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Abstract

of n points in <3 , sampled from an un-

Given a set S
known bivariate function f (x; y) (i.e., for each point
p 2 S , zp = f (xp ; yp )), a piecewise-linear function
g(x; y) is called an "-approximation of f (x; y) if for
every p 2 S , jf (x; y) g(x; y)j  ". The problem
of computing an "-approximation with the minimum
number of vertices is NP-Hard. We present a randomized algorithm that computes an "-approximation of
size O(c2 log2 c) in O(n2+ + c3 log2 c log nc ) expected
time, where c is the size of the "-approximation with
the minimum number of vertices and  is any arbitrarily small positive number. Under some reasonable assumptions, the size of the output is close to
O(c log c) and the expected running time is O(n2+ ).
We have implemented a variant of this algorithm and
include some empirical results.

1 Introduction

Modeling and construction of surfaces representing
objects is an important area in many scienti c disciplines like Geographic Information Systems (GIS),
interactive walk-through systems, and molecular and
medical data visualization. Polygonal description of
objects are currently the most frequently used descriptions, because computer rendering of polygons is
widely supported by commercial graphics hardware
and software, and many techniques are known for
constructing polygonal models of real objects.
In order to ensure that all local features and the
details of the complex geometry of the surface are
captured in the model, often thousands or millions of
the polygons are generated, but these models are not
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practical, especially in real time applications, since
the speed of computation and the memory requirements are proportional to the number of polygons
used to model the surface, and the current hardware
cannot support such a large data set. Moreover, in
interactive walk-through systems and other graphics
applications, there is no need to display the objects
that are far from the view point in all details. Hence,
there is a need to simplify the model to a prescribed
resolution. We require that the simpli ed polygonal
models that t the given surface well and that they
are composed of a small number of polygons.
Although there has been a lot of work on surface
simpli cation in computer graphics, GIS, and scienti c computing, most of the work is based on heuristic
approaches [4, 11, 18, 19, 21, 25, 28, 29, 35, 39]. It is
therefore not surprising that these algorithms do not
guarantee any bounds on the quality of the simpli cation.
In this paper, we study the surface-approximation
problem for xy-monotone surfaces (i.e., for terrains).
The surfaces represent graphs of bivariate functions
f (x; y) and arise naturally in GIS and scienti c visualization. The input to the algorithm is a set S of
n points sampled from the graph of a bivariate function f . This form of input is sometimes called a height
eld.
Let f be a bivariate function. The graph of f
represents a xy-monotone surface in <3 . Let S be a
set of n points sampled from f . A piecewise-linear
function g is called an "-approximation of f if

jg(xp ; yp ) zp j  "
for every point (xp ; yp ; zp ) in S . For a given ", an approximation is called optimal if it contains the minimum number of vertices. The goal is to nd an optimal "-approximation, g. The vertices of g are not
necessarily points of S . In many applications, the
function f is hypothesized to t the observed data
and the function g is the computationally ecient
substitute for f . The parameter " is used to achieve

a complexity-quality tradeo | smaller the " higher
the delity of approximation (more number of vertices).
Even for terrain simpli cation, most of the known
algorithms are heuristic based. They typically start
with a single triangle (or tetrahedron for general surfaces) and re ne it locally until the resulting surface
becomes an "-approximation, or they start with a ne
triangulation and coarsen it locally (by removing a
vertex and lling the hole) until one can no longer remove a vertex [12, 13, 14, 15, 17, 16, 27, 33, 34, 36, 38].
The former method is called re nement, and the latter is called decimation. Some other approaches that
extend to arbitrary surfaces have also been proposed.
They include an optimization method that formulates
the problem as an energy optimization problem [28,
29], and an approach based on wavelets [21, 24]. For
a more comprehensive summary of known results on
terrain simpli cation, see the survey by Heckbert and
Garland [27]. However none of the above algorithms
give any quantitative bound on the size of the approximation.
Provable surface-approximation algorithms were
recently developed for the case of convex surfaces.
Given a convex polytope P with n vertices in <3 and
a parameter ", Mitchell and Suri gave an O(n3 )-time
algorithm that computes a convex polytope Q with
O(c log n) vertices such that (1 ")P  Q  (1+ ")P ;
c is the size of the smallest polytope that lies between
(1 ")P and (1 + ")P [31]. These bounds were subsequently improved by Clarkson [7] and Bronnimann
and Goodrich [5]; the latter gave an algorithm, with
O(nc(c + log n) log(n=c)) running time, to compute a
polytope Q with O(c) vertices. It is an open question whether an approximate convex polytope with
the minimum number of vertices can be computed in
polynomial time.
None of the algorithms for convex surfaces extend
to terrains. In fact, Agarwal and Suri have shown
that for a given S , ", and an integer k, the problem
of determining whether an "-approximation of S with
at most k vertices exists, is NP-Hard. Hence, we can
only hope to compute an "-approximation whose size
is near optimal. Observe that we are dealing with two
approximations measures here: (i) ", which measures
the maximum di erence between f and the simpli ed
surface, and which is given as the part of the input;
and (ii) the di erence between the size of the optimal
"-approximation and the size of the "-approximation
computed by the algorithm (for a xed "). Agarwal and Suri give a polynomial-time algorithm that
computes an "-approximation of S of size O(c log c),
where c is the size of an optimal "-approximation [3].
But the running time of their algorithm is O(n8 ).
This raises the question whether there is a simpler

