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ABSTRACT
A study is made of a non—smooth optimization problem arising in adaptive—optics, which involves the real—time
control of a deformable mirror designed to compensate for atmospheric turbulence and other dynamic image degra-
dation factors. One formulation of this problem yields a functional 1(U) => max3{(UTM3U)} to be maximized
over orthogonal matrices U for a fixed collection of ri x n symmetric matrices M3 . We consider first the situation
which can arise in practical applications where the matrices M are "nearly" pairwise commutative. Besides giving
useful bounds, results for this case lead to a simple corollary providing a theoretical closed—form solution for globally
maximizing f if the M are simultaneously diagonalizable. However, even here conventional optimization methods
for maximizing I are not practical in a real—time environment. The general optimization problem is quite difficult
and is approached using a heuristic Jacobi-like algorithm. Numerical tests indicate that the algorithm provides an
effective means to optimize performance for some important adaptive—optics systems.

1. BACKGROUND
In this paper we study a matrix optimization problem arising in adaptive optics, a technology for the real-time
compensation of atmospheric turbulence and other dynamic disturbances which can degrade the performance of
astronomical telescopes and other optical systems.1'9"1"4 The fundamental components of an adaptive optics system
include a wavefront sensor (WFS) to measure the optical aberrations to be corrected, a deformable mirror (DM)
to compensate these aberrations, and a multiple-input, multiple-output control algorithm to derive the necessary
DM figure adjustments from the WFS measurements.'5 Several existing adaptive optics systems employ a so-
called "modal control" algorithm which first decomposes the WFS measurements into a basis of modes considered
appropriate for atmospheric turbulence, next smoothes this modal representation of the disturbance using a parallel
set of single-input, single-output temporal filters which may be independently optimized on a mode-by-mode basis,
and finally sums these individually filtered estimates to compute the figure to be applied to the DM. It is of interest
to determine a set of modes and associated temporal filters which will optimize adaptive optics system performance,
especially when telescope vibration or other error sources introduce aberrations with dynamics that are significantly
different from those associated with atmospheric turbulence. One formulation of this optimization problem yields
the functional

f(U) = >max{(UTMjU)ji} (1)
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where U is a n x n orthogonal matrix, and the matrices M3 are symmetric but indefinite. Our purpose here is to
extend the mathematical theory behind a Jacobi-like heuristic optimization scheme introduced in conjunction with
this problem by the authors in.6 The reader interested in the derivation of the optimization problem or additional
background on adaptive optics is referred to this paper.

In 2 we consider the important situation which arises in practical applications where the matrices M3 are nearly
pairwise commutative. Besides providing useful bounds, these results lead to a closed form solution for maximizing
f in the special case where the M3 are simultaneously diagonalizable. In §3 the general problem of maximizing (1)
is considered, using a heuristic Jacobi-like algorithm. Numerical experiments including both atmospheric turbulence
and other disturbances are reported in §4. Some conclusions and directions for future work are discussed in §5.

2. THE NEARLY DIAGONALIZABLE CASE
For computational convenience, we restrict our attention to the case of real n x n matrices M3 and orthogonal U.
The results given in this section extend in a natural way to the case where the M3 are Hermitian and U is unitary.

It has been observed in practical data,6 that the M in (1) are nearly diagonal matrices, and thus, of course,
are almost simultaneously diagonalizable. The computations reported in6 were performed with such data. Below
is given a bound that sheds light on this situation and clarifies some observations reported in that paper. It also
follows as a corollary to the Theorem below that if the matrices are, in fact, simultaneously diagonalizable, then any
orthogonal matrix Q which simultaneously diagonalizes the M globally maximizes f.

For notation purposes let
D3 = diag(M3)

for each j, and define the functional

h(U) - max{[UT(Mi - D)U]}. (2)

Let frnax denote the global maximum of f(U) over all orthogonal U. We say that the {M3} form a "nearly optimal"
set of matrices if

t
is close to fmax.

It was conjectured by the authors6 that f in (1) is maximized by a particular orthogonal matrix Q in the special
case where the M3 are simultaneously diagonalized by Q . We now formally state and prove this result through the
following Theorem and Corollary.

THEOREM 1. Suppose {M3}, 1 < j < k, is a collection of n-by-n symmetric matrices. Then for any n-by-n
orthogonal matrix U

f(I) � 1(U) — h(U).
It follows that

max{(M)} � frnax

for any U that globally maximizes f(U).

Proof. Let G = UTM3U, B3 — UTD2U, and 1I UT(M3 D3)U where U is an arbitrary orthogonal matrix.
Then since

M, =D + (M, - Di),
it follows by applying U that

G3 = B3 + H3.

