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Abstract
We consider the path-planning problem for a robot
pushing an object in an environment containing obstacles. This new variant of the classical robot pathplanning problem has several interesting geometric
aspects, which we explore. We focus on the setting
where the robot makes a point contact with the object which is assumed to be a unit disk, while the
obstacles are assumed to be polygonal.

1 Introduction
Nonprehensile manipulation exploits task mechanics
to achieve a goal without grasping [5]. Pushing is one
important type of nonprehensile manipulation which
can allow complex tasks to be performed by simple
mechanisms; it may also enable a robot to move parts
that are too heavy to be lifted. The mechanics of
pushing is studied in [7], where a simple rule is established to qualitatively determine the motion of a
pushed object. This analysis has inspired several nonprehensile manipulation algorithms, in particular the
design of part feeders to re-orient parts arriving on a
conveyor belt [1, 8, 9].
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In this paper we consider the path-planning problem for a robot pushing an object on a plane cluttered
with obstacles, under quasi-static assumptions. This
problem has been previously studied in [3, 4, 5, 6],
where it was shown that conditions for stable pushing induce nonholonomic constraints in the motion of
the pushed object. The controllability of the pushed
object was analyzed in depth and an e ective path
planner was implemented using a variant of the algorithm in [2]. This algorithm discretizes the search
space by integrating, at each step, a small number
of feasible motions over a short duration t (for a
given constant velocity). It is asymptotically complete, i.e., if a solution path exists, the planners nds
it, provided that t is selected small enough. Here,
our goal is to build the foundations of a complete (or
exact) planning algorithm for the pushing problem,
by exploring in detail the geometric properties of the
possible pushing paths.
We have initiated our investigation by considering a simple setting where the robot makes a point
contact with the object which is assumed to be a unit
disk, while the obstacles are assumed to be polygonal.
The rst part of our study (Section 2) concerns the
nonholonomic trajectory followed by the disk-center
as the robot pushes the disk. We study the geometric
properties of this trajectory and establish a variety of
properties, some of which are counter-intuitive. For
example, the hooked shape of the trajectory allows
the pushing robot to move the disk around corners of
the obstacles, with only a single push of xed direction. In Section 3, we explicate the structure of the
reachable region in the presence of a point obstacle,
as a stepping stone to devising a complete planning
algorithm. Based on this, in Section 4 we provide a
scheme for the path-planning problem in the presence
of obstacles. In Section 5, we conclude by arguing
that the properties of the nonholonomic trajectories
of a pushed disk, which underlie our planning scheme,
should hold in more general settings.

2 The Model

where c is a constant. Since  = ' at t = 0, we obtain

Let D be a disk of unit radius, and let P be a point
pusher that chooses a point p on the boundary of
D and pushes D at unit velocity by maintaining the
contact at p. Once p is chosen, it remains xed during
the course of a single push (stable pushing [6]), in the
sense that P always maintains the contact at p and
that it never slips around the periphery. The contact
between P and D breaks when P 's motion is tangent
to D. As in [6, 7], we assume the quasi-static model,
where friction between the disk and its supporting
plane is large enough so that there is no motion after
pushing ceases. Let O denote the center of D. We
study the trajectory followed by O as P pushes D.
A con guration of the pair (P; D) can be represented as a point (x; y; ) in R2  S 1 , where (x; y)
denote the x- and y-coordinates of the center of D
and  denotes the angle between the ray emanating
~ and the x-axis; see Figure 1.
from p in direction pO
Let (0; 0; ') denote the initial position of D, i.e., D
is originally centered at the origin and the initial di~ is '.
rection of pO
We rst derive the equation for the trajectory of
D, assuming that P is pushing D to right at p in the
horizontal direction. Later we will consider the case
where P pushes D at p in an arbitrary direction.
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Figure 1: Resolution of the unit-velocity push at p.
If ' = 0, i.e., p is the leftmost point of D, then
the center of D translates along the x-axis; and if
= =2, then D does not move at all. Suppose
the position of D at time t is (x(t); y(t); (t)). Then
the unit velocity motion at p may be resolved into
a radial component (towards the center of the disk)
of magnitude cos , and a tangential component of
magnitude sin . Thus we have
d=dt = sin ;
which implies


Z
t = sin1  d = ln tan 2 + c;


 

(t) = 2 tan 1 tan '2  et :
D stops moving once  = =2, therefore
0  t  ln(cot('=2)):

