Handout 2 Assignment 1 Course: CPS240

Due Date: Feb. 20, 2001 Problem 1: Consider the language L = {#b(1)#b(2)# . . . #b(n − 1)#b(n)# | n ∈ N}, where b(i) is the binary representation of the integer i.

Show that L can be decided by a k-tape TM (with input/output tape) using O(log log n) space. You don’t have to give the transition function of the TM. Describe the algorithm in words and prove that the space complexity of the algorithm is O(log log n).

Prove that L is not regular.

Problem 2: Let L be a language accepted by a k-tape nondeterministic TM in time f(n). Show that there exists a 2-tape nondeterministic TM that also accepts L in time k · f(n).

Note that the running time can be improved to f(n) using the linear speed-up theorem since k is a constant (assuming f(n) > cn for some constant c > 2. (Hint: Guess the computation and verify it.) Problem 3:

(i) Let L be r.e. language. Show that there exists a deterministic TM that enumerates the strings of L.

(ii) Show that a language L is recursive if and only if there is a Turing machine M that enumerates the strings of L in a nondecreasing order of their lengths.

Problem 4: Let Σ be some alphabet, and let A ⊆ Σ^�. A is called productive if there is a recursive function g such that for any Turing machine M if L(M) ⊆ A, then g(⟨M⟩) ∈ A \ L(M). (For example, H is productive, with g(x) = x.)

Let B ⊆ Σ^� be another set, and let f : Σ^� → Σ^� be a recursive function such that x ∈ A if and only if f(x) ∈ B. Show that if A is productive, then B is also productive.

Extra Credit:

(i) If A is productive, then A contains an infinite r.e. subset.

(ii) Let A and B be two sets such that B is recursive and A ∩ B is productive, then A is also productive.

Handout 2 Assignment 1 Course: CPS240

Problem 5:

(i) Show that f(n) = 2^{g(n)} · 3^{h(n)} is primitive recursive, assuming that g(n) and h(n) are primitive recursive.

(ii) let φ(n) be the Fibonacci function defined as

φ(0) = 0, φ(1) = 1, φ(n + 2) = φ(n) + φ(n + 1) ∀ n ∈ N

Show that φ(n) is primitive recursive. (Hint: Use (i) to handle the double recursion.)