , we have for all f PF :

ERS,εp f q ď
3
2
¨ ERD,εp f q`

ε

8
. (3.2)

and,

ERD,εp f q ď 2 ¨ ERS,εp f q`
ε

8
. (3.3)

Due to the breaking condition, we have ε ě ERS,εp f̂ q ě λ pεq. Then, by Eq. (3.3), we
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have:

χpεq ď 2 ¨λ pεq`
ε

8
ď

17
8
¨ ε.

By monotonicity of χp.q,

χ

ˆ

17
8

ε

˙

ď χ pεq ď
17
8
¨ ε. (3.4)

Also, we have that ε

2 ă λ p ε

2q`
ε

6 . Let f ˚ “ argmin fPF ERD, ε

2
p f q, then using Eq. (3.2) on

f ˚, we get:

λ

´

ε

2

¯

ď ERS, ε

2
p f ˚q

ď
3
2
¨χ

´

ε

2

¯

`
ε

8

Hence,

5ε

36
ď χ

´

ε

2

¯

ď χ

ˆ

5ε

36

˙

.

Combining the above with Eq. (3.4), we get 5
36 ¨ ε ď ∆F ď

17
8 ε .

We are now ready to define our LEARNTOSEARCH algorithm for the agnostic model.

This algorithm is simply Algorithm 9 where the accuracy parameter ε is set to the value of

ε returned by Algorithm 10.

Theorem 21. In the agnostic model for a function family F , Algorithm 9 with accuracy

parameter ε from Algorithm 10 obtains a competitive ratio of 1`Op∆F q with probability

at least 1´δ , when using O

˜

H¨d log
´

1
∆F

¯

¨log 1
δ

∆F

¸

samples, where d “ PdimpF q.

Proof. From the breaking condition in Algorithm 10 and Lemma 22, we have that

argmin fPF ERS,εp f q ď ε ď 36
5 ¨∆F . Using the sample error minimization algorithm returns

a function f̂ such that

ERS,εp f̂ q ď argmin
fPF

ERS,εp f q` ε ď 2ε
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Finally, application of Lemma 12 to bound ERD,εp f̂ q “ Op∆F q, followed by Lemma 10

gives the desired result.

3.6.4 Lower Bound construction

We also lower bound the sample complexity of a LEARNTOSEARCH algorithm:

Theorem 22. Any LEARNTOSEARCH algorithm that is ε-efficient with probability at least

1´δ must query Ω

ˆ

log 1
δ

ε2

˙

samples.

We begin with the agnostic case. We describe a class of distributions Dp on pairs

px,yq, where p is a parameter in p0,1q. Recall that y represents log2 z, where z is the actual

optimal cost of the offline-instance. The distribution Dp consists of two pairs: p1,1q with

probability p, and p0,2q with probability 1´ p. Note that the projection of Dp on the first

coordinate is a Bernoulli random variable with probability of 1 being p. For the sake of

concreteness, the input sequence Σ“ τ0,τ1, . . . , is such that OPTp0q “ 2,OPTp1q “ 4. The

distribution Dp ensures that the stopping time parameter T “ 0 with probability p, and

T “ 1 with probability 1´ p. It follows that any online algorithm has only one decision to

make: whether to buy the solution for I0.

Let A ‹
p be the algorithm which achieves the minimum competitive ratio when the input

distribution is Dp, and let ρ‹p be the expected competitive ratio of this algorithm. There are

only two strategies for any algorithm: (i) buy optimal solution for I0, and if needed buy

the solution for I1, or (ii) buy the optimal solution for I1 at the beginning. The following

result determines the value of ρ‹p .

Lemma 23. If p“ 1
3 ` ε for some ε ě 0, then ρ‹p “

4
3 ´

ε

2 , and strategy (i) is optimal here.

In case p“ 1
3 ´ ε for some ε ě 0, then ρ‹p “

4
3 ´ ε, and strategy (ii) is optimal.

Proof. For strategy (i), the cost of the algorithm is 2 with probability p and 6 with proba-
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bility 1´ p. Therefore its expected competitive ratio is

p ¨1`
6
4
¨ p1´ pq “

3
2
´

p
2
.

For strategy (ii), the cost of the algorithm is always 4. Therefore, its expected competi-

tive ratio is

p ¨2`1 ¨ p1´ pq “ p`1.

It follows that strategy (i) is optimal when p ě 1{3, whereas strategy (ii) is optimal

when pď 1{3.

We are now ready to prove Theorem 22. Let A be an algorithm for LTS which is

ε{4-efficient with probability at least 1´δ . Further, let k be an upper bound on the sample

complexity of A . Given k samples from a distribution Dp, the algorithm outputs a strategy

which is a probability distribution on strategies (i) and (ii). We use this algorithm A to

solve the following prediction problem P: X is a random variable uniformly distributed

over t1
3 ´ ε, 1

3 ` εu. Given i.i.d. samples from from 0-1 Bernoulli random variable T with

probability of 1 being X , we would like to predict the value of X .

Lemma 24. Let A be an algorithm for LTS which is ε{4-efficient with probability at least

1´ δ . Then, there is an algorithm that predicts the value of X with probability at least

1´δ using k i.i.d. samples from T .

Proof. Let t1, . . . , tk be i.i.d. samples from T . We give k samples px1,y1q, . . . ,pxk,ykq to A

as follows: for each i “ 1, . . . ,k, if ti “ 0, we set pxi,yiq to p0,2q; else we set it to p1,1q.

Observe that the samples given to A are k i.i.d. from the distribution DX .

Based on these samples, A puts probability q1 on strategy (i) (and 1´q1 on strategy (ii)).

If q1 ą 1{2, we predict X “ 1
3 ` ε , else we predict X “ 1

3 ´ ε .

We claim that this prediction strategy predicts X correctly with probability at least 1´δ .

To see this, assume that A is ε{4-efficient (which happens with probability at least 1´δ ).
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First consider the case when X “ 1
3`ε . In this case, Lemma 23 shows that the expected

competitive ratio of A is at most 4
3 ´

ε

4 . As in the proof of Lemma 23, the expected

competitive ratio of A is

q1

ˆ

3
2
´

X
2

˙

`p1´q1qpX `1q.

We argue that q1 ě 1{2. Suppose not. Since X ą 1{3, 3
2 ´

X
2 ď X `1. Therefore, the above

is at least (using q1 ď 1{2 and X “ 1{3` ε)

1
2

ˆ

3
2
´

X
2

˙

`
1
2
pX `1q ą 4{3,

which is a contradiction. Therefore q1 ą 1{2.

Now consider the case when X “ 1{3´ ε . Again Lemma 23 shows that the expected

competitive ratio of A is at most 4
3 ´

3ε

4 . It is easy to check that if q1 ě 1{2, then the

expected competitive ratio of A is at least

4
3
´

ε

4
,

which is a contradiction. Therefore, q1 ă 1{2. This proves the desired result.

It is well known that in order to predict X with probability at least 1´ δ , we need

Ω

´

1
ε2 ln

` 1
δ

˘

¯

samples. This proves Theorem 22.

3.6.5 Robustness of Algorithm 9

So far, we have established the competitive ratio of Algorithm 9 in the PAC model. Now,

we show the robustness of this algorithm, i.e., bound its competitive ratio for any input.

Even for adversarial inputs, we show that this algorithm has a competitive ratio of Op1{εq,

which matches the robustness guarantees in Theorem 17 for the PREDICT-AND-DOUBLE

algorithm.
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Theorem 23. Algorithm 9 is 5p1` 1
ε
q “ O

`1
ε

˘

-robust.

Proof of Theorem 23. We show this theorem by using the following lemma:

Lemma 25. Let A denote Algorithm 9. Then

CRA px,yq “

#

4 when yď ln 5
ε
´ ŷ or yą ŷ` ln

`

1` ε

5

˘

p1` εq ¨ eŷ´y otherwise

Proof. The proof follows from Lemma 9 by noting that ey “ OPTpT q,eŷ “ OPTpT̂ q, and

OPTpt1q “ ε

5 ¨ e
ŷ,OPTpt2q “ p1` ε

5q ¨ e
ŷ.

Theorem 23 now follows by noting that the worst case is when y just exceeds t1, i.e.,

when y“ ln 5
ε
´ ŷ.

