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Abstract

The motion planning problems for non-holonomic car-like robots
have been extensively studied in the literature. The curvature-constrained shortest-path problem is to plan a path from an initial con guration to a nal con guration (where a con guration is de ned by a
location and an orientation), in the presence of obstacles, such that the
path is a shortest among all paths with a prescribed curvature bound.
The curvature-constrained shortest-path problem can also be seen as
nding a shortest path for a point car-like robot moving forward at
constant speed with a radius of curvature bounded from above by some
constant. Previously, there is no known hardness result for the 2D curvature constrained shortest-path problem. This paper shows that the
above problem in two dimensions is NP-hard, when the obstacles are
polygons with a total of N vertices and the vertex positions are given
within O(N 2 ) bits of precision. Our reduction is computed by a family
of polynomial-size circuits. This NP-hardness result provides evidence
that there are no eÆcient exact algorithms for curvature-constrained
shortest-path planning in arbitrary environments, and it justi es the
approaches based on approximation and discretization used in most
of the previous papers on curvature-constrained path planning.
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Introduction

Roughly, a curvature-constrained path is a path whose curvature at any point
along the path is no larger than a prescribed upper bound. Curvatureconstrained path planning arises in a variety of robotics problems, e.g. the
motions of robot vehicles controlled by steering mechanisms (see also Latombe
[10]). This paper studies the complexity of planning curvature-constrained
paths.
To be more precise, let P : I ! Rd be a d-dimensional continuous differentiable path parameterized by arc length s 2 I , for some real interval I
(for simplicity, we regard both the function P and its image P (I ) in Rd as
a path). The average curvature of P in the interval [s1; s2]  I is de ned
by kP 0(s1) P 0(s2 )k=js1 s2j, where P 0 is the derivative of P: A continuous
di erentiable path parameterized by the arc length has an upper-bounded
curvature C if its average curvature is upper bounded by C in every interval
of I . A curvature-constrained path is a continuous di erentiable path parameterized by the arc length that has an upper-bounded curvature C . (Note
that the curvature of a curvature-constrained path is upper bounded by C
everywhere the curvature is de ned.)
A con guration is a tuple (p; ), where p is a d-dimensional vector specifying a location, and  speci es an orientation. (In 2 dimensions, it suÆces that
 be a real number satisfying 0    2 .) A 2-dimensional path P is from
a con guration (p1; 1 ) to a con guration (p2; 2 ) if for interval I = [s1; s2]:
(i) P has value p1 ; p2 respectively at s1 ; s2, and also (ii) the derivative of P
has polar angle 1 ; 2 , respectively at s1 ; s2.
Given a curvature bound, an initial con guration (p1; 1 ), a nal con guration (p2; 2) and a set of obstacles, the curvature-constrained shortest-path
problem is to nd a path from the initial con guration to the nal con guration that is a shortest path among all curvature-constrained paths avoiding
the interior of the obstacles and connecting the initial con guration to the
nal con guration, or reporting that there is no such path.
In the rest of the paper, without further mentioning, paths will be implicitly
assumed to satisfy the curvature constraint.

For the case of a region without obstacles, Dubins [7] characterized shortest paths in 2D, and Sussmann [16] recently extended the characterization
for shortest paths in 3D.
In the presence of polygonal obstacles, Jacobs and Canny [9] proved the
existence of a curvature-constrained shortest path between two con gura2

tions, if there exists a curvature-constrained path between these con gurations. Fortune and Wilfong [8] gave the rst algorithm which decides the
existance or not of a shortest path avoiding obstacles. However, their algorithm required time super-exponential in the number n obstacles vertices,
and did not actualy compute the exact shortest paths. A polynomial-time
approximation algorithm was given by Jacobs and Canny [9], whose running
time is O(n2( n+ L ) log n + ( n+ L )2) where L is the total length of the obstacle
edges and  represents the precision of the approximation. Their approximation algorithm was later
improved by Wang and Agarwal [14] to reduce
the running time to O(( n )2 log n) and not to depend on the obstacle size.
Agarwal, Raghavan, and Tamaki [1] also developed eÆcient approximation
algorithms for the 2D shortest paths for a restricted class of obstacles (moderate obstacles). Rewritten sentance: In three dimension, Reif and Wang
[13] developed non-uniform discretization approximations for kinodynamic
motion planning and curvature-constrained shortest paths, with considerably reducing the computational complexity over prior algorithms [6, 12] for
kinodynamic motion planning.
Note: Shall we be more complete on the references? (see section
1.1 of my paper with pankaj et al. which I put on the website).
S.L. Response of JR to S.L.: please add in your more complete and
upto date references.

