
Solving Non-negative Linear Inverse Problems with the

NeAREst Method

Xiaobai Sun a and Nikos P. Pitsianisab

aDepartment of Computer Science, Duke University, Durham, NC 27708, USA
bDepartment of Electrical and Computer Engineering, Aristotle University, Thessaloniki,

54124, Greece

ABSTRACT

This paper introduces the theoretical development of a numerical method, named NeAREst, for solving non-
negative linear inverse problems, which arise often from physical or probabilistic models, especially, in image
estimation with limited and indirect measurements. The Richardson-Lucy (RL) iteration is omnipresent in
conventional methods that are based on probabilistic assumptions, arguments and techniques. Without resorting
to probabilistic assumptions, NeAREst retains many appealing properties of the RL iteration by utilizing it as
the substrate process and provides much needed mechanisms for acceleration as well as for selection of a target
solution when many admissible ones exist.

Keyword list: non-negative linear inverse problems, nested models at multiple scales, adaptive relaxation,
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1. INTRODUCTION

The NeAREst method has shown its advantages in estimating three-dimensional spatio-spectral images from
measurements on a two-dimensional detector in a spectral imaging system.1 In this paper we introduce NeAREst
as a solution method for seeking non-negative solution to the non-negative linear inverse problem as described
as follows in discrete form,

A(T, S)x(S) = b(T ), A ≥ 0, b ≥ 0; x ≥ 0, (1)

where b(T ) is the vector of known values (such as obtainable measurements) over the target index set T (such
as locations of the detector elements) and x(S) is the vector of unknowns over the source index set S, which
are spatial locations and wavelengths in.1 The operator A(T, S) describes the linear relationship, it may be
composed of geometric projections and probabilistic transitions, depending on context-specific models. The
non-negative linear inverse problem arises from numerous models based on physical laws or probabilistic rules,
or both, in different fields of scientific study.

Because of the direct source in statistical computing and ready links of certain physical models to probabilistic
interpretation, especially, from Bayesian viewpoint, many conventional solution methods, see2–6 and references
therein, are based on Bayes’ theorem and sharing a common iteration procedure at the core, which is referred
to as the Richardson-Lucy iteration in this paper. These methods differ in their ways of determining the initial
estimate and termination criteria,5 making acceleration decisions,7, 8 regularizing the solution set when there
exist many admissible solutions and counteracting artifacts due to noise or numerical errors.9 There are also
methods that utilize other numerical techniques in solution representation, regularization and optimization. For
instance, one may regularize solutions by the degree of sparsity under wavelet representation and use linear
programming techniques.10

For numerically solving the problem (1), without resorting to probabilistic assumptions, NeAREst uses the
RL iteration as the substrate process to retain its appealing properties and provides much needed mechanisms
for accelerating the iteration as well as for selecting a target solution among many admissible ones. The analysis
is detailed in Sections 2 and 4. It sheds new insight into the set of admissible solutions, provides criteria to
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determine whether the RL iteration converges to or diverges from the solution set, and reveals the dependence
of the RL sequence on the initial estimate when multiple solutions exist.

NeAREst builds upon analytical results. In the case of a single solution, NeAREst expedites the iteration
process by not being confined to statistically conservative refinements. In the case of multiple admissible solu-
tions, NeAREst assumes the availability of a system of discrete or discretized models as in (1) that are nested
in the sense that the structure of the same unknown function x is captured from multiple and complementary
perspectives, without requiring additional measurements. Such assumption can be met by many imaging system
models. We address in Section 4 the fundamental differences between the solution to a system of nested models
and a solution in multiscale representation to a single model. We conclude the paper in Section 5 with addi-
tional observations and remarks on remaining issues in analysis, extension and implementation of the NeAREst
method.

2. REVISIT OF THE RICHARDSON-LUCY ITERATION

We revisit the iteration introduced early by Richardson2 with a discrete probabilistic model as in (1) and by
Lucy with a continuous model and its discretization.3 The very same iteration is seen in many algorithms,
especially, under the category of Expectation Maximization algorithms or Maximum Entropy Methods. In this
section we present the algorithm analysis without resorting to probabilistic assumption or information theory.
In particular, we point out a couple of misconceptions about the properties of the RL iteration.

