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Abstract
The writhing number is a standard measure of the global geometry of a closed space curve. We give an algorithm for

computing the writhing
    number for a polygonal knot with
edges in time O
, for any arbitrarily small constant
 . We implement a simple algorithm and provide experimental evidence for its practical efficiency.

example, they are relevant in understanding the various geometric conformations we find for circular DNA in solutions, some of which are shown in Figure 1, which is taken
from [10]. By representing DNA as a ribbon, we can de-

1 Introduction
The writhing number of a closed curve (a knot) in space is related to the physical phenomenon that a chord tends to form
loops and coils when twisted. We define that number by assigning an orientation and considering the two-dimensional
family of parallel projections. We count every crossing as 
or  depending on whether the overpass requires a counterclockwise or a clockwise rotation to align with the underpass, and we define the writhing number as the signed
number of crossings averaged over all projections.
The writhing number is a conformal invariant of a closed
curve in three dimensional space, and is useful as a standard measure of its global geometry. It attracted much attention after its relationship with the linking number expressed by the White Formula was discovered independently
by Călugăreanu [11], Fuller [20], Pohl [25], and White [29]:
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where %'& is the linking number between the two boundary
curves of a closed ribbon in space, () is its twisting number,
and *,+ is the writhe of the axis of the ribbon. A small subset
of the mathematical literature on the subject can be found
in [1, 7, 19, 22].
Besides the mathematical interest, the White Formula and
the writhing number have received considerable attention
both in physics and in biochemistry [17, 8, 23, 27]. For

-
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Figure 1: Circular DNAs present different supercoiling conformations in solutions.

scribe its global geometric structure by the writhing number
of its axis along the middle of the ribbon.
The paper studies algorithms for computing the writhing
number of a polygonal knot in space. Section 2 introduces
some of the background work and states our results. Section 3 presents geometric results that allow us to write the
writhing number as the signed number of crossings in one
direction plus a term related to the average winding number. Section 4 shows how to compute the signed number
of crossings in time roughly proportional to .  , where 
is the number of edges of the knot. We also discuss a simpler sweep-line algorithm that is slower in the worst case
but faster for knots that have substantially fewer than the
maximum possible numbers of crossings. Section 5 presents
our experimental findings concerning the running time of the
sweep-line algorithm and the accuracy of the result if it is
used to approximate the writhing number of a smooth knot.
Section 6 concludes the paper with some discussion.

2 Prior and New Work
In this section we formally define the writhing number of
a knot, consider algorithms used in the past to compute or
approximate that number, and present our results.

Definitions. An oriented closed curve embedded in /10 is
referred to as a knot. We use the two-dimensional sphere of
directions, 2 3 , to represent the family of parallel projections
in /10 . Given a knot 4 and a direction 576723 , the projection
4 of 4 is a possibly self-intersecting oriented closed curve
in a plane normal to 5 . We assume the generic case, in which
at each crossing one piece of 4
passes over another. We
count the crossing as  if we can line up the two pieces by
rotating the overpass in a counterclockwise order by an angle
between  and 8 . Similarly, we count the crossing as  if
the necessary rotation is in a clockwise order. Both cases
are illustrated in Figure 2. The directional writhing number,
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If applied to a polygonal knot with  edges, both algorithms
take time m  3 .
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Our results. We present two new results, one combinatorial and one algorithmic. The first result can be viewed as a
common strengthening of Equation (3) by Fuller and Equation (4) by Cimasoni:
T HEOREM A. For a knot 4 and a direction 5 , we have:
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Theorem B implies that the writhing number for a polygonal
knot can be computed in time roughly  proportional to   .
Note that the writhing number can be w  3 in worst case, as
we show in Section 4. We also present a simpler sweep-line
algorithm that does not achieve the same running time in the
worst case, but is fast in the common cases when the number
of crossings is small.

(2)

When the smooth knot is approximated by a polygonal knot,
we can turn the right hand side of (2) into a double sum and
thus approximate the writhing number [9, 23]. We note that
this formula only approximates the writhing numbers both of
the smooth and and the polygonal knots.
Another result based on interpreting the writhing number
in terms of area on 23 is due to Fuller [21]. He uses curve
( on 2 3 traced out by the unit tangent curve of the knot, and
states that
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T HEOREM B. Given a polygonal
 knot 4 with edges and
9
a direction
5u6v2 3 , "! 4a#E5 can be computed in

time O .   E , where  is an arbitrarily small positive
constant.