and faster algorithm for computing a small size "approximation of S .
In this paper, we present a randomized algorithm
that computes an "-approximation of size O(c2 log2 c)
in expected time O(n2+ + c3 log2 c log nc ), where  is
any arbitrarily small positive number; the constant of
proportionality depends on . As we will see below,
the algorithm produces an "-approximation of size
roughly O(c log c) in time O(n2+ ), for some cases.
We will be combining the ideas from the algorithms of Agarwal and Suri [3] and Clarkson [7] along
with some new ideas to obtain the faster algorithm.
As in [5, 7] we will formulate the problem as a twodimensional hitting set problem and use a variant of
Clarkson's randomized algorithm to compute a small
hitting set. In order to expedite the running time,
we do not construct the underlying set system explicitly. Instead, we run the Clarkson's algorithm on an
implicit representation of the set system.
Our technique is quite general and can be applied
to many other problems. For example, we can apply it to the planar bichromatic-partition problem,
which arises in machine learning: Given a set R of
m `red' points and another set B of n `blue' points
in the plane, nd a minimum number of pairwise disjoint triangles so that each blue point lies in a triangle
and no red point lies in any of the triangles. Using
our technique we can obtain in time O((m + n)2+ +
c3 log2 c log nc ) a solution with O(c2 log2 c) triangles,
where c is the size of an optimal solution. Our algorithm can also be used to construct a linear decision
tree of size O(c2 log2 c) that is consistent with respect
to R and B , where c is the size of an optimal linear
decision tree.
The paper is organized as follows. In Section 2,
the problem is formulated as an instance of a hitting
set problem on the plane. Since the set system is
in nite, we describe in Section 3 how to compute a
\good" nite approximation of this set system. We
then present in Section 4 an algorithm for computing
a hitting set for this set system. Section 5 discusses
the implementation of a variant of this algorithm. We
conclude by mentioning a few open problems.

2 Abstract Formulation of the Problem

Let S be the given set of sampled points in <3 . For
a point p 2 S , let p denote the projection of the
point p onto the xy-plane; and for subset A  S ,
let A = fp j p 2 Ag. A triangle  2 <3 is called
a lifting of a triangle  on the plane if  is the xyprojection of . A triangle  in the xy-plane is called
valid if it can be lifted to a triangle  in <3 , i.e., 
is the xy-projection of  and, for all p 2  \ S , the

vertical distance between  and the corresponding
point p 2 S is at most ". See Figure 1. Observe that
if a triangle  is valid, then any triangle 0   is
also valid.

"

Figure 1: A triangle being lifted
A set of disjoint valid triangles in <2 is called a
simplicial partition of S if their union contains all
the points of S . The size of a simplicial partition
is the number of disjoint triangles in the partition.
The following simple observation is by Agarwal and
Suri [3].

Proposition 2.1 Given a set S of n points in <3

and a parameter " > 0, if a simplicial partition of S
of size c can be computed in time T (n), then an "approximation of S of size O(c) can also be computed
in time T (n) + O(c log c + n).

Proof: Let  = f1; 2; : : : ; cg be a simplicial
partition of S . For each triangle i , let Si = S \ i .