2.1 Algorithm description

We describe the Richardson-Lucy iteration in matrix-vector form. Denote by e the constant column vector with
all elements equal to 1, the length of which shall be clearly determined from the context the vector is used. We
denote the transposition of a matrix or vector by the superscript t. Thus, the inner product of two vectors p
and q is ptq. In (1), the matrix A contains no zero column or row. In particular, let c = Ate be the vector with
the column sums of the matrix. Then, c > 0. Assume that b > 0. ∗ Starting with a positive initial estimate x0,
the RL-iteration at step k can be described in the vector form as follows,

bk = Axk,
mk = (1/c) · At(b/bk),

xk+1 = xk · mk,
k = 0, 1, 2, 3, · · ·

(2)

In (2), the vector-vector division operations are elementwise and the element-wise product is denoted by a central
dot.

The ratio residual b/bk, instead of the difference residual b−bk, is used as the iteration feedback. The iterative
correction or refinement is multiplicative, not additive. The multiplier mk(j) at step k for the refinement in the
j element in the estimate is a convex combination of the ratio residual, with the convex coefficients drawn from
the j-th column of the matrix A normalized in columns. We may assume occasionally for simplifying expressions,
without loss of generality, that the columns of A are normalized in 1-norm, i.e., c = Ate = e. This amounts to
a change in the unknowns by scaling or weighting with c. The ratio residual is invariant to the variable change.
The scaling can be done once for all in the matrix as well as in the unknown, or carried out at every step for
calculating the multiplier vector mk in the RL iteration as in (2).

2.2 Basic properties

The RL iteration has many appealing properties. A few of them can be easily observed and verified. First, any
solution to the system (1) is a fixed point of the RL iteration. Secondly, provided with a positive initial guess
x0, the iteration can proceed step by step with all xk and bk remaining positive. Thirdly, the computation bulk
at each iteration step is in the matrix-vector product with A for the computation of bk and the matrix-vector
product with At for the refinement multiplier vector mk. For computational efficiency, one shall exploit any
structure the matrix may have, such as sparsity or translation-invariant property in the kernel function defining

∗The case with non-negative right-hand sides is briefly mentioned in Section 5.
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the matrix. Additionally, the RL iteration is applicable to a system of (1) with a non-square matrix, especially,
for the case where the number of the columns of A (the unknowns) is higher than the number of rows (available
measurements).

We describe a few additional properties of the RL iteration. With the column normalization, the numerical
contribution from each unknown element to the right-hand side b is preserved. In terms of the total power, we
have etx = etAx = etb = ‖b‖1. Without this normalization, the total power is weighted explicitly with c and
‖c · x‖1 = ‖b‖1.

Proposition 2.1. Let c = Ate. Provided with x0 > 0, the Richardson-Lucy iteration (2) has the following
equilibrium and conservation properties,

‖bk‖1 = ‖c · xk‖1 = ‖b‖1, k > 0.

Proof. By the RL iteration procedure, the iteration quantities remain positive. It is therefore suffice to
consider the vector sums. For k ≥ 0,

etbk+1 = et(Axk+1) = ctxk+1 = xt
k At(b/bk) = (Axk)t(b/bk) = etb.

As shown in this simple proof, the power conservation properties come from the special harmony between the
arrangement in the ratio residual and the linear relationship between x and b. It is remarkable that the mean,
or the total power of intensity, of the solution is automatically obtained by a single step of the RL iteration and
maintained through out the RL iteration.

2.3 Variational formulation

By Proposition 2.1, the sequences {bk}, {mk} and {xk} generated by the RL iteration process are bounded and
hence each of them has a convergent subsequence. In fact, we shall show shortly that each of the sequences
is convergent. Consider {bk} first. By the equal-power property of {bk}, the discrepancy of bk from b can be
readily described by the following single-valued function,

D(b, bk)
def
= bt log(b/bk) = bt(log(b) − log(Axk)). (3)

This measurement is the weighted sum of the ratio residual logarithm. More specifically, the difference between
bk and b is measured by their difference in bits, log2(b) − log2(bk), and the elements with non-zero values in
significant bits have higher weights. This measurement is well known in information theory as the information
discrepancy, or the Kullback-Leibler (KL) divergence, in a generic form as follows,

D(p, q)
def
=

∑
i

pi log(pi/qi) = pt(log(p) − log(q)), p > 0, q > 0, etp = etq. (4)

It can be easily verified that D(p, q) ≥ 0 for any pair of positive vectors p and q with equal sums and that
D(p, q) = 0 if and only if p = q. A solution to (1) is a solution to the following minimization problem,

argmin
x>0

D(b, Ax), A ≥ 0, b > 0. (5)

One can examine the behavior of the vector sequence bk via the scalar sequence D(b, bk).