Canny and Reif [5] proved that the problem of nding a shortest 3dimensional path, with no curvature constraints, and avoiding polygonal obstacles, is NP-hard. (Subsequently, Asano, Kirkpatrick and Yap [4] proved
using similar techniques the NP-hardness of optimal motion of a rod on a
plane with polygonal obstacles.) As a consequence of the above result, the
curvature-constrained shortest-path problem in 3D is at least NP-hard. Although the problem in 2D is long conjectured to be a hard problem, its
complexity is never stated or proved. This paper provides the rst known
complexity result for the curvature-constrained shortest-path problem in 2D.
We show that if the number of obstacle vertices N is an input parameter and
the vertex positions are given within O(N 2 ) bits of precision, this problem is
NP-hard even in 2D.
Our approach to the complexity result is similar to the path-encoding
approach developed in [5] (while the detailed techniques are quite di erent).
This approach is to encode the Boolean assignments by paths and then to
reduce the 3-SAT problem to nding a shortest path. Recall that a 3-SAT
3

formula in CNF form with n Boolean variables X1; : : : ; Xn has the form
^

i=1;:::;m

Ci ;

where each Ci is a clause of the form (li1 _ li2 _ li3 ). Each literal lij in turn
is either a variable Xk or a negation of it. The 3-SAT problem is to decide
whether there is a Boolean assignment to X1 ; : : : ; Xn such that the formula
is satis ed.
There are basically three steps in the path-encoding approach. For technical reasons, we add in Section 4.5 an additional 2m Boolean variables.
We arrange the obstacles such that there are 2N shortest paths, where each
path encodes a di erent Boolean assignment over the resulting N = 2m + n
Boolean variables.
For a clause, we can construct the obstacles (to form a \clause lter")
such that the path whose encoding does not satisfy this clause is stretched
a little longer than those paths with satisfying encodings. We can arrange
the obstacles such that all the 2N paths pass through all m \clause lters".
The 3-SAT formula is satis able if and only if there exists a path whose
length is not stretched more than a certain amount (the details will be in
later sections).
The third and nal step is to have a reverse of the obstacle arrangement
so far. This will make all the 2N paths end at the same location with the
same orientation, which is the nal con guration. From the construction, it
can be shown that the total number of obstacle vertices used in the above
three steps is N 2 .
Our techniques for generating and encoding the paths are quite di erent
from those of [5], where 3D obstacles are used and a 3D path is represented
by the obstacle edges it passes through. In our case, a path is 2 dimensional
and is represented by its orientation at certain common locations. In [5],
ltering the 3 literals in a clause can be done in parallel because it is in 3D,
while we have to use a more complicated encoding to emulate this in our 2D
construction.
This paper is organized as follows. In Section 2 we describe the basic
gadget, an arrangement of some obstacles, which is the building block of our
obstacle construction. In Section 3 we show how to use the basic gadgets to
construct what we call splitters to generate 2N shortest paths. In Section 4
we show in detail the reduction from the 3-SAT problem to nding a shortest
4

path. In Section 5 the error analysis completes the proof. In Section 6 we
state an open problem and give acknowledgements.
In the rest of the paper, we use the following notations. A 3-SAT problem
involves m clauses in n Boolean variables, X1 ; : : : ; Xn . N is 2m + n. The
number of bits of precision is = cN 2 , where c is a constant. Without loss
of generality, we set the curvature bound to be 1.
2

Basic Gadgets and Their Properties

2.1 A basic gadget
A basic gadget B (see Figure 1) consists of line-segment obstacles. These line
segments form the boundary of two squares joined together at point v. The
consecutive line segments of each square touch each other at their endpoints;
except there are \holes" at the start point s, the middle point v and the target
point t such that the point robot can pass through. The segments are also
connected so that a robot cannot escape at the middle point (i.e., the right
endpoint of the upper segment of the lower square touches the lower endpoint
of the lower left segment of the upper square, and the upper endpoint of the
right segment of the lower square touches the lower endpoint of the lower
right segment of the upper square).
The purpose of a basic gadget is to force a robot to pass through point v
to get to point t once it enters the rst square at point s. For a basic gadget,
we also require that the distance jsvj from s to v be the same as the distance
jvtj from v to t.
For any two points p; q, de ne !
pq to be the ray that starts at point p,
passes through point q and has direction going from p to!q. There are two
types of basic gadgets depending on how the angle 6 (!
vs; vt ) is oriented. If
t is on the left side of the oriented line from s to v then it is a type L basic
gadget, otherwise it is a type R basic gadget (see Figure 1). A basic gadget
is denoted by B(b) if b = jsvj = jvtj is the distance from s to v, and from
v to t. All the basic gadgets in discussion are of the same xed b. Let b be
de ned as the length of the edges of the gadget.
If the robot enters the rst square at con guration (s; #), then the input
ray is de ned to be the ray that starts at s and has an orientation of #.
The input angle, denoted , is de ned to be (a measure in [ ; ] of) the
clockwise angle from ray !
sv to the input ray for a type L basic gadget, and
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Figure 1: A basic gadget of type L or R with path P () (which consists of a
line segment, a circular arc, and a line segment).
the counter-clockwise one for a type R basic gadget (see Figure 1). Due to
the obstacles comprising the basic gadget, it is implied that the range of the
input angle is [ =4; =4]. The angle  is an extrema if it is either =4 or
=4. If the robot exits the second square at con guration (t; #0 ), the output
ray is de ned to be the ray that starts at t and has on orientation angle #0 .
The output angle, denoted 0,!is de ned to be (a measure in [ ; ] of) the
counter-clockwise angle from vt to the output ray for a type L basic gadget,
and the clockwise one for a type R basic gadget.
Let P () be a shortest path from s to t with an input angle of  (see
Figure 1), and let () and () be the path length and the output angle of
P () , respectively. Let  be such that
() = min ():
(1)
2[ =4;=4]