3.7 Inadequacy of Traditional Loss Functions

In this work, we explore the idea of a carefully crafted loss function that can help in making

better predictions for the online decision task. To illustrate this, consider the problem

of balancing the load between machines/clusters in a data center where remote users are

submitting jobs. The goal is to minimize the maximum load on any machine, also called

the makespan of the assignment. The optimal makespan, which we would like to predict,

depends on the workload submitted by individual users who are currently active in the

system. Therefore, we would like to use the user features to predict their behavior in

terms of the workload submitted to the server. A typical feature vector would then be a

binary vector encoding the set of users currently active in the system, and based on this

information, a learning model trained on historical behavior of the users can predict (say) a

histogram of loads that these users are expected to submit, and therefore, the value of the

optimal makespan. The feature space can be richer, e.g., including contextual information

like the time of the day, day of the week, etc. that are useful to more accurately predict

user behavior. Irrespective of the precise learning model, the main idea is that the learner
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should try to optimize for competitive loss instead of standard loss functions. This is

because the goal of the learner is not to accurately predict the workload of each user, but to

eventually obtain the best possible makespan. For instance, a user who submits few jobs

that are inconsequential to the eventual makespan need not be accurately predicted. Our

technique automatically makes this adjustment in the loss function, thereby obtaining better

performance on the competitive ratio.

In this section, we motivate the use of asymmetric loss function (Definition 14) by

showing that an algorithm which uses predictions from a learner minimizing a symmetric

loss function, such as absolute loss or squared loss, would have a large competitive ratio.

The intuition is that if we err on either side of the true value of T by the same amount, the

competitive ratio in the two cases does not scale in the same manner. To formalize this

intuition, we define a class of distributions D∆, parameterized by ∆ą 0, which are symmetric

around a real c; more concretely this distribution places equal weight on tc´∆,c`∆u. Any

algorithm relying on a symmetric loss function would always predict c. In such a case, the

online algorithm A has no new information. However, if ∆ is large, an offline algorithm is

better off buying the solution till c´∆ first, whereas if ∆ is small, it should buy the solution

for c`∆ in the first step. An algorithm which relies only on c would err in one of these

two cases. This idea is formalized in Lemma 26. Our second result (Lemma 27) shows

that predicting log-loss within an additive ε factor may result in a 1`Ω
`?

ε
˘

expected

competitive ratio. This further bolsters the case for the loss function as in Definition 14.

Lemma 26. Let A be an algorithm that uses predictions made by a learner that minimizes

symmetric error. Then, one of the following statements is true:

1. Epx,yq„D∆
rCRA px,yqs is Ωpe∆q when ∆ě 4.

2. Epx,yq„D∆
rCRA px,yqs ě 1`Ωp1q, when ∆ “ ε, with ε being an arbitrarily small

positive real number.
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Proof. We define a family of distributions D∆, parameterized by ∆, 0ď ∆ď c, where c is a

large enough constant, as follows:

Definition 20. Let X denote the singleton set tx0u and Y denote tc´ ∆,c` ∆u. The

distribution D∆ on XˆY assigns probability 1
2 to both px0,c´∆q and px0,c`∆q.

Ideally, we would want an algorithm A to satisfy Epx,yq„D∆
rCRA px,yqs Ñ 0 when

∆Ñ 0, while still maintaining a worst-case result like Epx,yq„D∆
rCRA px,yqs ď Op1q. The

following construction shows that using a symmetric loss function would not be helpful.

Suppose we use a learner that outputs the function which minimizes a symmetric loss

function. Then given samples from D∆, such a learner will always yield ŷ “ c as the

prediction.

Since the feature is fixed, the behavior of the algorithm is independent of the feature

and hence, it only needs to decide on a list of solutions that it will progressively buy. Let τ

be the cost of the first solution bought by A that lies inside the interval rec´∆,ec`∆s where

ŷ“ c is the predicted log-cost that has been supplied to the algorithm.

There are two possible cases for τ:

(i) τ ě ec: With probability 1
2 , the competitive ratio is ec

ec´∆ “ e∆. Hence, E rCRA px,yqs ě

1`e∆

2 . Observe that if ∆ě 4, then E rCRA px,yqs is Ωpe∆q, and hence unbounded.

(ii) τ ă ec: With probability 1
2 , y“ c`∆, in which case the competitive ratio is ec`ec`∆

ec`∆ “

1`e´∆. Therefore, E rCRA px,yqs is 1` e´∆

2 “ 1`Ωp1q, even when ∆ is an arbitrarily

small positive ε .

It is worth noting that if we use the loss function as in Definition 14, then Algorithm 9

has expected competitive ratio 1`Opεq when ∆ ď ε . Further, this algorithm defaults to

DOUBLE when ∆“Ωp1q, and hence has bounded competitive ratio in this case.

We also show that any algorithm which relies on a predictor of log-cost which has an ε

bound on the absolute loss must incur 1`Ωp
?

εq expected competitive ratio. Comparing
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this result with Theorem 21 shows that our loss function defined as in Definition 14 gives

better competitive ratio guarantees.

Lemma 27. Let A be a learning-augmented algorithm for ONLINESEARCH, that has

access to a predictor P : X ÞÑ r0,Hs that predicts the log-cost y. Moreover, the only

guarantee on P is that Epx,yq„D r|Ppxq´ y|s ď ε . Then there is a distribution D and a

predictor P such that Epx,yq„D rCRA px,yqs ě 1`
?

ε

2 .

Proof. Fix an algorithm A . Given the prediction ŷ“ 1, the algorithm outputs a (random-

ized) strategy for buying optimal solutions at several time steps. Let φ be the sum total of

the costs of the solutions bought by the algorithm before the cost of the optimal solution

reaches e. Clearly φ ě e. Let α denote the probability that φ P re,e1`
?

ε s, where the

probability is over the distribution chosen by A .

We define the distribution D as follows: X is just the singleton set tx0u and Y “

t1,1`
?

εu. The distribution D assigns probability 1´
?

ε to px0,1q and
?

ε to px0,1`
?

εq

(note that the optimal cost is e and e1`
?

ε in these cases respectively). Note that EDrys is

1` ε . Consider the predictor P which outputs the prediction ŷ“ 1, and therefore satisfies

the condition Epx,yq„D r|Ppxq´ y|s ď ε . The expected competitive ratio of A is a least

p1´
?

εq

”

α ¨1`p1´αq ¨ e
?

ε

ı

`

?
ε

«

α
e` e1`

?
ε

e1`
?

ε
`p1´αq ¨1

ff

Approximating e
?

ε by 1`
?

ε, the above expression simplifies to

1`
?

ε´ ε ě 1`
?

ε

2
.
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3.8 Conclusion

In this chapter, we studied the role of regression in making predictions for learning-

augmented online algorithms. In particular, we used the ONLINESEARCH framework that

includes a variety of online problems such as ski rental and its generalizations, online

scheduling, online bin packing, etc. and showed that by using a carefully crafted loss

function, we can obtain predictions that yield near-optimal algorithms for this problem.

One assumption that holds for the above problems, but not for other problems such as online

matching, is the composability of solutions, i.e., that the union of two feasible solutions is

also a feasible solution. Extending our work to such “packing” problems is an interesting

direction for future research. Another interesting direction would be to give a general recipe

for converting competitive ratios to loss functions, minimizing which over a collection of

training samples generates better ML predictions for online problems.

3.9 Chapter Notes

The work presented in this chapter was done jointly with Rong Ge, Amit Kumar and

Debmalya Panigrahi. A preliminary version appeared in the Advances in Neural Information

Processing Systems 34 (NeurIPS 2021) (see Anand et al. (2021))
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4

Online Algorithms with Multiple Predictions

In this chapter, we give a generic algorithmic framework for online covering problems

with multiple predictions that obtains an online solution that is competitive against the

performance of the best solution obtained from the predictions.

4.1 Introduction

In this chapter, we focus on online algorithms with multiple machine-learned predictions.

In many situations, different ML models and techniques end up with distinct predictions

about the future, and the online algorithm has to decide which prediction to use among

them. Indeed, this is also true of human experts providing inputs about expectations of

the future, or other statistical tools for predictions such as surveys, polls, etc. Online

algorithms with multiple predictions were introduced by Gollapudi and Panigrahi Gollapudi

and Panigrahi (2019b) for the ski rental problem, and has since been studied for multi-shop

ski rental Wang et al. (2020) and facility location Almanza et al. (2021). Furthermore,

Bhaskara et al. (2020) considers multiple hints for regret minimization in Online Linear

Optimization. In this chapter, instead of focusing on a single problem, we extend the
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powerful paradigm of online covering problems to incorporate multiple predictions. As

a consequence, we obtain online algorithms with multiple predictions for a broad range

of classical problems such as set cover, caching, and facility location as corollaries of the

general technique that we develop here.