Lemma 2.2. Let x0 > 0 be the initial guess provided to the Richardson-Lucy iteration (2). At step k, k > 0, if
mk �= e, then

D(b, bk+1) < D(b, bk).

If mk = e at some step k, then D(b, bk′) = D(b, bk) for all k′ > k.
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Proof. The second part can be easily verified. We prove the first part with the condition mk �= e. Denote by
ei the vector with the i-th element equal to 1 and all the other elements equal to 0. For simplicity but without
loss of generality, we assume that A is normalized column-wise, i.e., c = e. Then,

D(b, bk) − D(b, bk+1) =
∑

i

b(i) log

(
eti A(xk · mk)

eti Axk

)

>
∑

i

b(i)
∑

j

A(i, j)xk(j)

eti Axk

log(mk(j))

=
∑

j

xk+1(j) log(xk+1(j)./xk(j))

= D(xk+1, xk) > 0.

The first inequality is based on Jensen’s inequality on every term with the log function, which is concave. For
the i-th term, the convex combination coefficients are A(i, j)xk(j)/etAxk, for all j. The inequality is strict when
mk �= e. The last strict inequality is based on the Proposition 2.1 etxk+1 = etxk, the condition that mk �= e,
i.e., xk+1 �= xk and the property of the KL divergence.

The monotonic property of D(b, bk) in Lemma 2.2 is slightly different from that well known11 in that the
KL-divergence is used directly, instead of the version by Csiszár.

2.4 Conditional convergence to global minimals

The following analysis shows that the RL iteration always converges, but not unconditionally to the global
minimal of (5) as widely believed.

Theorem 2.3. Provided with x0 > 0, the vector sequences bk and xk generated by the Richardson-Lucy iteration
converge to b∞ and x∞, respectively, as k → ∞, and Ax∞ = b∞.

Proof. By Proposition 2.1, both bk and xk are bounded. Suppose bk is not convergent. Then, there are
two subsequences converging to different vectors b(∞,1) and b(∞,2). We may assume D2 = D(b, b(∞,2)) > D1 =
D(b, b(∞,1)). This happens when and only when mk remain non-constant, by Lemma 2.2. Let ε ∈ (0, D2 − D1).
There exists a large enough k such that D(b, bk) < D1 +ε/2. There is also a large enough k′ such that k′ > k and
D(b, bk′) > D2− ε/2. Then, D(b, bk) < D(b, bk′) with k′ > k, contrary to the monotonically decreasing property.
We turn to the sequence xk. By Proposition 2.2, at any step k, if xk+1 �= xk, then bk+1 = Axk+1 �= bk = Axk,
regardless of the null space of A. Consequently, two convergent subsequences of xk cannot be distant from each
other at the limit, thus xk converges to a vector x∞. By taking the limit bk = Axk on both sides, we have
b∞ = A∞.

By Theorem 2.3, the RL iteration defines a one-to-one mapping RL : x0 → x∞, and x∞ is further mapped
to b∞ by the operator A. We proceed to present the necessary and sufficient condition under which RL(x0) is
always a solution to (1).

Theorem 2.4. The Richardson-Lucy iteration (2) renders at the limit a solution to (1) with any initial positive
guess if and only if the non-negative matrix A is of full row rank.

Proof. Under the stated condition, there exists a solution. By Theorem 2.3, it suffices to prove that b∞ = b
if and only if A is of full row rank. We verify first that the condition is necessary. If A is deficient in row rank,
there is a non-constant positive solution to the equation Atz = c. Then, there exists bk, at some k ≥ 0, such
that bk./b = z and mk = e. Subsequently, bk′ = bk for all k′ > k, and b∞ = z · b �= b. We verify next that the
condition is sufficient. Let m∞ = At(b./b∞). The vector b∞ at limit shall be a fixed point of the RL iteration. If
m∞ �= e, then the updated right-hand side differs from b∞. The contradiction shows that m∞ = e, i.e., b∞ = b.