Define matrices D = (d8), G = (gst), B = (b), and H = (h8) as follows: d8 = max(D3)8t, 9st = max,(G)8,
= max3(B3)3t and h8 = max(H)8t, where the maxima are evaluated element-wise. For example, d11 is the

largest element of {(D1)11, (D2)11, . . . , (Dk)11}.
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COROLLARY 1. Suppose {M}, 1 < j < k, is a collection of symmetric pairwise commuting matrices. Let Q be any
orthogonal matrix which simultaneously diagonalizes the M3. Then Q is a global maximizer of the functional f(U)
given in (1).

Proof. . Let B2 = UTMU, as in the Theorem, where U is an arbitrary orthogonal matrix. We can rewrite B3
using the orthogonal matrix V = QTU:

B = UTMU = (QV)TM3(QV) = VTQTMJQV = VTDJV,

where D3 = QTM.Q is the diagonalization of M using Q. Observe that

f(U) = max{(B)}

and that

. f(Q) =

Thus without loss of generality we can assume the M are already diagonal matrices. We have to show that
f(Q) � f(U). But this follows from the Theorem since in this case h(U) =0. o

Besides giving interesting bounds, results in this section lead to a simple corollary providing a theoretical closed—
form solution for globally maximizing f if the M3 are simultaneously diagonalizable. An algorithm that "nearly"
simultaneously diagonalizes the matrices M will "approximately" maximize f(U). Other recent applications of
simultaneous diagonalization and related algorithms can be found, e.g., in multivariate statistics.7

Although Corollary 1 identifies an orthogonal matrix Q that globally maximizes the functional f(U) where the
M3 are pairwise commutative, the process of computing the simultaneous diagonalizer Q can be quite nontrivial.3
Thus, even here conventional optimization methods for maximizing f are not practical in this real—time environment.
Instead, we pursue a fast heuristic approach to computing an acceptable U for our application. Further, the matrices
M3 in our case are not not necessarily simultaneously diagonalizable. The general optimization problem is quite
difficult.

3. GENERAL CASE
In this section we consider the general problem of maximizing f(U), where the M3 are generally not simultaneously
diagonalizable.

In view of Theorem 1 , one obvious approach for approximating a maximizer U for the general case would be
to apply an extension of the simultaneous diagonalization of matrix pairs algorithm, e.g. the algorithm in,3 to
the M1 , . . . , Mk , until the transformed matrices are "close to" diagonal. One might measure the progress toward
simultaneous diagonalization by a quantity such as

off(Ml,...,Mk)=[Ml]+...+[Mk].
i<j i<j

But the simultaneous diagonalization of more than two matrices is not an easy task to formulate algorithmically, and
any such scheme would be very computationally intensive.3 We have not implemented this approximate simultaneous
diagonalization type of approach. Rather we choose a faster heuristic scheme described in the following sections,
which appears to perform quite well on practical adaptive optics problems.

The general matrix optimization problem is considered next. Here, we propose a heuristic trace maximization
approach based on a hill climbing scheme for maximizing f(U) relative to pairs of matrices. The case of k = 2
matrices is considered first, the solution of which leads to a heuristic algorithm for general k.
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3.1. The Two-Matrix Algorithm
Let k = 2 and F = M1 and G = M2. Suppose the orthogonal matrix U with columns [u1 U2 . . . u] is the maximizer.
Without loss of generality, the columns of U can be ordered in such a way that equation (1) can be written as

f(U) = : uFu+ : u"Gu (7)
i=1

where r is the number of the diagonal elements of the product UTFU that are larger than the corresponding diagonal
elements of UTGU. Let U = [U1 U2] with U1 = [u1 u2 . . . Un. Since U is orthogonal, it follows that

UUT = U2U27' = I.
Using this and the trace properties

tr(MN) = tr(NM) and tr(M + N) =tr(M) + tr(N)

we can rewrite equation (7) as follows:

f(U) = tr(U'FUi) + tr(U21GU2)
= tr(FU1UT) + tr(GU2Ufl
= tr(FU1Ufl + tr(G(I - U1Ufl)
= tr(FU1UT) + tr(G - GU1Ufl
= tr(FUiU2'-GU1Ur) + tr(G)
= tr((F — G)U1UT) + tr(G)
= tr(U'(F — G)U1) + tr(G).

Therefore, the maximizer of f(U) is the maximizer of the term tr(Ur(F —G)U1), by taking as U1 the eigenvectors of
F—G that correspond to positive eigenvalues, a direct consequence of Corollary 1 for the simultaneously diagonalizable
matrices F — G and G — G. This computation involves the Schur decomposition of the symmetric matrix F —G. For
a description of the Schur decomposition algorithm see.8

3.2. A Jacobi—Like Heuristic Algorithm
With the two-matrix maximization algorithm we can solve the general k-matrix problem with a Jacobi-like approach.
If M is a ri x n matrix and s is a subset of the integers from 1 to n, we use the notation M(s,s) to denote the
sub-matrix of M with rows and columns in s. M(:, s) denotes the sub-matrix with columns in s.