(1)

The radial component of the unit velocity determines the x- and y-motion of the center of D as follows.
dx=dt = cos2 
dy=dt = sin  cos :
Solving these equations and using the fact that the
initial position of D is (0; 0; '), we obtain the following:


tan
=
2
x() = ln tan '=2 + cos  cos ' (2)
y() = sin  sin ':
(3)
Substituting (1) in these equations, we obtain
2 ('=2)  e2t
x(t) = t + 11 + tan
cos ' (4)
tan2 ('=2)  e2t
'=2)  et
y(t) = 1 +2 tan(
sin '
(5)
tan2 ('=2)  e2t
for 0  t  ln cot('=2). Figure 2 (i) plots , x, and
y, as a function of time; and Figure 2 (ii) shows how
x- and y-positions vary with . (Note that for ' = 0,
the trajectory will be a straight line; this is the in nite pre x of the curve \before" it enters the regime
starting from the small ' plotted in Figure 2.)
The trajectory of O, as D is being pushed, resembles a \hockey stick" (see Figure 3). We will use 
to denote this trajectory.
The vertical displacement from initial position  =
' to  = =2 is, as expected, 1 sin ' (this is exactly
the initial height of p below the center of the disk).
The curve has the following \memoryless" property:
the trajectory subsequent to any particular value of
 is independent of the initial angle '   at which
the pushing motion was begun. We now state some
basic properties of ; the proofs are omitted here.
Theorem 1 (i)  is a convex curve.
(ii) Let ` be a line intersecting  at two points, then
 is monotone with respect to `.
(iii) The curvature of  at a point with orientation 
is tan . If we denote by (t) the curvature of  as a
function of time, then
'=2)  et
(t) = 1 2 tan(
2
tan ('=2)  e2t
for 0  t  ln cot('=2).
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Figure 2: (i)(t), x(t), and y(t), with ' = =1000;
(ii) x() and y(), with ' = =1000.
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Instead of pushing D at p in the horizontal direction, P can push D in any direction while keeping
the contact at p. Suppose P pushes D at p (with unit
speed) in a direction , then (t); x(t), and y(t) can
be rewritten as follows. Let = ' .

(6)
(t) = 2 tan 1 tan( =2)  et +
2
2
t
( =2)  e
x(t) = t + 11 +tan
cos
(7)
2
tan ( =2)e2t
tan( =2)et
y(t) = 1 +2tan
(8)
2 ( =2)  e2t sin
If we want to push D to the right, then ' =2 
 '; otherwise ' =2   ' + =2. If we x
a pair '; , the trajectory of O is uniquely de ned.
We denote it by '; , and refer to such a push as the
('; )-push . Let
 = f'; j =2  '  =2; ' =2   'g
denote the set of all possible trajectories that O can
follow, starting from the origin. For a trajectory
 2 , we will refer to the nal position on  as
the tip of . We say that a point q is reachable from
the origin by a ('; )-push if q 2 '; . Suppose
q = '; (t), then (t) is called the arriving angle.
If we allow to vary the pushing direction, we represent a con guration of (P; D) by (x; y;  ), where
(x; y) denote the x- and y-coordinates of O and 
denotes the arriving angle of disk at (x; y).
Using Theorem 1, one can prove the following
properties of curves in .
Lemma 2 Any two curves 1 ; 2 in , such that
1 is not contained in 2 , intersect in at most one
point other than the origin.
Lemma 3 For any point q and for any =2   
=2, there is a unique ('; ) pair such that D reaches
q by the ('; )-push with arriving angle .
Corollary 4 Given two points q1; q2 in the plane,
di erent from the origin, there is at most one curve
 2  that passes through q1 and q2 . (Recall that all
curves in  pass through the origin.)

3 The Reachable Region
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Figure 3: The hockey stick curve, with ' = =100.

Let O be a set of polygonal obstacles, with a total
of n vertices. We study the set R of points to which
the center of D can be moved from the origin using a
single push without intersecting any of the obstacles.
In the process we develop the shape of the reachable
region for motion via pushing, which plays a fundamental role analogous to the visibility region in conventional path planning. In Section 4 below we will
build on this notion to devise a path-planning scheme.