We shall add a couple of comments. The misconception of unconditional global convergence of the RL
iteration was perhaps based upon the concave property of the logarithm function in the KL divergence, but
overlooked the impact of the operator A on the sequence of bk and hence D(b, Axk). Recognizing the condition
is important to the design of data acquisition and inverse solution schemes. A rank-deficient matrix A may mean
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an acquisition scheme with redundancy or an inadequate discretization scheme from a continuous model. The
necessary and sufficient condition for the convergence of the RL iteration to a solution of (1) may be translated
into other equivalent statements. For example, when A is square, the condition is equivalent to the irreducibility
of A, i.e., for any (i, j), there is k > 0 such that the (i, j) element of Ak is positive. In computational practice,
the necessary and sufficient condition may be also replaced by certain sufficient conditions that can be verified
easily.

3. ADAPTIVE RELAXATION

In this section we describe NeAREst in the case of a unique solution, the RL iteration converges to the solution
from arbitrary positive initial estimate. Using the RL iteration as the substrate, we make a relaxation in the
variational function, a change in the unknown vector variable and a relaxation in the multiplicative refinement
scheme. We elaborate the changes one by one.

The change in the variational function is to relax on the power-preserving condition. To this end, we
accommodate the scaling difference in the KL-divergence as follows,

D(p, q ‖p‖1/‖q‖1) = pt(log(p/q) − log(‖p‖1/‖q‖1) e )

Let
Dc(p, q)

def
= pt log(p/q) − et(p − q).

Then, Dc(p, q) ≥ D(p, q ‖p‖1/‖q‖1) ≥ 0 by the inequality log(α) ≤ 1− 1/α and Dc(p, q) = 0 if and only if p = q.
Thus, the KL-divergence D(p, q) and its equal-scaling condition ‖p‖1 = ‖q‖1 for any two positive vectors is
fused in Dc(p, q), which is known as the Csiszár’s version of the KL divergence.12 By recasting the minimization
problem into

arg min
x≥0

Dc(b, Ax)
def
= bt(log(b) − log(Ax)) − et(b − Ax),

we are no longer confined to the scale-preserving refinement scheme as in the RL iteration. One notices that
both the ratio residual in logarithm and the conventional difference residual are used in the new variational
function.

The change in the unknown variables is to explore the non-convex combination of the ratio residual in the
iteration feedback. Let x(y) = ey. The minimization problem becomes

arg min
y

g(y)
def
= bt(log(b) − log(Ax(y))) − et(b − Ax(y)). (6)

The vector y is not subject to the non-negativity constraint while x(y) ≥ 0 is maintained.

We may therefore take non-conservative steps in an iterative process built upon the RL iteration. Assume
for simplicity in expression that A is normalized columnwise in 1-norm, i.e., c = Ate = e. Then, the steepest
descent direction is

F (y)
def
= −∇g(y) = x(y) · (At(b/(Ax(y))) − e).

In fact, any direction p with positive projection on F (y),

pt(At(b/(Ax(y))) − e) > 0,

is a descent direction. In the RL iteration, in particular, log(At(b/(Ax(y)))) is taken as the step in y, without
additional line search for the step size. Evidently, there are many other descent steps to explore.

We give an example in making a non-Bayesian descent step with little additional arithmetic operations per
iteration and no line search. We first make a reference to the Newton iteration

yk+1 = yk + H−1
k F (yk),

where Hk is the Hessian of g(y) at yk. The computation of the update ∆yk+1 = yk+1 − yk is costly in both
arithmetic operations and memory usage. Instead, we make use of the Broyden method, which is a relatively
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Original Blurred image

R−L 36 iterations NeAREst d = 5, 30 iterations

Figure 1. (Top left) the modified Shepp-Logan phantom in 256 × 256 pixels; (top right) the phantom blurred by a filter
; (bottom left) reconstruction by 36 RL iterations from constant-1 initial guess; (bottom right) reconstruction at 30
NeAREst iterations with adaptive relaxation every 5 steps from constant-1 initial guess,

economic version of the quasi-Newton with rank-one update in the inverse of the Hessian matrix per step.13 With
few steps, one can avoid explicit formation of the Hessian matrices. Using the RL iteration as the substrate, we
insert the following single relaxation step between every d RL-iteration steps, d ≥ 2,

∆yk+1 = F (yk) −
∆ytk Fk

∆ytk ∆Fk

(∆yk + ∆Fk),

xk+1 = exp(∆yk+1) · xk,

(7)

where ∆F (yk) = F (yk) − F (yk−1) is easily available from two previous RL steps.