Let U = U0 (an initial guess).
While successive values of f(U) did not converge do

Let B3 be UTM,U for allj= 1.. .k.
Choose a pair of matrices B1 ,Bm.
Let u the set of indices i such that either B1(i, i) or Bm(j, i)

is the maximum element over all B3 (i, i) for j = 1 . . . k.
Let U1 be the optimizer of the two-matrix subproblem

Bz(u,u), Bm(U,U).
Update U(:,tt) with U(:,u)Ui.

Since M3 is symmetric, then the sub-matrix M3 (u, u) is symmetric, for any set of indices u. The two-matrix
subproblem contains the current maximum elements for the indices in u, so for any increase to the value of the sum
of the maximum diagonal elements, there will be at least as big an increase to the value of f(U). That means that
the sequence of matrices {U(i)}, where is the matrix U on the jth iteration of the main loop of the algorithm,
defines a non-decreasing sequence of values {f(U())}, The algorithm terminates when the sequence {f(U(3))}
converges. The work requirements in using this algorithm are O(kn3) operations per sweep. Our experience on some
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practical adaptive optics problems reported on,6 and in 5 of this paper, is that only a few sweeps are necessary for
convergence.

We can avoid the use of temporary storage for the set of matrices B by directly updating the matrices M and
U. This not only reduces memory use, but also reduces the amount of work per iteration.

The strategy for choosing the pair of matrices to improve upon leads to different algorithms. The simplest one
is a sweep of all possible pairs of matrices (Hill Climbing). An alternate strategy is to choose the pair that gives the
biggest increase in the value of f(U) (Steepest-Ascent Hill Climbing). Other techniques of heuristic search can be
applied too.

The advantage of search algorithms is that they can improve the result of any other algorithm. We can consider
any simpler heuristic algorithm as a preprocessing step for the search algorithms. The preprocessing algorithms
can help us choose the initial orthogonal matrix U0 , instead of starting from the identity or a completely random
orthogonal matrix. Such possible preprocessing algorithms could be:

S Find the diagonalizer of the matrix M3 with the largest trace to form U0.

. For matrices that are "close to" simultaneously diagonalizable, one can use the almost diagonalizing U as Uo.

. Find the matrix M3 that has the largest sum of positive eigenvalues, and use the eigenvectors corresponding
to this matrix in order to form an initial Uo.

3.3. Local Maxima
In order to get a better feeling about this optimization problem, let us assume that we have a matrix problem with
2 x 2 matrices. The 2 x 2 non-symmetric orthogonal matrices can be expressed with a single parameter t as

cos(t) sin(t)
U(t) = . (8)

— sin(t) cos(t)

The same analysis holds for symmetric orthogonal matrices. This allows us to plot the points (U, 1(U)), and such a
plot is shown in Figure 1 of a problem with two matrices of size 2 x 2. It can be shown that 1(U) has period r/2.
The plot of (U, f(U)) is a convex parabola-like curve (composition of a quadratic with sine or cosine and domain
{0, ir/2)) emerging out of a horizontal line. The horizontal line corresponds to the trace of one of the matrices, while
the parabola comes from the sum of the positive diagonal elements of its difference with the other matrix, as it is
shown in subsection 3.1. For k matrices, the plot of 1(U) consists of the union of the maximum points of k-choose-2
curves. For example, Figure 2 displays a plot of a problem with three matrices of size 2 x 2, f(U) consists of the
segment of the 2-3 curve for orthogonal matrices corresponding to the values of t in the range [0, x] , the segment of
1-3 for [x, b the segment of 1-2 for [y, z] and the segment of 2-3 curve for [z, ir/2}. Therefore, for k 2 x 2 matrices,
f(U) can have as many as k-choose-2 local maxima. In the example of Figure 2 there are 2 local maxima, the points
A and C, that are the maxima of the 1-2 and 2-3 matrix-pair subproblems, the maximum B of the 1-3 matrix-pair
falls underneath the 1-2 curve.

Let us follow what the sweep algorithm does, now that we have a picture of the function, using the example in
Figure 2. Suppose we start with initial guess an orthogonal matrix that corresponds to a value from (x, y). This
means that the matrices containing the maximum diagonal elements are the M1 and M3 ,so we proceed in solving
the two matrix subproblem that takes us to point B. When we update matrix M2, the matrices that contain the
maximum diagonal elements are the M1 and M2. Again we solve the two matrix subproblem to move to point A.
But now the pair of matrices M1 and M2 contain the maximum diagonal elements and we cannot do any better, so
the sweep stops at the local maximum. The sweep will converge to the global maximum if it is started from any
other point outside the domain (x, y).