Therefore P () is a shortest path from s to t, among all paths with di erent
input angles. We call P () the canonical path of the basic gadget and call
6
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Figure 2: Curvature-constrained paths from s to t through v.
 the canonical input angle.
canonical path P () .

Let () = 0 be the canonical output angle of

p p
Lemma 2.1 For any b in ( 2; 2 2), the basic gadget is such that (i) P ()
is unique, (ii) () = , (iii)  is not an extrema =4 or =4, and (iv) once
a curvature-constrained path enters the gadget at point s, it can only exit at
the target point t.

p
If b < 2 2 the edge length of the gadget is less than 2, thus no unit
disk is totally contained in the gadget. It then follows that (iv) once a point
robot enters the gadget at point s, then it can only exit at point t, because
the region bounded by a curvature-constrained path whose initial and nal
locations coincide (at s) contains at least one disk of unit radius; see [11] (in
Russian and proved
p in a slightly less general form) or [2].
Since b > 2, the edge length of the gadget is bigger than 1. Thus point
t does not belong to the interior of any circle of unit radius passing through v
and tangent to a path (in the gadget) at v. By [3], the curvature-constrained
shortest path from a con guration, say (v; #), to a nal point, say t, that
does not belong to the interior of the two circles of unit radius tangent at v to
the line through v with orientation #, consists of a circular arc of unit radius
followed by a line segment. Therefore, by a symmetric argument on the
reversed path from v to s, a curvature-constrained shortest path from s to t,
through v, consists of a line segment leaving s, a circular arc (of unit radius)
reaching v, another circular arc leaving v, and a line segment reaching t (see
Figure 2). Furthermore the two circular arcs lie on the same circle because

Proof:
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otherwise the path is not a curvature-constrained shortest path; indeed, by
convexity the thin path shown in Figure 2a shortens the thick path. Hence a
curvature-constrained shortest path from s to t, through v, consists of a line
segment starting at s, followed by a circular arc (of unit radius) that goes
through v, followed by a line segment reaching t (see Figure 2b).
Such a path can be represented by a string of thickness zero that goes
from s to t and passes through a pulley of radius 1 attached to v on its
boundary. Then, a shortest such path is obtained as an equilibrium of such
a mechanical system, where the pulley can freely rotate around v, and two
equal forces are applied at the endpoints s and t of the string. An equilibrium
is obtained when the sum of the torques of these two forces is zero. Let U~ s
and U~ t be unit vectors tangent to the path at s and t, respectively, F be the
norm of the force applied on the string at s and t, and c be the center of
the pulley/disk that rotates around v. Then the sum of the torques about v
is ( F:U~ 1 + F:U~ 2 ) ^ !
cv which is equal to zero only if the circular arc of the
path is a whole circle (i.e., U~ 1 = U~ 2 ), or cv is the inner bisector of the two
line segments of the path. Since the rst case does not applies here because
no unit circle entirely lies inside the gadget, we get that the shortest path
P () is (see Figure 2b) symmetric with respect of the interior bisector of the
segments sv and vt, and consists of a line segment starting at s, followed by
a circular arc (of unit radius) whose midpoint is v, followed by a line
segment
reaching t. It then follows from that characterization that (i) P () is unique
and (ii) () = .
Finally, we prove that (iii)  is not an extrema =4 or =4.  is an
extrema only if the circular arc of P () is tangent to the horizontal line
through s (assuming that the position of the gadget is as on Figure
1). Let
O denote the center of the circle supporting the circular arc of P () and refer
to Figure 3. Since O lies on the interior bisector of the segments sv and vtp, O
is at distance 1 from the horizontal
p line through s when 1 = sin(=8)+ b= 2,
which never happens since b= 2 2 (1; 2) and sin(=8) > 0.
2.2 A gadget sequence
Let B1 and B2 be two basic gadgets. B2 is a sequel of B1 if the start point of
B2 coincides with the target point of B1 and B1 ; B2 are rotationally oriented
so that the output ray of the canonical path of B1 is the same as the input ray
of the canonical path of B2. Note that if B1 and B2 are gadgets of di erent
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Figure 3: The unit circle centered at O goes through v and is tangent to the
horizontal line through s.
p p
types (with b 2 ( 2; 2 2)), and B2 is a sequel of B1 , then by Lemma 2.1,
segment vt of B1 is aligned with segment sv of B2 .
A  gadget sequence S is a sequence of gadgets Bi for i = 1; : : : ; , such
that Bi+1 is a sequel of Bi , for i = 1; : : : ;  1, and no non-consecutive
gadgets intersect.
The major part of the lower-bound proof is to show that by using O(N )
basic gadgets, we can construct 2N di erent paths from the initial state to
the nal state such that these 2N paths are all shortest between the initial
state and the nal state up to = cN 2 bits of precision.
As we will see later in our construction, at some stages, all paths generated
so far pass through the target point of the same basic gadget. Thus the paths
cannot be distinguished by their locations. They have to be distinguished
by their orientations. Since all the paths exit through the same gadget, it
implies that they can be distinguished by the
output angles. Furthermore,