We illustrate the effectiveness of this particular adaptive relaxation scheme in Figure 1. The images in
clockwise ordering from the top-left one are the modified Shepp-Logan phantom, the phantom blurred by a
filter, an image estimate by 36 R-L iterations, and an image estimate by 30 NeAREst iterations with relaxation
every 5 steps. Figure 2 displays the comparison in the KL-divergence between the two iteration processes. It is
worth noting that NeAREst broke the so-called L curve phenomenon associated with the RL iteration.
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Figure 2. Comparison in KL divergence between the RL iteration and NeAREst iteration related to the image recon-
structions in Figure 1.

4. INCOMPLETE OR COMPRESSED MEASUREMENTS

In this section we consider the case that null(A) is non-trivial, containing non-zero vectors. It includes in
particular the case when A has more columns than rows, as in situations where the measurements are incomplete
due to acquisition constraints or deliberately compressed by design. We claim first that there are infinite many
solutions despite the inequality constraint on every single solution element. We then present the scheme in
NeAREst for describing and obtaining the expected solution, without data dependent regularization.

4.1 Dependence on the initial estimates

Let X be the set of solutions to (1). Then, X ⊂ XA,b ∩ Xbound, where XA,b
def
= x∗ + null(A) is the affine space

with x∗ as a specific solution to the linear equations, and Xbound
def
= {x | 0 ≤ x(j) ≤ c−1(j) ‖b‖1}. It was assumed

in some studies of the RL convergence that there exists one and only one positive solution. It turns out that
this assumption is true only when null(A) = {0}.

Theorem 4.1. Assume that (i) A ≥ 0 is of full row rank, (ii) A is deficient in column rank, and (iii) b is
positive. Then, there are infinitely many (positive) solutions to (1).

Proof. By Condition (i), there exists a solution to (1). It is straightforward to verify that the solution set
X is convex. Consequently, it is sufficient to prove that there exist two different solutions. First, by Condition
(iii), there exists a positive solution. Let δ > 0 be small enough such that b− δc remains positive. By Condition
(i), there exists y �= 0 such that Ay = b− δc. Then, xp = y + δe > 0 is a solution. Next, by Condition (ii), there
is z �= 0 such that Az = 0 and min(z) < 0. Then, xq = x − δ/ min(z) ≥ 0 is a different solution. Furthermore,
the convex combination x(α) = (1 − α)xp + αq with any α ∈ [0, 1) is a distinct positive solution.

If there exists one positive solution to (1), then the right-hand side must be positive, and hence there exist
infinitely many positive solutions by Theorem 4.1. Next we illustrate the difference made by the non-negative
constraints and the dependence of the RL iteration upon the initial estimate.

Example. Let y be a nonzero vector with zero sum, ety = 0. Scale y so that et1 y ≥ 0 and yty = 1. Let

H(y)
def
= I − 2

u ut

utu
, with u = y + e1.

It is straightforward to verify that H is symmetric, orthogonal and has y in the first row, H = (yt, H2), with
µ = min(H2) < 0. Define

A(y)
def
= H2 − µ eet, b(y) = A(y) e. (8)
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Figure 3. Clockwise : (a) The convex set of solutions to (8), (b,c,d) Dependence of the RL iteration convergence on the
initial guesses.

Then, A is non-negative and null(A) = span(y). Furthermore, A is of full row rank, see Appendix A. The top
left plot in Figure 3 depicts the convex solution set of A(y)x = b(y) with a particular vector y. The red curve
and the magenta curve are the extremal solutions in the sense that any other solution is a convex combination
of these two. The solution set includes a constant solution, with zero total variation. Without the non-negative
constraints, the solution set is the unbounded affine space XA,b.

By Theorem 2.3, the RL iteration converges to a solution and the converged solution depends on the initial
guess. The next three plots in Figure 3 demonstrate the dependence of the RL iteration on the initial guess
provided. The initial guesses are shown in green curves. In the top right plot, the initial guess is constant.
The iteration reaches in one step the constant solution and remains there. In the two bottom plots, the initial
estimates are in the neighborhood of the red curve and the magenta curve, respectively, and the iteration
converges to a solution close to the respective extremal curve.