3.4. Multiplicity of the maxima
Any reordering of the columns of orthogonal matrix U will result to a reordering of the diagonal elements of UTMU,
therefore

1(U) = f(UP)
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Figure 1. A typical plot of U versus 1(U) of two matrices of size 2 x 2. The horizontal part of the curve corresponds
to the trace of one of the matrices, while the parabola comes from the sum of the positive diagonal elements of its
difference with the other matrix.
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Figure 2. Plot of a problem with three matrices of size 2 x 2. Note the three different curves labeled 1-2, 1-3, 2-3
corresponding to all possible pairs of matrices. For this example, the Jacobi-like algorithm converges to the global
maximum C if started from any initial value outside of the domain (x, z), otherwise it will converge to the local
maximum A.
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for all permutation matrices P.

Assume that U is the maximizer at the global maximum of f(U). Also assume that the first p maximum diagonal
elements come from matrix M1 . Since

tr(Mi(1 :p,l :p)) =tr(QTM1(1 :p,l :p)Q)

for all orthogonal matrices Q, then 1(V) cannot be any smaller than f(U), where

v=[
Therefore, there are multiple local and global maxima.

3.5. A comparison with conventional optimization methods
An n x n orthogonal matrix can be expressed as a sequence of elementary (Jacobi) rotations, that is, it can be
represented as an n-choose-2 tuple t with values from [0, ir/2) . Thus the constrained optimization problem of
maximizing f(U) is transformed into an unconstrained optimization problem.

For problems coming from adaptive optics, matrices can be of size 512-by-512, that corresponds to an optimization
problem with dimension almost 217. Calculating the Jacobian, a matrix of size 217-by-217 and solving a linear system
with it at every iteration, as Newton and quasi-Newton methods require, is quite a challenge. Besides, the quality of
the maxima found by a Newton method cannot be better than the maxima found by the Jacobi-like method, because
there are areas without descent direction information as Figure 1 shows.

The high complexity and the lack of descent direction make Newton methods unusable. We actually compared the
Jacobi-like method against an implementation of the Newton's method for small problem sizes, using an algorithm
and code constructed by Moody Chu4 to solve the optimization problem of maximizing f(U). Although Newton's
method in general converged in a similar number of iterations with the Jacobi-like method, the quality of the maxima
found were much inferior and the amount of flops required was about an order of magnitude larger than the Jacobi-like
method.

Figure 3 shows the distribution of the maxima reached using the Jacobi-like method in 100 runs on 16 different
random problems consisting of 5 matrices of size 5-by-5. As it can be seen, what appears to be the global maximum
has the highest number of hits in 12 out of 16 cases. We note here that we do not know how to construct general
nontrivial problems to maximize f(U) in (1) with a known global maximum.

4. NUMERICAL EXPERIMENTS FOR ADAPTIVE OPTICS
This section summarizes the results of sample numerical experiments conducted to assess the utility of the Jacobi-like
optimization algorithm for an actual adaptive optics application. We recall from the introduction that the motivation
for studying the functional f(U) is to determine a set of wavefront control modes and associated temporal filters
to optimize adaptive optics system performance, especially in cases where optical disturbances arise from several
different error sources with significantly different temporal characteristics. The adaptive-optics scenario for these
calculations is based upon parameters taken from the Gemini-North 8-meter telescope.'3 The optical disturbances
to be corrected include atmospheric turbulence and telescope vibrations driven by ground-level winds. Telescope
vibrations introduce optical distortions which may vary at a much higher frequency than atmospheric turbulence, but
these distortions are restricted to two characteristic wavefront modes associated with misaligned mirrors. We were
curious to see if the Jacobi-like optimization method could identify these modes based solely upon the values of the
matrices Mk and adjust their temporal filters accordingly. The performance of the modal control algorithm computed
using the Jacobi-like method was scored by comparing it against the best possible control algorithm restricted to
using a common temporal filter for all modes of the optical distortion. As defined previously in,6 these two control
approaches will be referred to as the MB (multiple bandwidth) and SB (reduced range single bandwidth) control
algorithms.

Adaptive-optics system performance is frequently quantified in terms of the residual mean-square phase error a2
which remains when the adaptive-optics loop is closed. a2 is related to the value of the functional f(U) in (1) by

(9)
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Figure 3. The distribution of the maxima reached using the Jacobi-like method in 100 runs on 16 different random
problems consisting of 5 matrices of size 5-by-5. What appears to be the global maximum has the highest number
of hits in 12 out of 16 cases.
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