Since i is a valid triangle, i can be lifted to a
triangle i so that the vertical distance between any
point in i and Si is at most ". Let hi : zi = ai x +
bi y +c be the equation of the plane containing i . For
every point p = (xp ; yp ; zp ) 2 S whose xy-projection
lies in i , hi has to satisfy the following inequality

zi "  ai xp + bi yp + ci  zi + "
Since this is an instance of linear programming in

<3 , hi and i can be computed in O(n) time, using

Megiddo's linear-programming algorithm [30]. Since
 may not cover the entire xy-plane, stitch together
1 ; 2 ; : : : ; c by adding O(c) new triangles as described in [3].
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We have thus reduced the terrain-approximation
problem to computing a simplicial partition, which

we formulate as a hitting-set problem for a certain
set system.
Let X be the set of all valid triangles in the plane,
with respect to the given set of points S ; there are innitely many such triangles. We de ne the set system
(X; R) where R = ff j  2 X and p 2 g j p 2
S g, that is, for each point p 2 S we include all valid
triangles that contain p. A hitting set of (X; R) is a
subset   X , so that each point of S lies in at least
one triangle of . If the triangles of  are disjoint,
then  is a simplicial partition of S , otherwise we
compute the arrangement of  and triangulate each
face. Hence, we obtain
Lemma 2.2 Given a set S of n points in <3 and
a parameter " > 0, if the set system (X; R) has a
hitting set of size k (not necessarily disjoint), then
there exists an "-approximation of S of size O(k2 ).
Remark 2.3 Notice that the size of the simplicial
partition is proportional to the number of vertices in
the arrangement of . In many practical applications
the number of vertices will be much smaller than k2 .
We now introduce the notion of basis, which is a
subset of valid triangles. A set of valid triangles B 
X is called a k-basis if for any triangle  2 X , there
exist j  k triangles 1 ; 2 ; : : : ; j (not necessarily
disjoint) in
S B so that for each 1  i  j , i   and
 \ S = 1ij i \ S . The set f1 ; 2 ; : : : ; j g is
called the generator for . For the present we assume
that the basis is given to us. Later we show how to
compute a k-basis for the set system (X; R), for some
constant k.
We de ne the set system induced by the basis B
of (X; R) to be (B; RB ), where RB = fr \B j r 2 Rg,
i.e., for each point p 2 S there is an element in RB
consisting of all the basis triangles that contain p. An
immediate observation is the following lemma.
Lemma 2.4 Let (X; R) be the set system as de ned
above and B be a k-basis of (X; R). If (X; R) has a
hitting set of size c, then (B; RB ) has a hitting set of
size at most kc.
Putting Proposition 2.1 and Lemmas 2.2 and 2.4,
we obtain the following result:
Theorem 2.5 Given a set S of n points in <3, a
parameter " > 0; an algorithm A that computes in
time TA(n) a k-basis for the set system (X; R) as
de ned above, and an algorithm B that computes in
time TB (n; c) a hitting set of size h(c) for the set system induced by the basis (c is the size of the minimum
hitting set for the set system induced by the basis), we
can compute an "-approximation of size O(h2 (kc)) in
time O(TA (n) + TB (n; c) + h2 (kc) log h(kc)).

In particular, if h(c) = c log c and k = O(1), the
theorem implies that we can compute an "-approximation
of size O(c2 log2 c), where c is the size of the optimal
"-approximation. In the next two sections we describe
the algorithms A and B .

We add these triangles to the set of canonical triangles. Similarly we triangulate the pentagon formed
by p1 ; p2 , and pmax , and add the resulting triangles
to the set of canonical triangles.

3 Computing a Small Basis

In this section we describe an algorithm for computing an O(1)-basis for the set system (X; R) de ned
above. The algorithm works in three stages. In the
rst stage we compute a family of canonical subsets of
S using a simplex range-searching data structure [9],
in the second stage we compute a set of canonical
triangles from these canonical sets, and in the third
stage we discard those canonical triangles that are
not valid. The canonical triangles generated in the
second stage have the property that for any triangle
 in the plane, there are at most k = O(1) canonical
triangles 1 ; S2 ; : : : ; k , each contained in , such
that  \ S = 1ik i \ S . We will argue that the
canonical triangles not discarded in the third stage
form a k-basis for (X; R).
The First Stage: Let r = n be a parameter, for
some > 0. For computing the family of canonical subsets, we use the triangle range-searching data
structure by Chazelle et al [9]. Their algorithm constructs in time O(n2+ ) a multi-level partition tree
on S for any   6 . Roughly speaking, it stores a
family of subsets of S , called canonical subsets, into
a tree-like data structure. For any j  0, there are
at most O((n=rj )2+ ) canonical subsets of size between rj 1 and rj . For any given triangle  in the
plane, the set of all points in  \ S can be reported
as the union of u = O(1= 3 ) = O(1) pairwise-disjoint
canonical subsets, and these subsets can be reported
in time O(log3 n). The total time spent in the rst
stage is O(n2+ ).
The Second Stage: The canonical subsets that we
obtained are just some arbitrary subsets of S . In order to obtain canonical triangles from these canonical
subsets, we process the canonical subsets as follows.
Consider a canonical subset C . Compute the convex
hull of C . Let pmin (resp. pmax) be a point of C with
the minimum (resp. maximum) y-coordinate. For
any two points p1 ; p2 of the convex hull of C , let  be
the pentagon formed by the lines supporting the (at
most four) edges of the convex hull of C incident to
the points p1 and p2 and by the horizontal line containing the point pmin; see Figure 2.  may be degenerate, in the sense that it might consist of less than
5 edges, e.g, if p1 and p2 are adjacent; or it may be
unbounded. If  is unbounded, we discard it. Otherwise we triangulate  into at most three triangles.