The Online Covering Framework. Online covering is a powerful framework for capturing a

broad range of problems in combinatorial optimization. In each online step, a new linear

constraint a ¨xě b is presented to the algorithm, where x is the vector of variables, a is a

vector of non-negative coefficients, and b is a scalar. The algorithm needs to satisfy the new

constraint, and is only allowed to increase the values of the variables to do so. The goal is to

minimize an objective function c ¨x, where c is the vector of costs that is known offline. This

formulation captures a broad variety of problems including set cover, (weighted) caching,

revenue maximization, network design, ski rental, TCP acknowledgment, etc. Alon et

al. Alon et al. (2009) proposed a multiplicative weights update (MWU) technique for this

problem and used it to solve the online set cover problem. This was quickly adapted to

other online covering problems including weighted caching Bansal et al. (2007), network

design Alon et al. (2006), allocation problems for revenue maximization Buchbinder et al.

(2007), etc. (The reader is referred to the survey Buchbinder and Naor (2009a) for more

examples.) All these algorithms share a generic method for obtaining a fractional solution

to the online covering problem, which was formalized by Buchbinder and Naor Buchbinder

and Naor (2009b) and later further refined by Gupta and Nagarajan Gupta and Nagarajan

(2014). Since then, the online covering problem has been generalized to many settings

such as convex (non-linear) objectives Azar et al. (2016) and mixed covering and packing

problems Azar et al. (2013).

Comparison with Prior Work on Online Covering with ML Prediction. Bamas, Maggiori, and

Svensson Bamas et al. (2020) were the first to consider the online covering framework in
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the context of ML predictions. In a beautiful work, they gave the first general-purpose tool

for online algorithms with predictions, and showed that this can be used to solve several

classical problems like set cover and dynamic TCP acknowledgment. In their setting, a

solution is presented as advice to the online algorithm at the outset, and the algorithm

incorporates this suggestion in its online decision making.

We give a general scheme for the online covering framework with multiple predictions.

In particular:

– Since we are in the multiple predictions setting, we allow ką 1 suggestions instead of

just a single suggestion, and benchmark our algorithm’s performance against the best

suggested solution. (Of course, the best suggestion is not known to the algorithm.)

– In contrast to Bamas et al. Bamas et al. (2020), we do not make the assumption that

the entire suggested solution is given up front. Instead, in each online step, each of

the k suggestions gives a feasible way of satisfying the new constraint. Note that

this is more general than giving the suggested solution(s) up front, since the entire

solution(s) can be presented in each online step as a feasible way of satisfying the

new constraint.

– In terms of the analysis, we extend the potential method from online algorithms

(in contrast, Bamas et al. Bamas et al. (2020) use the primal dual framework).

The potential method has been used recently for many classic problems in online

algorithms such as weighted paging Bansal et al. (2010), k-server Buchbinder et al.

(2019), metric allocation Bansal and Coester (2021), online set cover Buchbinder

et al. (2019), etc. In fact, it can also be used to reprove the main results of Bamas et

al. Bamas et al. (2020) in the single prediction setting. In this chapter, we extend this

powerful tool to incorporate multiple ML predictions.

– Finally, we show that our techniques extend to a generalization of the online covering
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framework to include box-type constraints. This extension allows the framework to

handle more problems such as online facility location that are not directly captured

by the online covering framework.

Comparison with Online Learning. The reader will notice the similarity of our problem to

the classical experts’ framework from online learning (see, e.g., the survey Shalev-Shwartz

(2012)). In the experts’ framework, each of k experts provides a suggestion in each online

step, and the algorithm has to choose (play) one of these k options. After the algorithm has

made its choice, the cost (loss) of each suggestion is revealed before the next online step.

The goal of the algorithm is to be competitive with the best expert in terms of total loss. In

contrast,

– Since we are solving a combinatorial problem, the (incremental) cost of any given step

for an expert or the algorithm depends on their pre-existing solution from previous

steps (therefore, in particular, even after following an expert’s choice, the algorithm

might suffer a larger incremental cost than the expert). This is unlike online learning

where the cost in a particular step is independent of previous choices.

– In online learning, the algorithm is benchmarked against the best static expert in

hindsight, i.e., the best solution whose choices match that of the same expert across

all the steps. Indeed, it can be easily shown that no algorithm can be competitive

against a dynamic expert, namely a solution that chooses the best suggestion in each

online step even if those choices come from different experts. Observe that such a

dynamic expert can in general perform much better than each of the suggestions, e.g.,

when the suggestions differ from each other but at each time, at least one of them

suggests a good solution. But, in our problem, since the choices made by experts

correspond to solutions of a combinatorial problem, we can actually show that our

algorithm is competitive even against a dynamic expert. Namely, the k suggestions

87



in every step are not indexed by specific experts, and the algorithm is competitive

against any composite solution that chooses any one of the k suggestions in each step.

– In online learning, the goal is to obtain regret bounds that show that the online

algorithm approaches the best (static) expert’s performance up to additive terms.

Such additive guarantees are easily ruled out for our problem, even for a static expert.

As is typically the case in online algorithms, our performance guarantees are in the

form of (multiplicative) competitive ratios rather than (additive) regret bounds.

4.1.1 Our Contributions.

Our first contribution is to formalize the online covering problem with multiple predictions

(Section 4.2). Recall that in each online step, along with a new constraint, the algorithm

receives k feasible suggestions for satisfying the constraint. Using these suggestions, we

design an algorithm for obtaining a fractional solution to the online covering problem–that

we call the OCP algorithm (Section 4.3). To compare this algorithm to the best suggested

solution, we define a benchmark DYNAMIC that captures the minimum cost (fractional)

solution that is consistent with at least one of the suggestions in each online step.

– Our main technical result shows that the cost of the solution produced by the OCP

algorithm is at most Oplogkq times that of the DYNAMIC solution.

It is noteworthy that unlike in the classical online covering problem (without predictions),

the competitive ratio is independent of the problem size, and only depends on the number

of suggestions k. As the number of suggestions increases, the competitive ratio degrades

because the suggestions have higher entropy (i.e., are less specific). As two extreme

examples, consider k “ 1, in which case it is trivial for an algorithm to exactly match the

DYNAMIC benchmark simply by following the suggestion in each step. In contrast, when k

is very large, the set of suggested solutions can essentially include all possible solutions,

and therefore, the suggestions are useless.
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The analysis of the OCP algorithm makes careful use of potential functions that might be

of independent interest. But, while the analysis of the OCP algorithm is somewhat intricate,

we note that the algorithm itself is extremely simple.

– We show that the competitive ratio of Oplogkq obtained by the OCP algorithm is tight.

We give a lower bound of Ωplogkq by only using binary (0/1) coefficients and unit

cost for each variable, which implies that the lower bound holds even for the special

case of the unweighted set cover problem.

– Using standard techniques, we observe that the OCP algorithm can be robustified,

i.e., along with being Oplogkq-competitive against the best suggested solution, the

algorithm can be made Opαq-competitive against the optimal solution where α is the

competitive ratio of the best online algorithm (without predictions).

We then use the OCP algorithm to solve two classic problems–online set cover (Section 4.4)

and caching (Section 4.5)–in the multiple predictions setting.

– We generalize the online covering framework by introducing box-type constraints

(Section 4.6). We show that our techniques and results from online covering extend

to this more general setting.

We then use this more general formulation for solving the classical online facility location

problem (Section 4.7).

4.2 The Online Covering Framework

4.2.1 Problem Statement

We define the online covering problem (OCP) as follows. There are n non-negative variables

txi : i P rnsu where each xi P r0,1s. Initially, xi “ 0 for all i P rns. A linear objective function

cpxq :“
řn

i“1 cixi is also given offline. In each online step, a new covering constraint is
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presented, the j-th constraint being given by
ř

i ai jxi ě 1 where ai j ě 0 for all i P rns.1 The

algorithm is only allowed to increase the values of the variables, and has to satisfy the new

constraint when it is presented. (We denote the total number of constraints by m.) The goal

is to minimize the objective function cpxq. We write this succinctly below:

min
xiPr0,1s:iPrns

#

n
ÿ

i“1

cixi :
n
ÿ

i“1

ai jxi ě 1 @ j P rms

+

.

This framework captures a large class of algorithmic problems such as (fractional) set

cover, caching, etc. that have been extensively studied in the online algorithms literature.