Let p and q be any two points in the plane, and
let  be an arbitrary arriving angle in [ =2; =2]. In
the absence of obstacles it is possible to push a disk
from p to q, or vice versa, such that the arriving angle
is . The situation is very di erent in the presence
of obstacles: one may have trajectories from p to q
for several arriving angles, and yet have no trajectory
from q to p at all. (Consider a single trajectory from
p to q starting from a small value , say =100 as in
Figure 3; mark out a swath of width 2 about this trajectory. Imagine the rest of the plane being covered
by small obstacles that allow no gaps between them.
Now the asymmetric nature of the hockey stick curve
prevents motion from q to p.)
Let (x; y; ) be a con guration of (P; D). By Lemma 3,
there is a unique ('; )-push by which D reaches the
point (x; y) at the angle . The con guration (x; y; )
is called reachable if D does not intersect any obstacle as it is moved from the origin to the point (x; y)
along '; . A point q = (xq ; yq ) is called reachable
if there exists an arriving angle ( =2   =2)
so that the con guration (xq ; yq ; ) is reachable. We
will refer to the set of nonreachable points from the
origin as the shadow region of O, and denote it by R.

u , w , and the arc wu
c (shaded region in Figure 4).
For any point q 62 D [ R0 , the segment oq does not
intersect B , therefore q is reachable, thereby implying that R  D [ R0 . We next describe the portion
of R0 that forms the shadow region.

Lemma 5 For any point q 2 @B, there is at most
one curve in  that is tangent to B at q.
Lemma 6 There is a unique point  on the arc ucr
so that the curve  2  with  as its tip is tand at another point  . Moreover,
gent to the arc u
d , the curve in  tangent to B
for any point s 2 u
at s does not intersect the interior of D. There are
corresponding points  + ; + on the upper semicircle.
We now de ne two arcs ; + as follows. For a
d
+ , let  (s) denote the tip of the hockeypoint s 2 u
stick curve that is tangent to B at s. De ne =
d g. Similarly de ne + = f (s) j
f (s) j s 2 u
+ wg. We claim that
s 2 [
is a x-monotone curve
whose leftmost endpoint if  and whose asymptote
is the line parallel to u and passing through v, the
center of B ; + also satis es similar properties.

Lemma 7 A point q 2 R lies in the shadow region if
w
o

R

0
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r

u

and below + .

and only if q lies above

The above lemma implies that R is the region
+  and the arcs
bounded by the circular arc [
+
and ; see Figure 5. The shadow region of a segment can also be analyzed in a similar way. It is also
bounded by O(1) curves, and has a similar structure.
w

Figure 4: Disk B and the region R0 .
In order to have a better understanding of the
shadow region, we rst study the simplest case in
which O is just a point v on the x-axis, with x(v) > 1.
Let B be the unit-radius disk centered at v. Then a
point q is reachable if there is a curve '; 2  that
contains q and '; [o; q] does not intersect B . Obviously B  R. For any two points a; b 2 @B , let
b  @B be the clockwise-oriented arc from a to b.
ab
Let l and r be the leftmost and the rightmost points
of B , respectively; l and r partition @B into two semicircles | lower and upper semicircles. Let u (resp.
v) be the point on the lower (resp. upper) semicircle
so that the line tangent to B at u (resp. w) passes
through the origin. Let u be the rightward-directed
ray emanating from u in direction ou
~ ; similarly dene w . Let R0 be the region bounded by the rays

w
B

u

+

+

v

R

u

Figure 5: Reachable region; the shaded region is not
reachable; ' = =100
The shadow region induced by multiple obstacles
is quite complex. If Re denotes the shadow region of
an obstacle edge e, then one is temptedS to say that
the overall shadow region
S R is equal to e2O Re . Although it is true that e Re  R, some other points

may also be nonreachable. Let R be the set of nonreachable con gurations of (P; D), then by de nition,
the shadow region is R = f(x; y) j (x; y; ) 2 R; 8 2
[ =2; =2]g. In a companion paper we will prove
that R has O(n2 ) vertices and edges, and describe an
ecient algorithm for computing R in an appropriate model of computation. One can construct a scene
with n obstacle edges so that the shadow region has
(n2 ) vertices.