(

)
since the output ray of canonical path P is xed, an output angle
of a

(

)
(

)
path P can be represented by the angle from the output ray of P to the
output
ray of P () . We call the angle from an output ray of canonical path

P () to the output ray of a given path P () the di erence angle; it is counted
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clockwise for type L basic gadgets, and is counted counter-clockwise for type
R basic gadgets.
2.3 Canonical paths of gadget sequences
Recall the canonical path of a basic gadget is P (), where  is as de ned in (1).
By the de nition of a gadget sequence, the concatenation of the canonical
paths of the gadgets in the sequence forms a curvature-constrained path,
called the canonical path of a gadget sequence.
To avoid intersection between non-consecutive gadgets, we give the following de nition: A gadget sequence is wellplaced if there are no non-consecutive
gadgets that have any distinguished point (that is, a start, middle point, or
target point) within distance 1 of each other. By Lemma 2.1 we have:
Lemma 2.2 The canonical path of a  gadget sequence S is a shortest path
from the start point s of S to the end point t of S , among all curvatureconstrained paths from s with an input angle in [ =4; =4] to t. Furthermore, the length of the canonical path is ().

The error analysis of both a basic gadget and a  gadget sequence are
given in Section 5.2, where we prove:
Lemma 2.3 In a basic gadget, if the input angle  is suÆciently close to ,
then the length of P () is the same as the shortest path length  = (), up to
the allowed bits of precision. Furthermore, the accumulation of path length
error (as given in (4)) over a gadget sequence of  = O(N 2 ) basic gadgets is
no more than 2 .
2.4 A variant gadget
The purpose of a variant gadget B(Æ) is to force the output orientation to
di er from the output orientation of a basic gadget B by some amount distinguishable with bits of precision. A variant gadget of type L is constructed
in the following way; see Figure 4. Let B be a basic gadget and let s; v and
t be the start point, the middle point and the target point respectively. Let
` be a line such that the angle between segment vt and ` is  if the variant gadget of type L, and the angle is  if the variant gadget of type R.
Note: According to the gure, the angle is  from ` to segment
vt for both types of gadgets. Which one is correct? (Still has to
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Figure 4: The modi cation of basic gadgets of type L and R into variant
gadgets B(Æ) of type L and R, respectively.
be corrected.) S.L. Response of JR to S.L.: please update gures
so the angle between segment vt and ` is  if the variant gadget
of type L, and the angle is  if the variant gadget of type R. Let