pmax
p2

p1

p2

p1

pmin
Figure 2: Constructing canonical triangles from a
canonical subset
The second stage generates at most O(n2+ ) canonical triangles. This follows from the fact that for each
canonical subset C , we create at most 6jC j2 canonical triangles. Since there are at most O((n=ri )2+ )
canonical subsets of size between ri and ri+1 , the
number of canonical triangles generated is at most
log
rn
X

6(ri+1 )2 O

 2+ 
n
= O(n2+ )
ri
0

i=1
for any 0 > 2. So we have a set of O(n2+ ) canonical

triangles on the plane. A similar argument shows
that the time spent in computing the set of canonical
triangles is also O(n2+ ).
The Third Stage: In the nal stage, we discard all
the canonical triangles that are not valid. We preprocess S into the triangle range-searching data structure
described above. Let Si be a canonical subset. Determining whether there is a plane h in <3 for which
the vertical distance between h and all the points of
Si is at most " can be formulated as an instance of
linear programming in <3 , as described in the proof
of Proposition 2.1. Let Pi be the set of points dual
to such planes. Pi is a convex polyhedron with at
most 2jSi j faces, and it can be computed in time
O(jSi j log jSi j). We preprocess Pi for point-location
queries, using the Dobkin-Kirkpatrick hierarchy [20].
The total time spent in preprocessing S is once again
O(n2+ ).
Let  be any triangle in the plane. We determine
whether  is valid as follows. Let S =  \ S and
S  = fp j p 2 S g.  is valid if and only if there
is a plane h so that all the points in S  lie within a
distance of " from h. We rst compute S  and then
we determine whether a plane h exists. We query the

range-searching data structure with  and report in
O(log3 n) time S as the union of O(1) canonical
subsets, say S1 ; S2 ; : : : Su .  can be lifted if and only
if there is a plane h so that for each 1  i  u, the
distance between any point in Si and h is at most ".
Hence  is valid if and only if there is a pointTcommon
to the polyhedra P1 ; : : : ; Pu , i.e., P = ui=1 Pi is
nonempty. The intersection of k convex polyhedra
can be computed in O(k3 log3 n) using the algorithm
by Eppstein [22]. Therefore, we can check in time
O(u3 log3 n) = O((1= 3 ) log3 n) whether a given 
can be lifted. If a triangle  is valid, the lifting  can
be obtained by intersecting the plane corresponding
to a point in P with the vertical prism erected on
 (i.e., with the prism f(x; z ) j x 2 ; z 2 <g).
Hence, the total time spent in sifting out all the valid
triangles is


O n2+ + 1 n2+ log3 n = O(n2+ )
9

Repeating this for 1  i   , we obtain at most 3u
triangles of B, each contained in + , that cover all
the points of Si \ + . We repeat the same process
for  to obtain a generator of  of size at most
6u = O(1= 3 ) = O(1). Hence B contains a generator
of O(1) size for every valid triangle in the plane, as
required.
2

+




(a)

0

for any 0 > . Let B be the set of all valid canonical
triangles. We have the following result