Our goal will be to obtain a generic algorithm for OCP with multiple suggestions. When

the j-th constraint is presented online, the algorithm also receives k suggestions of how

the constraint can be satisfied. We denote the s-th suggestion for the j-th constraint by

variables xip j,sq; they satisfy
řn

i“1 ai jxip j,sq ě 1, i.e., all suggestions are feasible.

To formally define the best suggestion, we say that a solution txi : i P rnsu is supported

by the suggestions txip jq : i P rns, j P rmsu if xi ě xip jq for all j P rms. Using this definition,

we consider below two natural notions of the best suggestion that we respectively call the

experts setting and the multiple predictions setting.

The Experts Setting. In the experts setting, there are k experts, and the s-th suggestion for

each constraint comes from the same fixed expert s P rks (say some fixed ML algorithm or

a human expert). The online algorithm is required to be competitive with the best among

these k experts2. To formalize this, we define the benchmark:

STATIC “min
sPrks

n
ÿ

i“1

ci ¨max
jPrms

xip j,sq.

1 A more general definition allows constraints of the form
řn

i“1 ai jxi ě b j for any b j ą 0, but restricting b j
to 1 is without loss of generality since we can divide throughout by b j without changing the constraint.

2 This is similar to the experts model in online learning, hence the name.
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Note that tmax jPrms xip j,sq : i P rnsu is the minimal solution that is supported by the sugges-

tions of expert s; hence, we define the cost of the solution proposed by expert s to be the

cost of this solution.

The Multiple Predictions Setting. In the multiple predictions setting, we view the set of k

suggestions in each step as a bag of k predictions (without indexing them specifically to

individual predictors or experts) and the goal is to obtain a solution that can be benchmarked

against the best of these suggestions in each step. Formally, our benchmark is the minimum-

cost solution that is supported by at least one suggestion in each online step:

DYNAMIC “min
x̂PX̂

n
ÿ

i“1

ci ¨ x̂i, where

X̂ “ tx̂ : @i P rns,@ j P rms,Ds P rks, x̂i ě xip j,squ.

Note that every solution that is supported in the experts setting is also supported in the

multiple predictions setting. This implies that STATIC ě DYNAMIC, and therefore, the

competitive ratios that we obtain in the multiple predictions setting also hold in the experts

setting. Conversely, the lower bounds on the competitive ratio that we obtain in the experts

setting also hold in the multiple predictions setting.

4.2.2 Our Results

We obtain an algorithm for OCP with the following guarantee in the multiple predictions

setting (and therefore also in the experts setting by the discussion above):

Theorem 24. There is an algorithm for the online covering problem with k suggestions

that has a competitive ratio of Oplogkq, even against the DYNAMIC benchmark.

Note that this competitive ratio is independent of the size of the problem instance, and

only depends on the number of suggestions. In contrast, in the classical online setting, the

competitive ratio (necessarily) depends on the size of the problem instance.
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Next, we show that the competitive ratio in Theorem 24 is tight by showing a matching

lower bound. This lower bound holds even in the experts setting (hence, by the discussion

above, it automatically extends to the multiple predictions setting):

Theorem 25. The competitive ratio of any algorithm for the online covering problem with

k suggestions is Ωplogkq, even against the STATIC benchmark.

We noted earlier that it is desirable for online algorithms to have robustness guarantees,

i.e., that the algorithm does not fare much worse than the best online algorithm (without

predictions) even if the predictions are completely inaccurate. Our next result is the robust

version of Theorem 24:

Theorem 26. Suppose a class of online covering problems have an online algorithm

(without predictions) whose competitive ratio is α . Then, there is an algorithm for this class

of online covering problems with k suggestions that produces an online solution whose cost

is at most Opmintlogk ¨DYNAMIC,α ¨OPTuq.

We will prove Theorem 24 in the next section. The proofs of Theorem 25 and Theo-

rem 26 are given in Section 4.3.2 and Section 4.3.1 respectively. Subsequently, we apply

the algorithmic framework developed in Theorem 24 to obtain tight competitive ratios for

specific instantiations of OCP, namely the set cover problem (Section 4.4) and the caching

problem (Section 4.5). Finally, we extend our OCP result to include box-type constraints

(Section 4.6) and apply it to the online facility location problem (Section 4.7).

4.3 Online Covering Algorithm

Recall that in the online covering problem, the new constraint that arrives in the j-th online

step is
řn

i“1 ai jxi ě 1 and the algorithm receives k suggestions where the s-th suggestion

is denoted xip j,sq. If the current solution of the algorithm given by the variables xi is

feasible, i.e.,
řn

i“1 ai jxi ě 1, then the algorithm does not need to do anything. Otherwise,

92



the algorithm needs to increase these variables until they satisfy the constraint. Next, we

describe the rules governing the increase of variables.

Intuitively, the rate of the increase of a variable xi should depend on three things. First,

it should depend on the cost of this variable in the objective, namely the value of ci; the

higher the cost, the slower we should increase this variable. Second, it should depend on

the contribution of variable xi in satisfying the new constraint, namely the value of ai j; the

higher this coefficient, the faster should we increase the variable. Finally, the third factor

is how strongly xi has been suggested. To encode this mathematically, we first make the

assumption that every suggestion is tight, i.e.,

n
ÿ

i“1

ai jxip j,sq “ 1 for every suggestion s P rks. (4.1)

This assumption is without loss of generality because, if not, we can decrease the variables

xip j,sq in an arbitrary manner until the constraint becomes tight. (Note that this change

can only decrease the cost of the benchmark solutions DYNAMIC and STATIC; hence, any

competitive ratio bounds obtained after this transformation also hold for the original set of

suggestions.)

Having made all the suggestions tight, we now encode how strongly a variable has

been suggested by using its average suggested value 1
k ¨
řk

s“1 xip j,sq. Our algorithm (see

Algorithm 11) increases all variables xi satisfying xi ă
1
2 simultaneously at rates governed

by these parameters; precisely, we use

dxi

dt
“

ai j

ci

`

xi`δ ¨ xi j
˘

, where δ “
1
k
,xi j “

k
ÿ

s“1

xip j,sq.

The algorithm continues to increase the variables until
řn

i“1 ai jxi ě
1
2 ; along the way, any

variable xi that reaches 1
2 is dropped from the set of increasing variables. To satisfy the j-th

constraint, we note that the variables 2xi are feasible for the constraint. (Note that since
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all variables xi ď
1
2 before the scaling, every variable can be doubled without violating

xi ď 1.) Since this last step of multiplying every variable by 2 only increases the cost of the

algorithm by a factor of 2, we ignore this last scaling step in the rest of the analysis.

Algorithm 11 Online Covering Algorithm
Offline: All variables xi are initialized to 0.
Online: On arrival of the j-th constraint:

while
řn

i“1 ai jxi ă
1
2 ,

for i P rns
if xi ă

1
2 , increase xi by dxi

dt “
ai j
ci

`

xi`δ ¨ xi j
˘

,

where δ “ 1
k and xi j “

řk
s“1 xip j,sq.

Before analyzing the algorithm, we note that although we described it using a continuous

process driven by a differential equation, the algorithm can be easily discretized and made to

run in polynomial time where in each discrete step, some variable xi reaches 1
2 (and therefore,

xi cannot increase any further) or
řn

i“1 ai jxi reaches 1
2 (and therefore, the algorithm ends

for the current online step). In this section, we will analyze the continuous algorithm rather

than the equivalent discrete algorithm for notational simplicity.

Next, we show that the algorithm is valid, i.e., that there is always a variable xi that

can be increased inside the while loop. If not, then we have
řn

i“1 ai jxi ă
1
2 but xi ě

1
2 for

all variables xi, i P rns. This implies that
řn

i“1 ai j ă 1, which is a contradiction because

the constraint
řn

i“1 ai jxi ě 1 is then unsatisfiable by any setting of variables xi ď 1. (In

particular, this would mean that there cannot be any feasible suggestion for this constraint.)

Now, we are ready to bound the competitive ratio of Algorithm 11 with respect to the

DYNAMIC benchmark. First, we bound the rate of increase of algorithm’s cost:

Lemma 28. The rate of increase of cost in Algorithm 11 is at most 3
2 .
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Proof. The rate of increase of cost is given by:

n
ÿ

i“1

ci ¨
dxi

dt
“

n
ÿ

i“1

ai j
`

xi`δ ¨ xi j
˘

“

n
ÿ

i“1

ai jxi`
1
k
¨

n
ÿ

i“1

k
ÿ

s“1

ai jxip j,sq

ă
1
2
`

1
k
¨

k
ÿ

s“1

˜

n
ÿ

i“1

ai jxip j,sq

¸

“
3
2
,

where we used
řn

i“1 ai jxiă
1
2 from the condition on the while loop, and

řn
i“1 ai jxip j,sq “ 1

for all s P rks from Equation (4.1).