Computing the writhing number.
Several techniques
have been developed to compute or estimate the writhing
number of a smooth knot 4 [6, 21]. Consider a path-length
parameterization of 4 , and use 4KJ and (LJ to denote the position and the unit tangent vectors for MN6O2  . The following double integral formula for the writhing number can be
found in [25, 28]:

:!

9

o(s#E5 , and
is the winding number of and ( .
We will prove a discrete version of Theorem A for a polygonal knot. We will also give an algorithm
that computes the

average winding number in time m  , where  is the number of edges in the knot. Our second result is an algorithm
that computes the directional writhing number in less than
quadratic time.

, also known as the Tait number of 4 and 5 is
the sum of crossings counted
as  or  as explained. The

writhing number, :! 4 , is the average directional writhing
numbers,
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Figure 2: Two types of crossings when two oriented edges intersect.
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3 Writhing and Winding Numbers
In this section, we develop our geometric understanding of
the relationship between the writhing number of a polygonal
knot and the winding number of a curve on the sphere of
directions. We begin by describing that curve and end with
the proof of Theorem A.

(3)
Critical directions. We specify a polygonal knot 4 by the
cyclic sequence, xzy{#Dx  #hHYHYHY#Dxz|j}  , of its vertices. WeZ always

x~ I axz~  xz~  
use indices
modulo  and write MG~ 
Z
xa for the unit vector along the j -st edge. Note that
M ~ is a point on 2 3 , and the cyclic sequence M y # M  #YHhHYHh#EM |A} 

where is the area enclosed by ( .
^
A related result by Cimasoni [15] states that the writhing
number is the sum of the directional writhing number for a
9
fixed direction 5 , plus the average difference to "! 4a#E5
2

defines a directed closed curve ( on the sphere of directions.
The arc between M ~ and M ~  is the shortest piece of the greatcircle that passes through the points, and it is oriented from
MG~ to MG~  . ( is the cyclic concatenation of all these arcs. We
also need the antipodal curve o( , which is ( after central
reflection through the origin.
d
The directions on ( and o( are critical, in the sense
that the directional
writhing number changes when we pass
d
through along a generic path on 23 , and that these are the
only critical directions. The
d observation is also made in [15].
It is clear that a direction is critical only if it is parallel to a
line that passes through
 ] a vertex xz~ and an edge xjExj I of the
knot. There are   
such pairs defining the same number
of great-circles on 2 3 . First we note that only  of those
great-circles actually carry arcs of critical
points, namely the

great-circles that correspond to
1 . The reason for
this is shown in Figure 3, where we see that the writhing
number does not change unless x ~ is separated from x  x  I
by only one edge along the knot. Second, we observe that the

invariant. We can thus rewrite Equation (1) as
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where the sum ranges over all cells e of the decomposition.
Equation (4) of Cimasoni can
 now be obtained straightfor9
wardly by subtracting :! 4;#E5 inside the sum and adding
it outside the sum. This reformulation provides an algorithm
for computing the writhing number.
Step 1. Compute
direction 5 .
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for an arbitrary but fixed

Step 2. Construct the decomposition of 23 into open
cells, traverse that decomposition, thereby labeling
9
each cell with its difference to :! 4;# 5 , and finally
adding the terms in the sum of Equation (4).
The running time for Step 2 is at least proportional to  3
in the worst case as there can be a quadratic
number of cells.

We improve the running time to m  and, at the same time
simplify the algorithm.
d
on  d
Define the winding number
(s# of a point and
an oriented curve ( ond 23 equal to the signedd number of
times ( winds around . Imagine an
arc from to a point
 that moves along ( . Locally at d , we observe a continuousoforward
cancel each other,
n  d and backward movements
 rotates in a counter(# is the number
and
of
times
d
clockwise order about , after all cancellations. This number
is neessarily an integer, but it can be negative.
The winding number has the computational advantage that
it is fairly easy to compute the average of it over the sphere
of directions. To describe d this algorithm define the signed
area of a spherical triangle 5z) as

Figure 3: Three cases in sliding the viewpoint over the great-circle
of directions defined by the hollow vertex and the solid edge. The
directional writhing number changes only in the third case.
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is to the left of 5z) ,
otherwise.

