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Graph Reliability

How reliable is our network?
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Counting Problems

Graph Reliability

Instance: A graph G and two its vertices s and t

Objective: How many subgraphs of G contains a path from s to t?

Instance: A formula ® in CNF

Objective: How many satisfying assignments does @ have?
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#Matching

Instance: A bipartite graph G

Objective: How many perfect matchings does G have?
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Perfect Matching
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Definition
Given a bipartite graph G with bipartition U ={u,,...,u.},
V ={v,,...,V,}, a perfect matching of G is a collection of
n edges such that, forany edges (u,v), (u',v') fromthe
collection u#u' and v#Vv'
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Matching and Adjacency Matrix
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Note that a perfect matching of G is a collection of entries of A(G) such that
« itcontains exactly n entries

* allof the entries are 1

* no two entries are in the same row

* no two entries are in the same column
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Therefore
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Definition
Permanent of an nx n matrix A is the sum
Perm@)= 3 A A,;,-A

JURER= N
Ui =n

#Matching= Permanent
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The Class #P

Definition
A decider machine V is called a verifier foralanguage L if

L ={wOV accepts “‘w;c” for some string c}

NP is the class of languages that have a polynomial time verifier

A polynomially balanced, polynomial time decidable binary relation is
abinary relation U on =* such that

(a) thereis a polynomial time decider for U

(b) if (uv)OL then |vI< p(In]) forsome polynomial p
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Definition
NP is the class of languages L that can be represented as

L ={u|(u,v)OU for some v}
for a certain polynomially balanced polynomial time decidable relation U

Every problem from NP has a corresponding counting problem!

Definition
Let U be a certain polynomially balanced polynomial time decidable
relation. The counting problem associated with U is the following:
Given u, how many v are there such that (u,v) O U?

#P is the class of all counting problems associated with a certain
polynomially balanced polynomial time decidable relations
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Examples
#SAT
#Reachability= Graph Reliability

#Matching

#Hamilton Path

Instance: A graph G

Objective: How many Hamilton paths does G have?

#Primes 9
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Parsimonious Reduction

We need a notion of reduction that “preserves the number of solutions”

Definition A polynomial time function f is said to be a parsimonious
reduction of a counting problem A to a counting problem B,
denoted Asp B , ifforall instances xOXZ* of A, x and f(x)
have the same answer
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#P-Completeness

Definition
Alanguage L is said to be #P-complete if, for any counting
problem A corresponding to a polynomially balanced
polynomial time decidable relation,

As, L

Theorem #SAT is #P-complete '
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