and t0 be the start point, the middle point and the target point of B(Æ)
respectively. Let s0 coincide with s, v0 lie on the segment sv, let t0 lie on the
line `, and let js0v0j = jv0t0 j. The angle, oriented clockwise, between segment
vt and segment v 0 t0 is Æ if the variant gadget of type L, and the angle is Æ
if the variant gadget of type R. Similarly as for gadgets, a variant gadget
B(Æ) consists of line-segment obstacles that form the boundary of two squares
whose diameters
are segments s0v0 and v0t0 .
(
)
Let PÆ be a shortest path in variant gadget B(Æ) from s to t with an
input angle of . Let Æ be the input angle that gives a shortest path from s0
to t0 in the the variant gadget B(Æ).
By the same arguments as used in the proofs of Lemmas 2.1 and 2.2, we
have:
p p
Lemma 2.4 For any b in ( 2; 2 2) and any suÆciently small Æ; the basic
gadget B(Æ ) is so that (i) PÆ() is unique, (ii) Æ is not an extrema =4 or
s0 ; v 0
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=4, and (iii) once a curvature-constrained path enters the variant gadget
at point s0 , then it can only exit at the target point t0 . Furthermore, the
canonical path of a sequence S of variant gadgets is a shortest path from the
start point s0 of S to the end point t0 of S , among all curvature-constrained
paths from s0 with an input angle in [ =4; =4] to t0 .

Error analysis of variant gadget is given in Section 5.3, where we show:

Lemma 2.5 For suÆciently small Æ; if the input angle  is suÆciently close
to Æ , then the length of PÆ() is the same as the shortest path length, up to
the allowed bits of precision. Furthermore, the accumulation of path length
error over a variant gadget sequence of  = O(N 2 ) variant gadgets is no
more than 2 .
3

Generating

2N Paths

3.1 A merger
A merger consists of an upper half and a lower half. (See Figure 5.) The
upper half is constructed from a concatenation of 4 gadgets Bi (less portions
below line ` de ned below) with start point si, middle point vi, and target
point ti , for i = 1; : : : ; 4 where:
1. B1 ; B4 are basic gadgets of type L, and
2. B2 ; B3 are basic gadgets of type R.
two paths, con gurations and paths.
We place B2 in a way such that the start point s2 of B2 coincides with the
target point t1 of B1 , and!the segments
t1 v1 and t1 v2 are aligned so that the
!
oriented angle between t1 v1 and t1 v2 is 6 (t1!
v1 ; t1!
v2 ) =  + 0 : It is easy
to see that an output angle 0 from gadget B1 corresponds to input angle 
into gadget B2 , and B2 is a sequel to B1.
Let ` be the line passing through s1 and forming an angle of  with
segment s1 v1. Basic gadgets B3 and B4 are placed such that the start point
s3 of B3 coincides with the target point t2 of B2 , the start point s4 of B4
coincides with the target
point t3 of B3 , and the segments t3 v3 and v4t3 are
aligned so that 6 (t3!
v3 ; t3!
v4 ) =  + 0 ; and ` forms an angle of 0 with v4!
t4 :
0

It is easy to see that an output angle  from gadget B3 corresponds to input
angle  into gadget B4 , and B4 is a sequel to B3 .

12

l’

t2
−’

θ

−

v3

θ

B3

t3

B4

v2

t4

B2

Output

v4
v4’

t1

l

B1

B’4

t’3

v1

v1’
s1

Input

B’3
B’1

t ’1

B’2
v2’

t ’2

Figure 5: A merger.
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v3’

The upper half thus consists of a concatenation of 4 gadgets Bi , less the
portions of B1 ; B4 below line `.
The lower half of the merger consists of 4 basic gadgets Bi0 (where each Bi0
is symmetric to Bi with respect to line `), less the portions of B10 ; B40 above
line `.
Note that B1 ; B10 and also B4 ; B40 form 6 sided polygons. B1 ; B10 combines
the function of B1 and B10 by allowing the paths to go either into the upper
half or lower half, are basic gadgets of type R, less the portion below line `
the gadgets are not exactly basic The deleted portions of the basic gadgets
can easily seen not to be required to constrain the paths, since the paths
either (i) enter the upper half from the portion of B1 above line `, or (ii)
enter the lower half from the portion of B10 below line `.
We now give a proof (see Acknowledgements) that the input canonical
ray at s1 and the output canonical ray at t4 are supported by the same line
`: Consider the de nition of the Bi , for i = 1; : : : ; 4 without the constraint
that t2 = s3. For each i = 1; : : : ; 4, let Ui denote the canonical ray of Bi at
point si , and let Vi be the output canonical ray of Bi at point ti .
Proposition 3.1 6 (U3 ; U4 ) = 0
Let B1 ; B2 be excatly as described above and let B3; B4 be as described above except with t2 ; s3 not identi ed yet. Clearly, V1 = U2 and
V3 = U4 . By de nition of basic gadgets of type L:
6 (U1 ; s1!
v1 ) = ; 6 (s1!
v1 ; v1!
t1 ) = 3=4; 6 (v1!
t1 ; V1 ) = 0 ;
6 (U4 ; t3!
v4 ) = ; 6 (t3!
v4 ; v4!
t4 ) = 3=4; 6 (v4!
t4 ; V4 ) = 0 :
By de nition of basic gadgets of type R:
6 (U2 ; t1!
v2 ) = ; 6 (t1!
v2 ; v2!
t2 ) = 3=4; 6 (v2!
t2 ; V2 ) = 0 ;
6 (U3 ; t2!
v3 ) = ; 6 (t2!
v3 ; v3!
t3 ) = 3=4; 6 (v3!
t3 ; V3 ) = 0 :
Thus, 6 (U3 ; U4) = 0.
Recall that for basic gadgets, the distance jsivij = jvitij = b.
Proof:

Proposition 3.2 The distance between ray U1 and t2 is the same distance
as that between ray U4 and s3 .
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The distance between ray U1 and t2 is


b sin(6 (U1 ; s1!
v1 )) + sin(6 (U1 ; v1!
t1 )) + sin(6 (U1 ; t1!
v2 )) + sin(6 (U1 ; v2!
t2 ))


= b sin() + sin( + =4) + sin( + =4 + 0 ) + sin( + =4 + 0  =4)


= b sin() + sin( + =4) + sin(0 + =4) + sin(0) :
Similarly, the distance between ray U4 and s3 is


b sin(6 (U4 ; t4!
v4 )) + sin(6 (U4 ; v4!
s4 )) + sin(6 (U4 ; s4!
v3 )) + sin(6 (U4 ; v3!
s3 ))


= b sin() + sin( + =4) + sin( + =4 + 0 ) + sin( + =4 + 0  =4)


= b sin() + sin( + =4) + sin(0 + =4) + sin(0) :
Proof:

By Proposition 3.2, the distance between line ` and point t2 is the same as
the distance! between line between ` and point t4 . Then since angles 6 (`; s1!
v1 )
and 6 (`; v4 t4) are xed, this implies it is possible to place s1 and t4 on line `
such that t2 = s3. Therefore, we can identify t2 ; s3 so that V2 = U3 and B3 is
a sequel of B2 . Since 6 (U1; V2) = 6 (U3 ; V4) = 0 and the distance between U1
and t2 is the same as the distance between U4 and s3, we conclude that the
rays U1 and V4 coincide.
Thus we have that each Bi is a sequel to Bi 1 , for i = 2; : : : ; 4. This
implies that Bi (similarly Bi0 ), for i = 1; : : : ; 4, form a 4-gadget sequence.
Finally, we need to prove that for any  on the interval [ =4; =4],
when a path with input angle  splits into two at the entrance of a merger,
the two paths in the low and upper halves created that way, merge at the
exit of the! merger. Since B10 is symmetric to B1 with respect to the line `,
6 (s1!
v1 ; s1 v10 ) = 2. This implies that an input angle of  to gadget B1 is an
also a valid input angle of 2  to gadget B10 . A path from point s1 can
either go through the upper half or the lower half of the merger to point t4.
If  = , then by de nition of the merger, the two canonical paths in
the low and upper halves clearly merge as required, and have the same path
distance at this point at the exit t4 of the merger, within error O(2 ):
When the input angle is  6= , we appeal to Lemma 5.1 to track the
changes in orientations. Lemma 5.1 states that for each gadget and any
input angle  on the interval [ =4; =4], the path P () reaches the target in
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distance () = () + O(( )2) + O(2 ) and with output angle () =
c0 + c1 ( ) + O(( )2 ) + O(2 ); for constants c0 ; c1 (which depend
on the type of the gadget). The path distance are the same as (), within
error O(( )2)+ O(2 ). We track the changes in orientations by applying
compositions of these linear output angle functions, which are identical in
the two halves (except the lower paths have changes that are the negative of
the upper paths). Hence we have shown the two paths with input angle 
have the same orientation and path distance at point t4 within error O((
)2 ) + O(2 ): Therefore, up to this allowed error, the two paths merge at
t4 , and this merger by itself does not double the number of paths.
3.2 A splitter
By replacing gadgets B4 and B40 in the merger with variant gadgets B(Æ) as
de ned in Section 2.4, we obtain a Æ-splitter S (Æ). Let  = (Æ) be the
angular orientation change induced by a variant gadget B(Æ) as controlled
by the parameter Æ. It can be set to ensure the changes are distinguishable
within bits. When the sub-path that goes through the upper half of the
Æ -splitter and the sub-path that goes through the lower half of the Æ -splitter
meet at point t4 , their orientations di er by 2(Æ) due to the variant gadgets.
We now to prove that a path is doubled when it goes through a Æ-splitter:
Proposition 3.3 For any  on the interval [ =4; =4], when a path with
input angle  splits into two paths at the entrance of a Æ -splitter, the two
paths in the low and upper halves created that way, have orientation  +(Æ )
and  (Æ ) at the exit t4 to the Æ splitter, and have the same path length,
within error O(2 ).