where ,  , and  are the angles at , 5 , and ) respectively.
For a d fixed direction 5O62 3 , the winding number of directionsd
is the number of spherical triangles 5M ~ M ~  that covers , where we count with a sign as usual. The average of
the winding number is therefore

pairs (x~ , x~ I x~  ) and (x~  #Dx~x~ I ) define the same great3
3
circle, and the subset of directions along which x~ projects
onto x~  xz~  is exactly the arc MG~=MG~  of ( . This complete
3
the argument that ( and o( are indeed the curves of critical
directions.
Note that ( and o( are both oriented. To describe
the
d
62 3
significance of this orientation, we say a directiond
lies to the left of a directed arc of directions 5z if sees the
great circle defined by 5 rotated in a clockwise order. If
we pass from left to right of an arc 5 of ( or o( , we either
pick up a crossing counted  , or we lose a crossing counted
 . We can thus keep track of the directional writhing number simply by walking around on 2 3 and adjust the number
whenever we cross ( or o( either from left to right or from
right to left.
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Computing Equation (6) is straightforward and takes time
proportional to the number of arcs, which is  . Note that
 | 
5zMG~MG~
is in fact the signed area that ( en^closes on~W2Iy 3 , and it does not depend on the choice of 5 .
Furthermore,
 
  since
(  and o( have the same signed area,
.
( 
o(
d
3
Intuitively, if we d move a direction around
on 2 3 , the
d
winding number of and ( changes when crosses ( . On

Winding numbers. The curves ( and o( decompose 2 3
into open cells within which the directed writhing number is
3
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This observation proves Theorem A for the polygonal case
by reduction from Cimasoni’s Equation (4). We get the result
for the smooth case by limit considerations in which we approximate both the knot 4 and the curve ( by progressively
finer polygonal curves.

9
on Wp
! `4;# 5 ] and
(¢#E5 are
We remark that since
 both
  :=_N
F
from Theorem A.
integers, we have :! 4

With the same technique as 3 used
in [21], this can be improved to Fuller’s result (3).
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In this section, we sketch an asymptotically fast but possibly
impractical algorithm for computing the directional writhing
number for a polygonal knot 4 and a direction 56¨23 . In
particular, we prove Theorem B as follows.
Overall algorithm.
Without loss

   of generality, assume
# #Y . Let ª  denote
that 5 is the © -axis, i.e., 5
the  set of edges in 4 . For an edge «6¨ª , let ¬  « (resp.
¬ } « ) denote the number of positive (resp. negative) crossings in 4
that lie on « . Then
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The factor   comes from the fact that we count each crossing twice.


 ®{¯ ¬  « ;
an algorithm for computing

 We present
}
 ®{¯ ¬ « can be computed in a similar manner.
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 È ç
where æ is a constant independent of + and ~ ~
(

È Ê
#

Ù

. The

solution to the above recurrence is

È Ê  Ê 
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#
m Ð  Ñ 3
 
+
for any constant " , provided +
(

(8)

is chosen sufficiently large. We improve the running time by modifying
the above algorithm as follows. We proceed as above, but if
È
Ê
Ð
, we switch the role of and Æ , i.e., we map
È ^ toÊ
Ù
Plücker points and continue as ^ above.
By
(8),
for

 Ê E E Ð Ù ,
the time spent in computing ¬  Æ#
is m
. Hence,

orientation of a tetrahedron ·h¸º¹G» is the sign of the determinant of

·Á
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For each 6Ï , we compute ¬ 
#Æ
recursively. The
Ê
Ô
recursion stops when
+. ^ Ô
È Ê
ÔÞÙ
Let (
#  be the running time of the above algorithm for
computing ¬
# Æ . Then we have the following recurrence

Orientations
and Plücker-coordinates. Let «
x ~ x ~ 

x±Exj  be two edges of 4 . Then « and ° induce
and °
a positive crossing in direction 5 if and only if the orientad
tion of the tetrahedron xz~xz~  xjExj I is positive1 and the  projection « and ° cross. The orientation of x~²xz~  xjExj I
is also referred to as the orientation of « and ° .
For an edge «6¡ª , let « ³ denote the line in /10 supporting « and oriented in the same way as « . Using Plückercoordinates,
an oriented line ´ can be mapped
to a point


8 ´ in /1µ or to an oriented hyperplane  ´ in /1µ [14, 26].
The point 8 ´ lies on a quadratic surface ¶ in / µ called the
Guassmanian Surface. It is well known that the orientation

of « and ° is positive (resp. negative) if and only if 8 « ³ lies
1 The

ÍÌ 

Computing ¬ 
# Æ . Let Ë
 ° ³ Çj°6aÆÎ be the
^
set of Plücker hyperplanes of lines supporting
Æ . We fix a

sufficiently large constant + É . A   + -cutting Ï of Ë
with respect to ¶ is a set of disjoint simplices that cover ¶
Ê
and at most  + hyperplanes of
 Ë `ÓÒ cross a simplex of Ï . A
(   + )-cutting of Ë of size m +CÐÑ + can be computed in

m  time [3]. We
 Ï  of Ë .
 compute suchaÌ (  + )-cutting
«¢6
ÇQ8 « ³  6 Î , let
For each simplex 67Ï , let
Æ
Æ be the set of edges^Õ°¨Ô 6 Æ such^ that   ° crosses
ÔÍ
Ö
, and let ×
Æ be the set of edges so that lies in the
Ô Ö of   ° ³ . Set Ç Ç ØÈ , and Ç Æ Ç 
positive
halfspace
Ê
Ê
Ê
Ê

