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Lectures
Lecture 3d: Nondeterminism: 
Sparse Languages and NP

Berman’s Theorem: Unary NP 
complete => P=NP
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Sparse languages and NP
• We often say NP-compete languages are 
“hard”

• More accurate: NP-complete languages 
are “expressive”
– lots of languages reduce to them
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Sparse languages and NP
• Sparse language: one that contains at 

most poly(n) strings of length ≤ n
• not very expressive – can we show this 

cannot be NP-complete (assuming P ≠ NP) ?
– yes: [Mahaney ’82]

• Unary language: subset of 1* (at most n 
strings of length ≤ n)
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Sparse languages and NP
Theorem (Berman ’78): if a unary language is 
NP-complete then P = NP. 

• Proof: 
φ(x1,x2,…,xn) instance of SAT
Let U Ì 1* be a unary language and assume SAT 
≤P U via det. polynomial time reduction f
 that maps instances of SAT to 1* so
φ(x1,x2,…,xn) is satisfiable iff f(φ(x1,x2,…,xn)) in U
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Sparse languages and NP
– self-reduction tree for φ:

. . . 

φ(x1,x2,…,xn)

φ(1,x2,…,xn)φ(0,x2,…,xn)

φ(0,0,…,0) φ(1,1,…,1)

... 

satisfying assignment
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Sparse languages and NP
– applying det. polynomial time reduction f:

. . . 

f(φ(x1,x2,…,xn))

f(φ(1,x2,…,xn))f(φ(0,x2,…,xn))

f(φ(0,0,…,0)) f(φ(1,1,…,1))

... 

satisfying assignment
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Sparse languages and NP
• on input of length m = |φ(x1,x2,…,xn)|, 
• det. polytime reduction f produces string of 

length ≤ p(m) 
   p(m) ≤ poly(m) = mc for some c>0.
• The different outputs of reduction f are 
“colors”
– at most p(m) colors

• puzzle solution Þ can solve SAT in 
poly(p(m)+1, n+1) = poly(m) time!
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A puzzle

• cover up nodes with c colors
• promise: never color “arrow” same as “blank”
• determine which kind of tree in poly(n, c) steps?

. . . . . . 

depth 
n

A puzzle: 
two kinds 
of trees

Accepting Assignments at black nodes No Accepts, so reject
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A puzzle

. . . . . . 

depth 
n

Accepting Assignments at black nodes No Accepts, so reject
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A puzzle

. . . . . . 

depth 
n

Accepts No Accepts, so reject