If  = , then by de nition of the Æ-splitter, the two paths in the
low and upper halves created that way, clearly split into two paths that have
orientation  + (Æ) and  (Æ) and have the same path distance at the
exit t4 . When the input angle is  6= , then we need to appeal again (as
the case of a merger) to Lemma 5.1 to track the changes in orientations.
Again we track the changes in orientations by applying compositions of the
linear output angle functions given by Lemma 5.1; these linear output angle
functions are again identical in the two halves (except the lower paths have
angular changes that are the negative of the upper path angular changes).
Hence we have shown the two paths with input angle  exit t4 with orientation
Proof:
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Figure 6: The scheme of using k splitters S (Æi ) to generate 2k distinct orientations and paths, with changes in angular orientation i , for i = 1; : : : ; k:
 + (Æ )

and  (Æ), and they have the same path distance at this point
within error O(( )2) + O(2 ).
Hence, given a set of 2k paths with consecutive input orientation di erence 2, the appropriate choice of Æ (so that the resulting orientation change
caused by B(Æ) is  = (Æ)) is 1=2 the orientation di erence between consecutive paths), a Æ-splitter doubles the number of paths.
Therefore, there exists a set fÆ1 ; : : : ; ÆN g, de ning N splitters S (Æ1 ); : : : ; S (ÆN )
where each splitter S (Æi ) provides a change in angular orientation i (Æi), for
i = 1; : : : ; N distinguishable within bits. (Even though we don't know how
to compute these Æi 's, we can de ne and store each of them using a xed size
circuit.)
The scheme of generating 2k orientations is illustrated in Figure 6. These
splitters S (Æ1 ); : : : ; S (ÆN ) are arranged in sequence horizontally, with the left
entrance of S (Æi ) at the same point as the right exit of S (Æi 1 ); for each
i > 1. Note that i is the change in angular orientation where as Æi is the
displacement parameter associated with the variant gadgets within splitter
S (Æi ): Note that the gure is illustrative of only the branching of paths, not
their spatial con guration, since each of the resulting paths each enter and
exit each splitter S (Æi ) at the same points, and it is only the orientation
angles of entrance and exit that di er for each path.
Summarizing the above, we have from Proposition 3.3:
Proposition 3.4 For any  on the interval [ =4; =4], when a path with
input angle  goes through these N splitters S (Æ1 ); : : : ; S (ÆN ) are arranged in
sequence horizontally, it splits into 2N paths at the exit of the last splitter,
17

k

with the resulting exiting paths having angle orientation distinguishable within
bits, and have the same path length, within error O(2 ).
4

Reduction from

3-SAT

Recall that a 3-SAT formula in n variables X1 ; : : : ; Xn has the form
^

i=1;:::;m

Ci ;