È Ô ØÈ
. We have
.
+ , Ç × Ç ^ Ô  + , andÔ
ÔBy construction,ÔÚany
Ù pair  «r# Ô ° Ù in
Ô Ô positive
T
has
Æ

Ô
^ Ô
orientation. Therefore, «r# ° induces a positive crossing
in

direction 5 if and only if « and ° cross. For each
6Ï ,
we count the`Ónumber
Ò È È `ÓofÒ Ècrossing
È Ê
Ê `{Ò Ê pairs in ^ Ô T × Ô in time
time using the algorithm
m 3Û 0 3Û 0 Ñ
 Ñ
 Ñ
by Chazelle [13]. Let Ü
be the number of such pairs. Then

4 Computing £¥¤§¦
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in the positive (resp. negative) halfspace of  ° ³  (or 8 ° ³
lies in the positive (resp. negative) halfspace of  « ³ ).


Our algorithm computes  ®{¯ ¬  « in two stages. For
each edge « , it first computes the set of edges ° such that
the orientation of « and ° is positive, and then it counts how
many of these edges intersect « . We actually consider the
following more general problem: Let and Æ be two sets
É^ È
ÉÊ
of oriented segments in /10 ; set Ç  Ç
and Ç ÆÅÇ
. We
T Æ such that
want to count the number of points^ «r# ° 6
^
we
« and ° have a positive crossing
  5 ),  which

 (in direction


denote by ¬
# Æ . Note that  ®{¯ ¬ «
¬ ªK# ª .

the other hand, ( and o( contain the set of critical directions
of 4 , thus the directional writhing number changes as the
viewing
p  direction passes through ( and o( . In particular,
(ao( , we can show that:
let (

.

^

4

Èú

Step 1. Compute the directed writhing number
9
:! 4;# 5 , where 56Í2 3 is an arbitrarily but fixed
direction.
ÊûÉon 
(# 5 
Step 2.
on  Compute the winding number
o(#E5 where ( and o( are the oriented closed
curves of critical direction introduced in Section 3.
Step 3. Compute the average winding number by sum
ming the signed
areas of the spherical triangles, æ


A
|
}
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earlier recurrence can now be rewritten as

(

È Ê
#
Ù

ê

èéé 
ééë

È Ê
 È `{Ò È
~    È Ê ( º~ #{` Ò  È + ¨m  Ê Ñ {` Ò Ê
ìßám à âÓã ä 3 ±å Û à 0 3 Û 0WÑ
¨m Ñ
Ê
m Eíh

if

È

if

È

Ê
Ð 

È Ê

Ðqî

Ê


#
The
to  the above recurrence is (
E ÈjÊ solution
È
Ê GDï
 ðñ  . Hence
Ð.Û µ   ï 
m

for any

 ®{¯ ¬  « can be computed
in m ò  Û µ 
time for any

} « can also be comconstant o¥ . By similarity,  ®{¯ ¬
puted within the sameDó bound. Putting everything  together,
9
we conclude that :!
#E5 can be computed in m ò Û µ  ,


¥


for any constant
.
We remark that the same technique can be applied to computing the linking number between two closed polygonal
lines. Similar bound is achieved, namely, given two polygonal knots both of size  , the linking number
 between them
can be computed in O . h time, using O .  E space and
preprocessing, for an arbitrarily small o .

