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Probabilistically Checkable Proofs (PCP’s)

A PCP proof system is given by:

• A verifier V that verifies proof π for x ∈ L (as in NP)

• V is probabilistic, and runs in polynomial time.

• Limitations: V uses a maximum of r(n) random bits and V reads a maximum of q(n) symbols
of the proof (by random access).

Note: Since V is probabilistic, it can give wrong answers.

Definition 1. PCPc,s(r(n), q(n)) is the class of languages L for which there exists a PCP verifier
V so that the following holds:

Completeness: if x ∈ L⇒ ∃π : Pr[V π(x) = 1] ≥ c

Soundness: if x /∈ L⇒ ∀π : Pr[V π(x) = 1] ≤ s

The “standard parameters” are c = 1 , s = 1
2 , which we will assume unless oterwise stated. Also,

we note that the gap between c and s can be increased by usual success amplification by sequential
repetition. Another standard assumption is that the alphabet used to encode the proof is the binary
alphabet.

Note that our usual definitions of NP and BPP are special cases of PCP proof systems: NP =
PCP(0, nO(1)) and BPP = PCP 2

3
, 1
3
(nO(1), 0).

The goal of the next lectures are to in more or less detail prove the following result.

Theorem 2 (The PCP Theorem).

NP = PCP(O(log n), O(1))

Thus utilizing (very little) randomness we only need to look at a constant number of bits of the
proof to be convinced of correctness!

One can consider both adaptive and non-adaptive verifiers. An adaptive verifier reads one
position of the proof at a time and can act differently dependant on the actual symbol read. A
non-adaptive verifier perform a calculation, generates a list of positions of the proof to read. They
are then read, and based on the symbols read it accepts or rejects.

Note that for the precise statement of the PCP theorem above there is no need to distinguish
between adaptive and non-adaptive verfifiers. An adaptive verifier that reads q symbols can be
converted into a non-adaptive one that reads |Σ|q symbols, where Σ is the proof alphabet. For
more precise statements of the parameters q(n),c and s, it does matter however.

One direction of the PCP theorem is easy to prove:
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Proof. Proof of ⊇: We will in fact prove that

PCP(r(n), q(n)) ⊆ TIME(2r(n)q(n)nO(1))

assuming a non-adaptive verifier and binary proof alphabet. The simulation of the PCP proof
system proceeds as follows.

• Guess proof π of length 2r(n)q(n)

• Run through all r ∈ {0, 1}r(n), and run PCP verifier with r as random bits.

• Counting the number of r the verifier accepts, we compute the acceptance probability, Pr[V π(x) =
1].

• If Pr[V π(x) = 1] ≥ c, accept. Otherwise reject.

Constraint satisfaction problems (CSP) and optimization problems

A qCSP instance φ is given by: Variables: x1, ..., xn ∈ {0, 1} and Constraints: φ1, ..., φm : {0, 1}n →
{0, 1}, where φi only is dependant of q vairables.

The optimization problem associated with φ is: Find x ∈ {0, 1}n so that 1
m |{i : qi(x) = 1}| is

maximal.
An example of a 3CSP problem is the well known problem MAXE3SAT: Given variables

x1, ..., xn and clauses: C1, ..., Cm, each consisting of exactly 3 distinct literals, find a truth as-
signment that maximizes the number of satisfied clauses. (Here we take qi(x) = 1 ⇐⇒ Ci is
satisfied by x)

For a CSP instance φ we define val(φ) = max 1
m |i : qi = 1|.

We next define “gap” versions of CSP optimization problems. Technically these are “promise”
decision problems.

Definition 3. Gap-qCSP : Given qCSP instance φ, decide whether val(φ) ≥ c or val(φ) ≤ s.

Definition 4. We say Gap-qCSP(c, s) is NP-hard if there exists a function f running in polynomial
time, such that there on CNF input is produced a qCSP instance such that

• If x ∈ 3SAT then val(f(x)) ≥ c

• If x /∈ 3SAT then val(f(x)) ≤ s

The reason we are interested in these gap-problems, are described in the following theorem.

Theorem 5. If Gap-qCSP(c, s) is NP-hard, then there is no s
c + ε polynomial time approximation

algorithm for qCSP, for any ε > 0, unless P = NP.

Proof. Assume that A is s
c + ε approximation algorithm for the Gap-qCSP(c, s) problem. Using

this we get the following algorithm for 3SAT: On given input x compute the qCSP instance f(x)
and run A with input f(x). Accept if and only if the output of A fulfills at least a s-fraction of the
constraints in f(x).

Analysis: If x ∈ 3SAT , then val(f(x)) ≥ c, and thus A must fulfill at least an ≥ ( sc +
ε)val(f(x)) > s - fraction of the constraints. On the other hand, if x /∈ 3SAT , then val(f(x)) ≤ s.
In other words the best assigment to the variables can satisfy at most a s fraction of the constraints,
and thus the same must be true for the output of A.
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The connection between PCP’s and hardness of approximation

The crucial insight is that PCP proof systems are equivalent to NP-hard Gap-qCSP problems! We
show this equivalence in the two theorems below.

Theorem 6. If Gap-qCSP(c, s) is NP-hard, then NP ⊆ PCPc,s(O(logn), q) with non-adaptive
verifier.

Proof. As 3SAT is NP-complete, it suffices to show that 3SAT ∈ PCPc,s(O(logn), q).
So we assume that we have a function f that transforms 3SAT instances into qCSP instances

with gap (c, s).
We define a PCP verifier V as follows. On input x, V calculates f(x) and assumes π is a truth

assignment to f(x). V then chooses a constraint φi uniformly at random by using O(logn) random
bits. V accepts if and only π satisfies φi. To check this we need to only read the q bits that φi
depend on.

Analysis: In case x ∈ 3SAT , we have val(f(x)) ≥ c. Let π be such an assignment that satisfies
at least a c fraction of the constraints. Then choosing a constraint at random it is satisfied with
probability at least c.

In case x /∈ 3SAT , we have val(f(x)) ≤ s. Thus for any π, viewed as a truth assignment, π can
satisfy at most a s fraction of the contraints. Then choosing a constraint at random it is satisfied
with probability at most s.

Theorem 7. If NP ⊆ PCPc,s(O(logn), q) with non-adaptive verifier. Then Gap-qCSP(c, s) is
NP-hard.

Proof. Take a PCPc,s(c · log n, q) verifier V for 3SAT.
We define a reduction f from 3SAT to Gap-qCSP(c, s).
On input x, we compute f(x) as follows. Run over all r ∈ {0, 1}c logn) and simulate V using r for

the random bits. For each r we get a list of q bits of the proof that is to be read, and furthermore
whether to accept or reject, based on the read values.

Define the constraint corresponding to r as φr(π) ⇐⇒ V accepts with proof π.
The analysis is similar to the previous proof.

Looking closer at the proofs, one sees that the constraints correspond exactly to how the verfier
acts for a give random string. Thus if one is interested in a particular kind of constraints, one needs
to study PCP verifier that have the same kind of acceptance criteria based on the queried symbols.

An example of this is the MAX3LIN problem. Here we have variables x1, ..., xn ∈ {0, 1}, and
the constraints are on the form: xi + xj + xk ≡ c (mod 2).

It was proved by H̊astad that there is no 1/2+ε approximations algorithm for MAX3LIN unless
P=NP, for any ε > 0.

The proof method was to show that NP ⊆ PCP1−ε, 1
2
+ε(O(log n), 3), where V is non-adaptive

and decides whether to accept or not based on the sum modulo 2 of the 3 bits read.
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