Lemma 3.1 B is an O(1)-basis for the set system
(X; R), de ned in the previous section.
Proof: Let  be a valid triangle in the plane; as-

sume that  does not have a horizontal edge. We
partition  into two triangles + and  by drawing a horizontal edge from the vertex with the median y-coordinate (see Figure 3(a)). We show that
for each of + and  , we can nd a generator in
B of size at most 3u, where u, as de ned above,
is the maximum number of canonical subsets in a
query output. First consider + . Using the rangesearching data structure described above, we can nd
S u disjoint canonical sets S1 ; S2 ; : : : S such that
+
i=1 Si =  \ S . For each 1 + i   , we do the following. Shrink the triangle  (by translating each
edge) until each edge touches a point of Si ; see Figure 3(b). The horizontal edge of the shrunk trian^
gle  touches the point of Si with the minimum ycoordinate, and the other two edges touch two other
^
points of Si , say p1 and p2 . We can now regard 
as a degenerate pentagon, with^ two pairs of collinear
edges. We rotate the edges of  incident to p1 and p2
inward until they touch another point of Si , thereby
obtaining a pentagon . Since the bottom edge of 
touches the lowest point of Si and the edges incident
to p1 and p2 are on the convex hull of Si ,  was constructed and triangulated by the algorithm (see Figure 3(b)). Let 1 ; 2 ; 3 be the triangles into which 
was triangulated. Each i is contained in . Since 
is valid, i is also valid, and therefore belongs to B.

p1

p2
pmin

(b)
Figure 3: (a) Constructing the triangles + and 
(b) Covering each canonical subset by  3 triangles
of B
We thus obtain the following lemma

Lemma 3.2 Given a set of n points in <3, and ";  >
0, we can compute in time O(n2+ ), an O(1)-basis for
the set system (X; R) as de ned in Section 2.
Remark 3.3 Although we have computed the basis,
B, we do not explicitly compute the ranges of the

set system induced by the basis. Instead, for each
triangle  in the basis, we store the three vertices
(or the edges) of the lifted triangle . Hence, we
need only O(n2+ ) space to store B. Had we stored
the entire set system, we would have needed O(n3+ )
space.

4 Finding the Hitting Set

In this section we show how to compute a hitting
set of size O(c log c) for the set system induced by
the basis B. We construct the hitting set using the
algorithm by Clarkson [7] for polytope approximation, which was later generalized by Bronnimann and
Goodrich [5] for computing set covers (or hitting sets)
of set systems with a nite VC-dimension.

Assume that the size of the smallest hitting set,
denoted by c, is known. This is no loss of generality because we can use the standard doubling trick to
guess the value of c; see e.g., [7]. Let (B; RB ) be the
set system induced by the basis B on (X; R), where
X is the set of all valid triangles and R = ff j  2
X and p 2 g j p 2 S g as de ned in Section Section 2. The outline of the algorithm for computing
the hitting set of (B; RB ) is described in Figure 4.
Algorithm Find Hitting Set

(1) Initialize the weights of all the triangles
in B to be 1.
(2) Repeat
(2.1) Pick a random sample R  B
of O(c log c) triangles from B;
a triangle  2 B is chosen with
probability
S proportional to its weight;
(2.2) If S  2R 
output R and exit;
/* R is a hitting set */
(2.3) Choose an arbitrary point p not
covered by R,
let p = f 2 B j p 2 g;
(2.4) If w(p ) < 21c w(B)
double the weights of the
triangles in p ;
end repeat.
Figure 4: Algorithm for computing a hitting set.
We call an iteration successful if the weights of
triangles in p have been doubled (i.e., w(p ) <
1
2c w(B )). Clarkson has shown that the number of
successful iterations is at most 4c log(n=c) [7]. It can
be shown that the set system (B; RB ) has a nite
VC-dimension. Therefore it follows from the "-net
theory, that the probability of an iteration being successful is at least 1=2 [8, 26]. Hence, the expected
number of iterations is O(c log(n=c)). Intuitively, if a
point p is not covered by R, then the number of triangles containing p is small, and one of these triangles
belongs to the optimal hitting set. Hence, doubling
the weights of this small set of triangles improves the
chances of choosing a triangle that belongs to the optimal cover.
Next, we show how to perform each of the above
steps in detail and analyze the running time. The algorithm consists of the following two non-trivial operations:
(i) Check whether R covers all the points in S .