4.2 Nested models

In dealing with multiple solutions, NeAREst assumes a nested discretization of a continuous model as the
counterpart to (1), or a system of discrete models for a continuous solution,

A� x� = b�, � = 1, 2, · · · , L,
A� = A(T�, S�) ≥ 0, b� = b(T�) ≥ 0,
x� = x(S�) ≥ 0,

(9)
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where dim(null(A�)) ≤ dim(null(A�+1)) and the equation at level L is the measurement equation, i.e., bL

contains all the measurements and xL is at the designated set S�. By adequate modeling, the continuous
solution evaluated at the discrete set S� at level � is in the solution set of the non-negative linear equations at
level �. In this sense, we may say the solution is in the interaction of the solution sets across all the models. Such
nested models are likely available to be utilized. The right-hand sides b�, � < L, are not necessarily subsets of
bL, but do not require additional measurements. In particular, we set T� = Tl and b� = bL in the spatio-spectral
image estimation.1

The nested modeling or nested discretization of a continuous model is context-specific. However, we shall
address the fundamental differences between the solution to a system of nested models and a solution in multi-
scale representation to a single model. (i) With a single discrete model at level L, one resorts to a regularization
term for choosing a particular solution, such as sparsity in coefficients under certain representation. Such kind of
regularization often requires parameter setting, which may be intensive with human interaction. In comparison,
a system of nested models amounts to a different kind of regularization, namely, a system-based regularization,
which can be formulated once for all, independent of solution representation formats. (ii) Although each model
is linear, there are situations where the operator A, or the unknown x, changes with some spatial or spectral
parameters non-linearly. For example, the measurement operator in the spatio-spectral imagery in1 depends
non-linearly on the wavelength. Such non-linearity may not be well captured by a single discrete model or well
recovered by a multi-scale representation of the solution chosen by an unrelated regularization scheme. (iii) We
have shown in Section 2 the dependence of the iteration sequence on the initial guess x0. A system of nested
models with hierarchical quantization scales supports a natural scheme for relaying the initial estimate from
a coarse scale level to a fine one, or back and forth if necessary. (iv) The computation cost with NeAREst is
reduced with the use of nested models at different quantization scales. Specifically, when the size of A� increases
with � geometrically, the total cost for m iterations per scale across all the lower levels is comparable to the
cost of m iterations at the target level L. The iterations at the lower levels not only regularize on the solution
structure but also provide a good initial estimate to the target level. In contrast, the computational cost with
the single model at level L does not decrease with a multiscale representation, the largest matrix is used at
every step regardless of the sparsity in the representation coefficients. (v) The nested models can be also used
to incorporate additional information or constraints via the sample index sets T� and S�. The nested models
are not limited to the difference in scales or spatial frequencies, which is another difference from the multi-grid
method or the multi-scale representation method.

5. CONCLUDING REMARKS

We have introduced the theoretical development of NeAREst as a solution method for the non-negative linear
inverse problem and presented some practical schemes guided by analytical insight. NeAREst consists of three
essential components, the nested models, the RL iteration as the substrate process, and non-power-preserving
relaxation steps. The first one is on modeling, as a pre-requisite for the algorithmic steps in NeAREst for the
case of multiple admissible solutions. For an example of nested model setting from a continuous model, we
refer the reader to the reference.1 Among numerous options in non-power-preserving relaxation steps, we have
illustrated a particular algorithm scheme with low computational cost and improved image estimation.

We give brief comments on some additional issues. In the case of incomplete or compressed measurements,
there are various options in relating or relaying the iterations from one model to the next. We may view the
multiple variational functions associated with the system of nested models (9) as a vector-valued variational
function. The relationship between the variational functions is shaped by the modeling, not by particular
algorithmic schemes. In computation, however, the iteration process takes a special path to the minimum of
each variational function. The relationship between these particular iteration paths across the nested models is
therefore affected by algorithmic schemes. As a matter of fact, the algorithm implementation and employment
for the spatio-spectral image estimation1 entailed critical extensions of the analysis to non-negative solutions
and to non-negative right-hand sides.

NeAREst is at an early development stage, further studies are under way, especially, regarding response to
noise and numerical errors.
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APPENDIX A.

We prove that the matrix in (8) is of full row rank. Suppose dtA = 0 for some vector d. Then,

(0, dt)H = µ dte et,
(0, dt) = µ dte etH,

dte = dte µ
(
ete −

µ

utu

)
,

Since µ (ete− µ/utu) < 0, dte = 0, and hence (0, dt)H = 0, which leads to d = 0. Thus, A is of full row rank.
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