We now define a carefully crafted non-negative potential function φ . We will show

that the potential decreases at constant rate when Algorithm 11 increases the variables

xi (Lemma 31). By Lemma 28, this implies that the potential can pay for the cost of

Algorithm 11 up to a constant. We will also show that the potential φ is at most Oplogkq

times the DYNAMIC benchmark (Lemma 30). Combined, these yield Theorem 24.

Let xDYN
i denote the value of variable xi in the DYNAMIC benchmark. The potential

function for a variable xi is then defined as follows:

φi “ ci ¨ xDYN
i ¨ ln

p1`δ qxDYN
i

xi`δxDYN
i

, where δ “
1
k
.

and the overall potential is:

φ “
ÿ

i:xDYN
i ěxi

φi.

The intuition behind only including those variables that have xDYN
i ě xi in the potential

function is that the potential stores the excess cost paid by the DYNAMIC benchmark for

these variables so that it can be used later to pay for increase in the algorithm’s variables.

First, we verify that the potential function is always non-negative.
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Lemma 29. For any values xi,xDYN
i of the variables, the potential function φ is non-

negative.

Proof. Note that φ only includes variables xi such that xDYN
i ě xi. For such variables,

φi “ ci ¨ xDYN
i ¨ ln

p1`δ qxDYN
i

xi`δxDYN
i

“ ci ¨ xDYN
i ¨ ln

1`δ
xi

xDYN
i
`δ

ě 0.

Next, we bound the potential as a function of the variables xDYN
i in the DYNAMIC

benchmark:

Lemma 30. The potential φi for variable xi is at most cixDYN
i ¨ ln

`

1` 1
δ

˘

“ cixDYN
i ¨Oplogkq.

As a consequence, the overall potential φ ď Oplogkq ¨
řn

i“1 cixDYN
i .

Proof. We have

φi “ cixDYN
i ¨ ln

p1`δ qxDYN
i

xi`δxDYN
i

ď cixDYN
i ¨ ln

p1`δ qxDYN
i

δxDYN
i

“ cixDYN
i ¨ ln

ˆ

1`
1
δ

˙

“ cixDYN
i ¨Oplogkq.

Finally, we bound the rate of decrease of potential φ with increase in the variables xi in

Algorithm 11. Our goal is to show that up to constant factors, the decrease in potential φ

can pay for the increase in cost of the solution of Algorithm 11.

Lemma 31. The rate of decrease of the potential φ with increase in the variables xi in

Algorithm 11 is at least 1
2 .

Proof. Recall that φi “ ci ¨ xDYN
i ¨ ln p1`δ qxDYN

i
xi`δxDYN

i
. Therefore,

dφi

dxi
“´ci ¨

xDYN
i

xi`δxDYN
i

.
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Recall that in Algorithm 11, the rate of increase of variables xi is given by dxi
dt “

ai j
ci

`

xi`δ ¨ xi j
˘

,

where δ “ 1
k and xi j “

řk
s“1 xip j,sq. Thus, we have:

dφi

dt
“

dφi

dxi
¨

dxi

dt
“´ci ¨

xDYN
i

xi`δxDYN
i

¨
ai j

ci
pxi`δ ¨ xi jq

“ ´ai j ¨ xDYN
i ¨

xi`δxi j

xi`δxDYN
i

.

Now, we have two cases:

• If xi j ě xDYN
i , then

dφi

dt
“´ai j ¨ xDYN

i ¨
xi`δxi j

xi`δxDYN
i

ď´ai j ¨ xDYN
i ¨

xi`δxDYN
i

xi`δxDYN
i

“´ai jxDYN
i . (4.2)

• If xi j ă xDYN
i , then

dφi

dt
“´ai j ¨ xDYN

i ¨
xi`δ ¨ xi j

xi`δxDYN
i

“´ai j ¨ xi j ¨

xDYN
i
xi j
¨ xi`δ ¨ xDYN

i

xi`δxDYN
i

ă´ai jxi j. (4.3)

We know that at least one of the suggestions in the j-th step is supported by the DYNAMIC

benchmark. Let sp jq P rks be such a supported suggestion. Then,

xi j “

k
ÿ

s“1

xip j,sq ě xip j,sp jqq, and

xDYN
i ě xip j,sp jqq since sp jq is supported by DYNAMIC.

Therefore, in both cases (Equation (4.2) and Equation (4.3)) above, we get

dφi

dt
ď´ai jxip j,sp jqq.
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Let us denote I j “ ti | xip j,sp jqq ě xiu. Then, the total decrease in potential is given by:

dφ

dt
“

ÿ

i:xDYN
i ěxi

dφi

dt
ď´

ÿ

iPI j

ai jxip j,sp jqq. (4.4)

By feasibility of the sp jq-th suggestion for the j-th constraint, we have
řn

i“1 ai jxip j,sp jqq ě

1. Therefore,
ÿ

iPI j

ai jxip j,sp jqq`
ÿ

iRI j

ai jxip j,sp jqq ě 1

i.e.,
ÿ

iPI j

ai jxip j,sp jqq`
ÿ

iRI j

ai jxi ą 1,

since xi ą xip j,sp jqq for i R I j. Thus,
ÿ

iPI j

ai jxip j,sp jqq`
ÿ

i

ai jxi ą 1

i.e.,
ÿ

iPI j

ai jxip j,sp jqq ą
1
2
,

since
řn

i“1 ai jxi ă
1
2 in Algorithm 11. The lemma follows by Equation (4.4).

Theorem 24 now follows from the above lemmas using standard arguments as follows:

Proof of Theorem 24. Initially, let xi “ 0 for all i P rns but let xDYN
i be their final value.

Then, by Lemma 30, the potential φ is at most Oplogkq times the cost of DYNAMIC. Now,

as Algorithm 11 increases the values of the variables xi, it incurs cost at rate at most 3
2

(by Lemma 28) and the potential φ decreases at rate at least 1
2 (by Lemma 31). Since φ

is always non-negative (by Lemma 29), it follows that the total cost of the algorithm is at

most 3 times the potential φ at the beginning, i.e., at most Oplogkq times the DYNAMIC

benchmark. This completes the proof of Theorem 24.
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4.3.1 Robust Algorithm for the Online Covering Problem

Now, we prove the robust version of Theorem 24, namely Theorem 26.

Proof of Theorem 26. We run a meta algorithm with two sets of suggestions corresponding

to two solutions. The first solution is obtained by using Algorithm 11 with k suggestions.

By Theorem 24 this solution has cost at most Oplogkq ¨DYNAMIC. The second solution is

produced by the online algorithm that achieves a competitive ratio of α in the statement of

Theorem 26. Using Algorithm 11 again for the meta algorithm, Theorem 26 now follows

by invoking Theorem 24.

As one particular application of Theorem 26, we note that for general OCP, the best

competitive ratio is due to the following result of Gupta and Nagarajan Gupta and Nagarajan

(2014) (see also Buchbinder and Naor Buchbinder and Naor (2009b)):

Theorem 27 (Gupta and Nagarajan Gupta and Nagarajan (2014)). There is an algorithm

for the online covering problem that has a competitive ratio of Oplogdq, where d is the

maximum number of variables with non-zero coefficients in any constraint.

This automatically implies the following corollary of Theorem 26:

Theorem 28. There is an algorithm for the fractional online covering problem that pro-

duces an online solution whose cost is at most Opmintlogk ¨DYNAMIC, lnd ¨OPTuq in the

multiple predictions setting with k predictions, where d is the maximum number of non-zero

coefficients in any constraints of the online covering problem instance.

For specific problems that can be modeled as OCP, it might be possible to obtain a

better competitive ratio than Oplogdq by using the structure of those instances. In that

case, the competitive ratio in the multiple predictions setting also improves accordingly by

Theorem 26.
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4.3.2 Lower Bound for the Online Covering Problem

Here we show that the competitive ratio obtained in Theorem 24 is tight, i.e., we prove

Theorem 25. We will restrict ourselves to instances of OCP where ai j P t0,1u and ci “ 1 for

all i, j; this is called the online (fractional) set cover problem. (We will discuss the set cover

problem in more detail in the next section.) Moreover, our lower bound will hold even in

the experts model, i.e., against the STATIC benchmark. Since the DYNAMIC benchmark is

always at most the STATIC benchmark, it follows that the lower bound also holds for the

DYNAMIC benchmark.