(ii) If there is a point p not covered by R, determine
whether w(p ) < w(B)=2c. If so, compute p
and double the weights of the triangles in p .
For checking whether R covers all the points, we
compute the the union U of the triangles in R, and
preprocess it for ecient point-location queries in time
O(c2 log2 c), so that a point-location query can be answered in O(log c) time [20]. For every point p 2 S ,
we perform a point-location query. If all the points
lie in the union of R, then R is a hitting set. The
total time spent in this step is O(c2 log2 c + n log c).
In order to check whether a point p not covered by
R has w(p ) < w(B)=2c, we preprocess B, in time
O(n2+ ), into a data structure of size O(n2+ ), so
that for any given point p, a set of k  jp j triangles
in B containing p can be returned in time O(n1+ +k).
This preprocessing is done only once, before the rst
iteration. We query this data structure with p and
report the triangles containing p one by one. As the
triangles are being reported, we maintain the sum of
the weights of the triangles reported so far. If the total weight exceeds w(B)=2c, we terminate the query
process and declare the iteration unsuccessful. Otherwise we double the weights of all the triangles in
p. Since the weight of each triangle is at least 1,
the total query time is O(n1+ +n2+ =c) = O(n2+ =c)
because c  n.
The total running time of one iteration is thus
O(n2+ =c + c2 log2 c). Summing over all the iterations, the expected running
time of the algorithm for
2+ 2 2
n
a xed value of c is O(( c +c log c)c log nc ). Hence,
we have obtained the following result.

Theorem 4.1 Given a set S of n points in <3 sam-

pled from a bivariate function and a parameter " >
0, we can compute an "-approximation of S of size
O(c2 log2 c) in expected time O(n2+ + c3 log2 c log nc ),
for any  > 0, where c is the size of the optimal "approximation of S .

5 Implementation

We have a partial implementation of an algorithm
for terrain approximation based on the algorithm described above. There are two steps in the above
algorithm that are dicult to implement: (i) triangle range-searching data structures for computing the
canonical subset and for determining the triangles not
covered by a point, and (ii) computing the union of
R and processing it for point-location queries.
Since no fast-and-practical data structure is known
for triangle range searching that returns the output
as a family of canonical subsets, we use quad-trees
to generate canonical subsets and the basis. We construct a quad-tree on S , the xy-projections of the
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Table 1: Number of triangles by various algorithms
input points S . The points stored at each node of
the quad-tree are used as canonical subsets, and for
each canonical subset we generate only O(1) canonical triangles in the plane. Our algorithm generates
canonical triangles with the following two properties:
(i) they do not overlap, and (ii) vertices are points
of S . As a result the xy-projections of the vertices
of the lifted triangles are points of S . For checking the validity of a canonical triangle, we use the
linear-programming algorithm of Seidel [37]. We also
consider the case in which the vertices of the lifted
triangle are a subset of the input points. We use the
greedy algorithm, instead of Clarkson's randomized
algorithm, for computing a hitting set. We nally
`stitch' together the triangles by computing the constrained Delaunay triangulation of the edges of the
simplicial partition, and thus obtain a valid triangulation of the plane.
Our implementation has about 2000 lines of C++
code. All the input data sets consisted of 120  120
elevation arrays, as in [38]. We ran our experiments
on a Digital AlphaStation 500/266 workstation, and
each of them took between 30 and 45 seconds. In
the Table 1, we summarize our results and compare
them with the results of Franklin [23] and Silva, et
al. [38] on the same data sets. The column SP-A
gives the number of triangles in the simplicial partition when we use the linear-programming algorithm
and allow the vertices of the "-approximation to be
di erent from the input points, and SP-B gives the
size of the simplicial partition when the vertices of
the lifted triangles are restricted to be a subset of the
input points. The column "-approx gives the number
of triangles after the constrained Delaunay triangulation of the triangles in SP-A.
Notice that the number of triangles in the simplicial partition is rather small if we do not restrict the
vertices of the "-approximation to be a subset of the
input points. In this case, the number of triangles in
the simplicial partition is the roughly half the num-

ber of triangles produced by the other algorithms. It
is the stitching process that blows up the size by a
factor of roughly 2. The stitching process adds triangles in those areas that do not contain any input
point, and also ensures that we have a valid triangulation of the plane. We are currently working on
better range-searching data structures and on a more
clever approach for the stitching process.

6 Conclusion

We have presented an ecient algorithm for the terrainsimpli cation problem that computes an "-approximate
terrain of size O(c2 log2 c), where c is the size of the
optimal "-approximate terrain, and a preliminary implementation shows that our approach is promising.
The performance of our current implementation is
slightly inferior to that of the algorithms by Silva
et al. [38]. However, a better range-searching data
structure and a more clever stitching process should
improve the performance signi cantly.
We conclude by mentioning two problems
(i) Can our approach be extended to a more general surface? That is, develop an ecient algorithm for simplifying arbitrary surfaces.
(ii) Design near-linear time algorithm for terrain
simpli cation at the expense of the quality of
the solution.
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