Instead of using the algorithm described in Section 4,
we implement the sweep-line paradigm for the projection
along direction 5 [18]. The straightforward algorithm reports
pairs formed by the  edges in time
E  the ü `{crossing
Ò 
. Step 2 and 3 are both computed in a sinm
 ü Ñ
gle traversal of the spherical polygon ( , keeping track of the
angle and the signed
 area as we go. The running time of the
traversal is only m  .
Time and accuracy.
We compare our algorithm with
the popular implementation of the discrete version of Equa
tion (2). Write « ~
x ~  x ~ for the unnormalized discrete tangent vector. The double-sum algorithm computes
the writhing number by implementing

*
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«C~ Z T Y« Q#DxjoZ þxz~áX
x  Åx ~ 0

(9)

This formula approximates the writhing number of a smooth
knot as the polygonal knot is refined and progressively improves its approximation
of the smooth knot. We note, how
ever, that * 4
is not equal to the writhing number of the
polygonal knot 4 either. Figure 5 provides evidence that the
sweep-line algorithm is superior to the double sum algorithm
both in terms of speed and in its convergence to the writhing
number of the smooth knot. The tested polygonal knots form
a sequence of progressively fine approximations of the fairly
flat smooth knot shown in Figure 5 on the left. The upper
graph shows that the writhing number of the polygonal knot
converges much faster to the writhing number of the smooth

knot, which is just a little smaller than ÓH  , than does * 4
as defined in Equation (9). The lower graph suggests the obvious, namely that the running time of the double-sum algo
rithm is quadratic in
`ÓÒ  while that our sweep-line algorithm is

proportional to Ñ
. The latter will be true whenever we
use polygonal knots to approximate smooth knots since for
generic projections, the number of crossings is independent
of  .

Figure 4: There are ôõhö horizontal and ôzõ$ö vertical edges. The
directional writhing number of current view is ôz÷.õYø .

9

Bounding :! .
The construction in Figure 4 shows
that the directional writhing number can be quadratic in
worst case. On the other hand, we can derive from Theorem A that for any two
5  # 5 3 6v23 ,
 viewing

9
9
 directions
Ç "! 4a#E5   :! 4;#E5 3 Ç
m  . This implies that
the writhing number for 4 has the same  bound as any of its
directional writhing number, which is ù  3 . Note that by
not counting each crossings, we present an algorithm (Theorem B) to compute the writhing number in subquadratic time.

5 Experimental Results
In this section, we present some preliminary experimental results obtained by implementing the equation in Theorem A
using a sweep-line algorithm. Algorithms are implemented
using C++ and LEDA software library, and all experiments
are texted on a SUN Ultra 5 workstation, with 256M memory.

Protein backbones.
Short of conformation data of long
DNA strands, we decided to run our algorithm on a modest
collection of paths (open knots) representing protein backbones. We modified both algorithms to account for the missing edge in the path data. Figure 6 displays the four backbones chosen for our modest experimental study.

Algorithm.
Theorem A expresses the writhing number
of a knot 4 as the sum of three terms. Accordingly, we
compute the writhing number in three steps.
5

Data


ü

1AUS
1CDK
1CJA
1EQZ

439
343
327
125

122
111
150
18

Sweep-line
time(s) writhe
0.09 22.704
0.06
7.964
0.06 12.137
0.02
4.78

Double-sum
time(s)
writhe
3.93 17.8714
2.39
6.0135
2.19 10.4262
0.31
3.369

Table 1: 4 protein backbones as inputs, where size refers to the number of vertices.

Table 1 displays some of our findings. We can see that
the number of crossings in a randomly chosen direction 5 is
small as compared to the number of edges in the backbone.
This explains why our sweep-line algorithm outperforms the
double-sum algorithm.
We plan to expand our experiments with protein backbone data and see whether there is a correlation between the
writhing number and families of protein conformations currently used to categorize folding patterns.

6 Discussion
Although in general, for a polygonal knot with  edges, the
writhing number can be quadratic, the practical data typically have more structure constraints. For example, the paths
representing the protein backbones may have similar edge
length (bond length), and any two vertices cannot get too
close. It is known that for a lattice knot, (i.e., a polygonal
knot whose edges connects the
 neighboring
  points of a ÿ D

ÐÛ 0 (The upper
unit grid) with  edges, Ç *,+ 4 Ç
bound can be derived from [12], while the lower bound can
be constructed similar to Figure 4. ) One question is what
is the bound for most practical data, e.g., DNAs or protein
backbones, and how to design more efficient algorithm depending on the writhing number. For example, can we com9
pute :! 4;# 5 in m  ÐÛ 0 time given that 4 is a lattice
knot or a protein backbone?
Although the directional writhing number does not rely
much on the chosen direction 5 , it influences the number of
crossings of 4 , and thus the efficiency of our sweep-line
algorithm. Our current implementation chooses 5 randomly.
It is desirable to find out the expected performances of the
algorithm based on this random choice.

Figure 5: A smooth knot to the left and a comparison between
the double-sum (dark curves) and our sweep-line algorithm (light
curves) to the right. The upper graph compares the convergence
rates, while the lower graph compares the running time.
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