Proof of Theorem 25. We index the k experts t1,2 . . .ku using a uniform random permu-

tation. We will construct an instance of OCP, where the cost of the optimal solution is

T . The instance has k rounds, where in each round there are T constraints. We index

the jth constraint of the ith round as pi, jq for i P rks, j P rT s. There are kT variables that

are also indexed as pi, jq for i P rks, j P rT s. Constraint pi, jq is satisfied by each of the

variables pi1, jq for all i1 ě i (i.e., api, jq,pi1, jq “ 1). When constraint pi, jq is presented (in

round i), expert i1 for every i1 ě i sets variable pi1, jq to 1 to satisfy it. (The suggestions of

experts i2 ă i are immaterial in this round, and they can set any arbitrary variable satisfying

constraint pi, jq to 1.)

The optimal solution is to follow expert k, i.e., the variables pk, jq for all j P rT s should

be set to 1; this has cost T . After round i, the cumulative expected cost of any deterministic

algorithm across the variables pi,1q,pi,2q, . . . ,pi,T q is at least T
i . Across all i P rks, this adds

up to a total expected cost T ¨
`

1` 1
2 ` . . .` 1

k

˘

“ΩpT logkq. The theorem then follows by

Yao’s minimax principle Yao (1977).

4.4 Online Set Cover

In the (weighted) set cover problem, we are given a collection of subsets S of a ground

set U , where set S PS has weight wS. The goal is to select a collection of sets T ĎS of
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minimum cost
ř

TPT wT that cover all the elements in U , i.e., that satisfies YTPT T “U .

In the online version of this problem (see Alon et al. (2009)), the set of elements in U is not

known in advance. In each online step, a new element u PU is revealed, and the sets in S

that contain u are identified. If u is not covered by the sets in the current solution T , then

the algorithm must augment T by adding some set containing u to it.

In the fractional version of the set cover problem, sets can be selected to fractions in

r0,1s, i.e., a solution is given by variables xS P r0,1s for all S PS . The constraint is that

the total fraction of all sets containing each element u must be at least 1, i.e.,
ř

S:uPS xS ě 1

for every element u PU . The cost of the solution is given by
ř

SPS wSxS. Clearly, this is a

special case of the online covering problem in the previous section where each variable xi

represents a set and each constraint
řn

i“1 ai jxi ě 1 is for an element, where ai j “ 1 if an

only if element j is in set i, else ai j “ 0.

We define the frequency of an element to be the number of sets containing it, and denote

the maximum frequency of any element by d. Note that this coincides with the maximum

number of non-zero coefficients in any constraint. The following theorem is an immediate

corollary of Theorem 28:

Theorem 29. There is an algorithm for the fractional online set cover problem that pro-

duces an online solution whose cost is at most Opmintlnk ¨ DYNAMIC, lnd ¨ OPTuq in the

multiple predictions setting with k predictions.

It is interesting to note that when the suggestions are good in the sense that DYNAMIC“

OpOPTq, the competitive ratio of Oplogkq in the above theorem is independent of the size of

the problem instance. In contrast, for the classical fractional online set cover problem, there

is a well-known lower bound of Ωplogdq on the competitive ratio. We also note that the

competitive ratio in Theorem 29 is tight since as we noted earlier, the lower bound instance

constructed in Theorem 25 is actually an instance of the set cover problem.
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4.4.1 Online Rounding and the Integral Set Cover Problem

Next, we consider the integral set cover problem, i.e., where the variables xi are required

to be integral, i.e., in t0,1u rather than in r0,1s. The following a well-known result on

rounding fractional set cover solutions online:

Theorem 30 (Alon et al. Alon et al. (2009)). Given any feasible solution to the fractional

online set cover problem, there is an online algorithm for finding a feasible solution to the

integral online set cover problem whose cost is at most Oplogmq times that of the fractional

solution, where m is the number of elements.

By applying this theorem on the fractional solution produced by Theorem 29, we

get a competitive ratio of Oplogm logkq for the integral online set cover problem with k

predictions against the DYNAMIC benchmark:

Theorem 31. There is an algorithm for the integral online set cover problem that produces

an online solution whose cost is at most Opmintlnm lnk ¨DYNAMIC, lnm lnd ¨OPTuq in the

multiple predictions setting with k predictions.

It is well-known that the competitive ratio of the integral online set cover problem

(without predictions) is at least Ω̃plogm logdq Alon et al. (2009)3. In the degenerate case of

k “ d, any instance of online set cover can be generated in the k predictions settings where

the benchmark solution DYNAMIC will be the optimal solution, since all the sets containing

an element can be provided as suggestions in each online step. As a consequence, the

competitive ratio in Theorem 31 is tight (up to lower order terms).

4.5 (Weighted) Caching

The caching problem is among the most well-studied online problems (see, e.g., Sleator

and Tarjan (1985); Fiat et al. (1991); McGeoch and Sleator (1991); Achlioptas et al. (2000);

3 The notation Ω̃ (and Õ) hide lower order terms.
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Young (1991); Blum et al. (1999), and the textbook Borodin and El-Yaniv (1998)). In this

problem, there is a set of n pages and a cache that can hold any h pages at a time.4 In

every online step j, a page p j is requested; if this page is not in the cache, then it has to

be brought into the cache (called fetching) by evicting an existing page from the cache. In

the weighted version (see, e.g., Chrobak et al. (1991); Young (1994); Bansal et al. (2007)),

the cost of fetching a page p into the cache is given by its non-negative weight wp. (In the

unweighted version, wp “ 1 for all pages.) The goal of a caching algorithm is to minimize

the total cost of fetching pages while serving all requests.

The (weighted) caching problem can be formulated as online covering problem by

defining variables xpprq P t0,1u to indicate whether page p is evicted between its r-th and

pr`1q-st requests. Let rpp, jq denote the number of times page p is requested until (and

including) the j-th request. For any online step j, let Bp jq “ tp : rpp, jq ě 1u denote the

set of pages that have been requested until (and including) the j-th request. The covering

program formulation is as follows:

min
ř

p
ř

r wp ¨ xpprq subject to
ř

pPBp jq,p‰p j
xpprpp, jqq ě |Bp jq|´h, @ j ě 1

xpprq P t0,1u, @p,@r ě 1

In the fractional version of the problem, we replace the constraints xpprq P t0,1u with the

constraints xpprq P r0,1s. Clearly, this fits the definition of the online covering problem.5

Moreover, for the fractional weighted caching problem, Bansal, Buchbinder, and Naor gave

an online algorithm with a competitive ratio of Oploghq:

Theorem 32 (Bansal et al. (2007)). There is an online algorithm for the fractional weighted

caching problem with a competitive ratio of Oploghq.

4 The usual notation for cache size is k, but we have changed it to h since we are using k to denote the
number of suggestions.

5 Strictly speaking, we need to scale the first set of coefficients by |Bp jq|´h, but as we mentioned earlier,
this is equivalent since scaling the coefficients has no bearing on the competitive ratio of our algorithm.
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Note that the competitive ratio of Oploghq is better than that given by Theorem 27 since

the cache size h is typically much smaller than the total number of pages. Now, we apply

Theorem 26 to get the following result for fractional weighted caching with k predictions:

Theorem 33. There is an algorithm for the fractional weighted caching problem that

produces an online solution whose cost is at most Opmintlnk ¨DYNAMIC, lnh ¨OPTuq in the

multiple predictions setting with k predictions.

4.5.1 Integral (Weighted) Caching

Next, we consider the integral weighted caching problem, i.e., where the variables xpprq

have to be in t0,1u rather than r0,1s. We use the following known result about online

rounding of fractional weighted caching solutions:

Theorem 34 (Bansal, Buchbinder, and Naor Bansal et al. (2007)). Given any feasible

online solution to the fractional weighted caching problem, there is an online algorithm for

finding a feasible online solution to the integral weighted caching problem whose cost is at

most Op1q times that of the fractional solution.

By applying this theorem on the fractional solution produced by Theorem 33, we get a

competitive ratio of Oplogkq for the integral weighted caching problem with k predictions

against the DYNAMIC benchmark:

Theorem 35. There is an online algorithm for the integral weighted caching problem that

produces an online solution whose cost is at most Opmintlnk ¨DYNAMIC, lnh ¨OPTuq in the

multiple predictions setting with k predictions.
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4.6 Online Covering with Box Constraints

In this section, we generalize the online covering framework in Section 4.2 by allowing

additional box constraints of the form xi j ď yi. The new linear program is given by:

Minimize
n
ÿ

i“1

ciyi`

n
ÿ

i“1

m
ÿ

j“1

di jxi j subject to

xi j ď yi @i, j (4.5)

n
ÿ

i“1

ai jxi j “ 1 @ j (4.6)

yi P r0,1s @i (4.7)

The box constraints xi j ď yi do not have coefficients and hence are known offline. As in OCP,

the cost coefficients ci are known offline. In each online step, a new covering constraint
řn

i“1 ai jxi j ě 1 is revealed to the algorithm, and the corresponding cost coefficient di j is

also revealed.