4 Path Planning
We consider the problem of moving a disk through a
scene with obstacles by a sequence of pushes. Formally, given a set O of obstacles and a pair of points
I and F , we want to compute a path for the center
of D from I to F that satis es the following properties: (i) D does not intersect any obstacle as its center
moves from I to F along , and (ii) = 1 k 2 k   k k
for some k  1 such that i is a ('i ; i )-push from
a point qi 1 to qi (q0 = I and qk = F ). We propose an ecient scheme for computing such a path .
The goal is to plan a path that minimizes the number of distinct pushes needed to move O from I to
F . Here we are assuming a model of computation in
which various basic operations on curves in  (such
as intersection points between two curves, intersection detection with a line, etc.) can be performed in
constant time.
The fact that there is an in nite family of trajectories (rather than just a straight line segment) that
the disk can use to reach a point from a xed point
could be used to go \around" obstacles with a single
push, giving rise to plans that require fewer pushes
than if only straight-line motion were used. We now
explore the power of such pushes and how they can
be used to plan motion. A push, in general, will consist of a pair of angles ' and '0 { the push is begun
as before at '; when the position  = '0 is reached,
we cease pushing.
We assume that the obstacles are disjoint polygons in the plane; let n be the total number of obstacle vertices. We expand each obstacle Oi 2 O by
taking its Minkwoski sum with a unit-radius disk. Let
C denote the set of expanded obstacles. For a point
q in the plane, let [q] denote the set of trajectories
of O induced by ('; )-pushes, assuming that the O
was initially at q.
We propose the following preprocessing algorithm.
The idea is to construct a roadmap in the plane by
constructing a directed reachability graph G on a set
M of m points selected in the plane; I and F are also
added to M. A milestone M2 is said to be reachable
from a milestone M1 when it is possible to move the

disk center from M1 to M2 using only one push, i.e., if
there exists a trajectory  2 [M1 ] such that M2 2
 and [M1 ; M2 ] does not intersect any expanded
obstacle in C . The reachability graph G has the set
of points in M as its vertex set. There is a directed
edge from a vertex u to a vertex v if and only if v
is reachable from u; in addition, we label the edge
(u; v) with a representation of the trajectory  that
reaches from u to v. The path-planning algorithm is
summarized below.

Algorithm Path planning

Input: Obstacles C and points I and F .
Output: A path from I to F .
1. Choose an integer m.
2. Select a set M of m milestones on the boundaries of the obstacles in C , and add I; F to M.
3. for all M1 ; M2 2 M do
 check whether there exists  2 [M1 ] such
that M2 2  and [M1 ; M2] does not intersect any expanded obstacle in C ;
 if so, add the edge from M1 to M2 into G
and label it with .
4. Compute a shortest path in G from I to F .
Several details need to be lled in before we can
analyze this algorithm. The milestones are selected as
uniformly spaced points along the boundaries of the
polygons in C , although various other selection strategies are possible such as selecting the milestones at
random. To decide whether milestone M2 is reachable from the milestone M1 , we discretize the family
of curves in [M1 ] by suitably discretizing the angle
' that parametrize the curves  2 [M1]. For each
', there is at most one '; 2 [M1 ] that contains
M2 . Assuming that we can compute this trajectory
in constant time, we can easily check in O(n) time
whether '; [M1 ; M2] intersects any expanded obstacle. If we nd such a '; , we add (M1 ; M2 ) as an
edge in G. The granularity of the discretization determines the trade-o between the eciency and the
robustness of the algorithm. If we choose 1= di erent values of ', then a naive implementation of this
algorithm requires (m2 n=) time. For each ', we
can however compute in O(n log n) time the set of
points that are reachable from M1 by a single ('; )push, for some . After having computed this set, all
the milestones in M2 2 M that are reachable from
M1 by a ('; )-push can be computed in O(m log n)
time. Hence, the overall running time of the algorithm is O((1=)  m(m + n) log n).

Theorem 8 Algorithm Path-planning can be implemented to run using O((1=)  m(m + n) log n) basic
operations.

5 Conclusions
In this paper we have laid a foundation for the design of algorithms for planning nonholonomic motion
via pushing. We now remark that our work extends
beyond the case when the object being pushed is a
disk, to other geometries. In general, all we require
is (a) a trajectory for the object being pushed that is
de ned by one parameter (in our case ); (b) a nite
termination point for the trajectory (in our case the
point  = =2); (c) the properties in the statements of
Lemmas 2 and 3, as well as properties (i){(iii) of Theorem 1. These properties suce to allow us to build
up machinery similar to that in Section 3. Our work
opens up the study of such more general settings, and
the descriptive complexities of shadow regions.
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