We first note that this is a generalization of the online covering problem. To see this, set

di j “ 0. Then, we get:

min
yiPr0,1s:iPrns

#

n
ÿ

i“1

ciyi :
n
ÿ

i“1

ai jyi ě 1 @ j P rms

+

,

which is precisely the online covering problem.

The more general version captures problems like facility location (shown in the next

section) that are not directly modeled by OCP. We denote the s-th suggestion for the j-th

constraint by variables yip j,sq and xi jpsq; they satisfy
řn

i“1 ai jxi jpsq ě 1, i.e., all suggestions

are feasible.

4.6.1 Online Algorithm

Our algorithm for OCP with box constraints is given in Algorithm 12. As earlier, for all i,

we simultaneously raise xi j (and possibly yi as well) at the rate specified by the algorithm.
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As in the case of OCP, we raise these variables only till the constraint is satisfied up to

a factor of 1
2 , and any individual variable does not cross 1

2 . This allows us to double all

variable and satisfy the constraints at an additional factor of 2 in the cost. Moreover, the

same argument as in Algorithm 11 implies that this algorithm is also feasible, i.e., there is

at least one variable that can be increased in the while loop.

Algorithm 12 Algorithm for Online FACILITY LOCATION

On arrival of a new constraint
řn

i“1 ai jxi j “ 1:
Initialize xi j “ 0, @ j.
Set Γi j :“

řk
s“1 xi jpsq, @ j and δ “ 1

k .
while

ř

j xi j ă
1
2

for all i such that xi j ă
1
2 :

if xi j ă yi

Increase xi j at the rate Bxi j
Bt “

´

ai j
di j

¯

¨
`

xi j`δ ¨Γi j
˘

else
Increase both variables xi j,yi at the same rate
Byi
Bt “

Bxi j
Bt “

´

ai j
di j`ci

¯

¨
`

xi j`δ ¨Γi j
˘

.

4.6.2 Analysis

In this section, we analyze Algorithm 12. We first bound the rate of increase of the cost of

the algorithm.

Lemma 32. The rate of increase of the cost for Algorithm 12 is at most 3
2 .

Proof. Consider Algorithm 12 when the constraint
řn

i“1 ai jxi j “ 1 arrives. For any i, we

claim:

di j ¨
Bxi j

Bt
` ci ¨

Byi

Bt
“ ai j

`

xi j`δ ¨Γi j
˘

. (4.8)

To show this, there are two cases to consider:

• xi j ă yi: In this case, Byi
Bt “ 0, and di j ¨

Bxi j
Bt “ ai j

`

xi j`δ ¨Γi j
˘

and so (4.8) holds.
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• xi j“ yi: In this case, Byi
Bt “

Bxi j
Bt “

ai j
di j`ci

¨

´

xi j`
Γi j
k

¯

, i.e., ci ¨
Byi
Bt `di j ¨

Bxi j
Bt “ ai j

`

xi j`δ ¨Γi j
˘

,

and so (4.8) holds.

Therefore, the rate of change of the objective function is given by:

ÿ

i

ˆ

di j ¨
Bxi j

Bt
` ci ¨

Byi

Bt

˙

(4.8)
“

ÿ

i

ai j
`

xi j`δ ¨Γi j
˘

“
ÿ

i

ai jxi j`

ř

s
ř

i ai jxi jpsq
k

ď
1
2
`1“

3
2
.

We now describe the potential function, which has a similar structure as that in the online

covering framework. Let xDYN
i j ,yDYN

i denote the values of the variables xi j,yi respectively in

the benchmark solution DYNAMIC. The potential function for a variable xi j is then defined

as follows:

φi j “ di j ¨ xDYN
i j ¨ ln

p1`δ qxDYN
i j

xi j`δxDYN
i j

, where δ “
1
k
,

and the potential for the variable yi is given by

ψi “ ci ¨ yDYN
i ¨ ln

p1`δ qyDYN
i

yi`δyDYN
i

.

As before, the overall potential is

φ “
ÿ

i, j:xDYN
i j ěxi j

φi j`
ÿ

i:yDYN
i ěyi

ψi.

The rest of the proof proceeds along the same lines as that for the online covering problem.

But we give the details for the sake of completeness.

The next lemma is the analogue of Lemma 29, and shows that the potential φ is always

non-negative.

Lemma 33. For any values of the variables xi j,yi,xDYN
i j ,yDYN

i , the potential function φ is

non-negative.
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Proof. We show that each of the quantities φi j,ψi in the expression for φ is non-negative.

Consider a pair i, j for which xDYN
i j ě xi j. Then

φi j “ di j ¨ xDYN
i j ¨ ln

p1`δ qxDYN
i j

xi j`δxDYN
i j

“ di j ¨ xDYN
i j ¨ ln

1`δ
xi j

xDYN
i j
`δ

ě 0.

Similarly, ψi ě 0 if yDYN
i ě yi. This shows that φ ě 0.

Now we bound the potential against the benchmark solution DYNAMIC. The proof of

this lemma is very similar to that of Lemma 30.

Lemma 34. The following bounds hold: φi j ď di j ¨ xDYN
i j ¨ lnp1` 1

δ
q “ di jxDYN

i j ¨Oplogkq

and ψi ď ci ¨ yDYN
i ¨ lnp1` 1

δ
qq “ ciyDYN

i ¨Oplogkq. As a consequence, the overall potential

φ ď Oplogkq ¨
´

ř

i
ř

j di jxDYN
i j `

ř

j ciyDYN
i

¯

.

Proof. We have

φi j“ di jxDYN
i j ¨ ln

p1`δ qxDYN
i j

xi`δxDYN
i j

ď di jxDYN
i j ¨ln

p1`δ qxDYN
i j

δxDYN
i j

“ di jxDYN
i j ¨ln

ˆ

1`
1
δ

˙

“ di jxDYN
i j ¨Oplogkq.

The bound for ψi also follows similarly.

Finally, we bound the rate of decrease of potential φ with increase in the variables in

Algorithm 12.

Lemma 35. The rate of decrease of the potential φ in Algorithm 12 is at least 1
2 .

Proof. It is easy to check that

Bφi j

Bxi j
“´

di jxDYN
i j

xi j`δxDYN
i j

,
Bψi

Byi
“´

ciyDYN
i

yi`δyDYN
i

. (4.9)

Consider the step when the j-th constraint arrives. We claim that for any index i P rns,

B
`

φi j`ψi
˘

Bt
ď´ai jxDYN

i j ¨
xi j`δΓi j

xi j`δxDYN
i j

. (4.10)

To prove this, we consider two cases:
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• xi j ă yi: In this case, Bxi j
Bt “

ai j
di j
¨
`

xi j`δΓi j
˘

, Byi
Bt “ 0. Combining this with (4.9), we

see that

B
`

φi j`ψi
˘

Bt
“
Bφi j

Bt
“
Bφi j

Bxi j
¨
Bxi j

Bt
“´ai jxDYN

i j ¨
xi j`δΓi j

xi j`δxDYN
i j

.

• xi j “ yi: In this case, Bxi j
Bt “

Byi
Bt “

ai j
di j`ci

¨

´

xi j`
Γi j
k

¯

. Using (4.9) again and the fact

that yi “ xi j, we see that

B
`

φi j`ψi
˘

Bt
“
Bφi j

Bxi j
¨
Bxi j

Bt
`
Bψi

Byi
¨
Byi

Bt
“´

ai j

ci`di j

˜

di jxDYN
i j

xi j`δxDYN
i j

`
ciyDYN

i
xi j`δyDYN

i

¸

¨
`

xi j`δΓi j
˘

.

Since yDYN
i ě xDYN

i j ,
yDYN

i
xi j`δyDYN

i
ě

xDYN
i j

xi j`δxDYN
i j

. Therefore, the RHS above is at most

´ai jxDYN
i j ¨

xi j`δΓi j
xi j`δxDYN

i j
.

Thus, we have shown that inequality (4.10) always holds. Now, we have two cases:

• Γi j ě xDYN
i j : Inequality (4.10) implies that

Bpφi j`ψiq

Bt
ď´ai jxDYN

i j .

• Γi j ă xDYN
i j : Using (4.10) again, we see that

dpφi j`ψiq

dt
ď´ai jxDYN

i j ¨
xi j`δ ¨Γi j

xi j`δxDYN
i j

“´ai jΓi j ¨

xDYN
i j
Γi j
¨ xi j`δ ¨ xDYN

i j

xi j`δxDYN
i j

ď´ai jΓi j.

We know that at least one of the suggestions in the i-th step is supported by the DYNAMIC

benchmark. Let sp jq P rks be the index of such a supported suggestion. Then,

Γi j “

k
ÿ

s“1

xi jpsq ě xi jpsp jqq, and

xDYN
i j ě xi jpsp jqq since sp jq is supported by DYNAMIC.
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Therefore, in both cases above, we get

Bpφi j`ψiq

Bt
ď´ai j ¨ xi jpsp jqq.

Let I denote the index set ti P rns : xDYN
i j ě xi ju (here j is fixed). We claim that the total

decrease in potential satisfies:

Bφ

Bt
ď´

ÿ

iPI

ai j ¨ xi jpsp jqq. (4.11)

To see this, let I1 denote the index set ti : yDYN
i ě yiu. Then the term in φ corresponding to

step j is φ j :“
ř

iPI φi j`
ř

iPI1 ψi. First consider an index i P I for which xi j ă yi. In this

case, we know that Bψi
Bt “ 0, and so irrespective of whether i belongs to I1 or not, the rate of

change of the terms in φ j corresponding to i is

Bpφi j`ψiq

Bt
ď´ai j ¨ xi jpsp jqq.

Now consider an index i P I for which xi j “ yi. Since yDYN
i ě xDYN

i j , it follows that yDYN
i ě yi

and so i P I1 as well. Therefore, the rate of change of the terms in φ j corresponding to i is

equal to

Bpφi j`ψiq

Bt
ď´ai j ¨ xi jpsp jqq.

Finally, consider an index i P I1zI. It is easy to verify that Bψi
Bt ď 0. Thus, inequality (4.11)

follows.

The rest of the argument proceeds as in the proof of Lemma 31. By feasibility of the
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sp jq-th suggestion in step j, we have:
ÿ

j

ai jxi jpsp jqq ě 1

i.e.,
ÿ

iPI

ai jxi jpsp jqq`
ÿ

iRI

ai jxi jpsp jqq ě 1

i.e.,
ÿ

iPI

ai jxi jpsp jqq`
ÿ

iRI

ai jxi j ą 1
`

since i R I, we have xi j ą xDYN
i j ě xi jpsp jqq

˘

i.e.,
ÿ

iPI

ai jxi jpsp jqq`
n
ÿ

i“1

ai jxi j ą 1

i.e.,
ÿ

iPI

ai jxi jpsp jqq ą
1
2

˜

since
n
ÿ

i“1

xi j ă
1
2

in Algorithm 12

¸

.

The desired result now follows from (4.11).

We now combine these lemmas to show the following result:

Theorem 36. There is an algorithm for the online covering problem with box constraints

that produces an online solution whose cost is at most Oplogkq ¨DYNAMIC in the multiple

predictions setting with k predictions.

Proof. Initially, let xi j “ yi “ 0 for all i, j but let xDYN
i j ,yDYN

i be their final value. Then,

by Lemma 34, the potential φ is at most Oplogkq times the cost of DYNAMIC. Now, as

Algorithm 12 increases the values of the variables xi j,yi, it incurs cost at rate at most 3
2

(by Lemma 32) and the potential φ decreases at rate at least 1
2 (by Lemma 35). Since φ

is always non-negative (by Lemma 33), it follows that the total cost of the algorithm is at

most 3 times the potential φ at the beginning, i.e., at most Oplogkq times the DYNAMIC

benchmark.

We can also robustify the solution produced by Algorithm 12 using the same ideas

as in Theorem 26. Namely, we run Algorithm 12 to produce one solution and an online
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algoeithm without prediction to obtain another solution. Then, these two solutions are

fed into a meta algorithm running Algorithm 12 to obtain the final solution. We get the

following analog of Theorem 26:

Theorem 37. Suppose a class of online covering problems with box constraints have an

online algorithm (without predictions) whose competitive ratio is α . Then, there is an

algorithm for this class of online covering problems with box constraint with k suggestions

that produces an online solution whose cost is at most Opmintlnk ¨DYNAMIC,α ¨OPTuq.

4.7 Online Facility Location

We now apply the online covering with box constraints framework to the online FACILITY

LOCATION problem. An instance of FACILITY LOCATION is given by a set of potential

facility locations F , a set R of client locations and a metric space dp¨, ¨q defined on these

points. Further, each location fi PF has a facility opening cost oi. A solution opens a

subset F 1 ĎF of facilities, and assigns each client r j to the closest open facility fi j PF 1.

The connection cost of this client is dpr j, fi jq and the goal is to minimize the sum of the

connection costs of all the clients and the facility opening costs of the facilities in F 1.

In the online FACILITY LOCATION problem, clients arrive over time and the solution

needs to assign each arriving client to an open facility (possibly after opening a new facility).

This problem was first studied by Meyerson (2001) who gave a competitive ratio of Oplognq

for n clients. This was later improved by Fotakis (2008) to Op logn
log lognq. Since then, many

variants of the problem have been studied; for a survey of the results, the reader is referred

to Fotakis (2011).

We now encode this problem in the online covering (with box constraints) framework.

We have a variable yi for each facility location fi PF , which denotes the extent to which

facility fi is open, and a variable xi j for each client r j and facility fi denoting the extent

to which r j is assigned to fi. Notice that this is a special case of the online covering
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problem with box constraints, where ci “ oi for all i, and ai j “ 1 for all i, j. As a corollary

of Theorem 37, we get the following result:

Theorem 38. There is an algorithm for the fractional online FACILITY LOCATION problem

that produces an online solution whose cost is at most Opmin
!

logn
log logn ¨OPT, logk ¨DYNAMIC

)

q

in the multiple predictions setting with k predictions.

We also note that the Oplogkq bound in Theorem 38 cannot be improved further (except

lower order terms). This is because we can simulate an instance of the online facility

location problem without predictions by giving all prior client locations as suggested

facility locations for k “ n. Furthermore, a lower bound of Ω

´

logn
log logn

¯

is also known (due

to Fotakis Fotakis (2008)) for online facility location, and this lower bound construction

easily extends to the fractional version of the problem.

4.8 Future Directions

This chapter presented a general recipe for the design of online algorithms with multiple

machine-learned predictions. This general technique was employed to obtain tight results

for classical online problems such as set cover, (weighted) caching, and facility location.

We believe this framework can be applied to other online covering problems as well. In

particular, it would be interesting to consider the k-server problem with multiple suggestions

in each step specifying the server that should serve the new request. It would also be

interesting to extend this framework to some packing problems such as online budgeted

allocation, and to more general settings for mixed packing and covering linear programs and

non-linear (convex) objectives. From a technical standpoint, our potential-based analysis

introduces several new ideas that can be useful even in the competitive analysis of classical

online algorithms.
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4.9 Chapter Notes

The work presented in this chapter was done jointly with Rong Ge, Amit Kumar and

Debmalya Panigrahi. A preliminary version is going to appear in International Conference

of Machine Learning (ICML), 2022. (see Anand et al. (2022))
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5

Concluding Remarks

In this thesis, we studied how pessimistic worst-case bounds of traditional online algorithms

can be circumvented by designing and analysing online algorithms with learned predictions.

We examined how being cognizant of the design and optimization benchmarks of the

online problem can help in designing a better prediction pipeline. The forecasts of such

pipelines are synergistic with the goals of the online decision maker and can vastly improve

its performance. This general approach of “learning for optimization” opens up a new

direction for future research at the boundary of machine learning and algorithm design, by

providing an alternative “white box” approach to the existing “black box” approaches for

using ML predictions in beyond worst case algorithm design. While we explored this for an

online problem in this chapter, the principle itself can be applied to any scenario where an

algorithm hopes to learn patterns in the input that can be exploited to achieve performance

gains. We posit that this is a rich direction for future research.

We also examined a setting where multiple predictions are provided to the decision

maker and the task is to perform just as well as the best set of predictions. For the multiple

prediction setting, an interesting direction of future research would be try to extend the
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result in the Metrical Task Systems (MTS) setting.
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