where each clause Ci is of the form (li1 _ li2 _ li3 ). Each literal lij in turn
is either a variable Xk or a negation of it. The 3-SAT problem is to decide
whether there is a Boolean assignment to X1 ; : : : ; Xn such that the formula
is satis ed.
This section describes the construction of a curvature-constrained shortestpath problem derived from the input 3-SAT formula. It will have polygonal
obstacles de ned by a total of O(N ) vertices (where N = 2m + n), each of
which will be speci ed within cN 2 bits of precision, for a constant c  1. Thus
the resulting curvature-constrained shortest-path problem will be speci ed
by a total of O(N O(1)) bits. This reduction from the input 3 SAT formula to
our resulting curvature-constrained shortest-path problem will be computed
in N O(1) time, with the exception of certain coeÆcients (e.g., the displacement parameter Æi associated with the variant gadgets within splitter S (Æi ))
which depend on N . Therefore, our reduction can be computed by a family of polynomial-size circuits, where for each N = 2m + n, the N th circuit
of the family computes the reduction from any input 3-SAT formula to our
resulting curvature-constrained shortest-path problem.
In the previous section we have described how we can construct gadgets to
generate 2N shortest paths, distinguishable within bits. All the paths end
at the same locations but with di erent orientations. We number the paths
0; : : : ; 2N 1, ordered by their orientations. We introduce extra 2m Boolean
variables Y1; Z1; : : : ; Ym; Zm . Each path i 2 f0; : : : ; 2N 1g is associated with
a Boolean assignment to N = n +2m variables Y1Z1 : : : YmZm X1 : : : Xn, such
that its binary encoded value is i. The basic idea here is that for each clause
we can arrange the obstacles such that if a path's encoding does not satisfy
the clause, the path will be \stretched" so it is longer than the canonical
path by a distinguishable amount, say . On the other hand, if the encoding
satis es the clause, it will not be \stretched", i.e. its path length is the
18
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Figure 7: A basic gadget of type L modi ed to be a lower half blocking
gadget.
same as the length of the canonical path. Therefore, the 3-SAT formula is
satis able if and only if there exists a path whose length is the same as the
canonical path length, which we know beforehand.
4.1 Blockers
The 2N paths numbered 0; : : : ; 2N 1 have a lower half 0; : : : ; 2N 1 1 (that
is, those with negative i ) and upper half 2N 1; : : : ; 2N 1 (that is, those
with positive i ). In the constructions below, we will need to block the lower
half 2N 1 paths, or the upper half 2N 1 paths.
To block the lower (upper, respectively) half 2N 1 paths within a type L
basic gadget, we modify the type L basic gadget by placing a blocking line
segment, perpendicular to line segment sv, from a point 2 2 to the right of s
on line segment sv to the line segment on the lower left (bottom, respectively)
boundary of the gadget. The result will be called a lower (upper, respectively)
half blocking type L basic gadget. (See Figure 7.)
To block the lower (upper, respectively) half 2N 1 paths within a type
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Figure 8: A basic gadget of type R modi ed to be an lower half blocking
gadget.
basic gadget, we modify the type R basic gadget by placing a blocking
line segment, perpendicular to line segment sv, from a point 2 2 to the
left of s on line segment sv to the line segment on the lower right (bottom,
respectively) boundary of the gadget. The result will be called a lower (upper,
respectively) half blocking type 2 basic gadget. (See Figure 8.)
In the lower half blocking construction in both cases L and R, we can
observe by inspection of Figure 7 and Figure 8 that (i) clearly by inspection
of Figure 8, those paths with positive orientation (i.e., the upper half 2N 1)
are not a ected by the blocking segment, but (ii) this blocking segment is
suÆciently close to s so that those paths with negative orientation (i.e., the
lower half 2N 1) the lower half 2N 1 paths are blocked and cannot proceed
further (in particular, due to the unit curvature restriction, which allows less
than 2 curvature change in the distance 2 2 to the blocking segment, the
lower half paths run into the blocking segment).
The analysis of the upper half blocking construction is similar: we can
observe in both cases L and R, that (i) the lower half 2N 1 paths are not
a ected by the blocking segment, but (ii) the blocking segment is suÆciently
R
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close to s so that the upper half 2N 1 paths are blocked and cannot proceed
further (in particular, due to the unit curvature restriction, the upper half
paths again run into the blocking segment).
Summarizing the above, we have
Proposition 4.1 The lower half blocking type L and R basic gadgets block
the lower half 2N 1 paths and the upper half blocking type L and R basic
gadgets block the upper half 2N 1 paths.

4.2 Shuers
For simplicity in this subsection, let the N Boolean variables Y1 Z1 : : : Ym ZmX1 : : : Xn
be temporarily renamed as V0 V1 : : : VN 1, where V2i 2 = Yi; V2i 1 = Zi for
i = 1; : : : ; m and Vi+2m 1 = Xi for i = 1; : : : ; n:
We now consider a rotational permutation of this list of Boolean variables,
say ViVi+1 : : : VN 1; V0V1 : : : Vi 1. In this Boolean variable Vi is the most
signi cant bit (placed in front of the encoding). In our use of 2N paths to
encode true values of these variables, this Boolean variable Vi is considered
to be exposed i the lower half of the (ordered) 2N paths verify the Boolean
variable is 0 and the upper half of the paths verify the Boolean variable is 1.
Suppose path i 2 f0; : : : ; 2N 1g has binary encoded value de ning a
Boolean assignment to the N variables V0V1 : : : VN 1 , so V0 is exposed. Now
suppose the lower half 2N 1 paths are perfectly shued with the upper half
2N 1 paths, so that they are ordered 0; 2N 1; 1; 2N 1 +1; : : : ; 2N 1 1; 2N 1.
Then each path i 2 f0; : : : ; 2N 1g now has binary encoded value de ning a
Boolean assignment to the N variables in order de ned by a single variable
rotation: V1V2 : : : VN V0, and now the new rst variable V1 is exposed.
The way to achieve this is by a construction called a shuer, which is
similar to a splitter with some alterations. Recall the merger de ned in
Section 3 and the splitter as given in Section 3.2 is derived by replacing
gadgets B4 and B40 in the merger with variant gadgets B(Æ).
Let 0 be the di erence in angular orientation between the 2N consecutive
paths 0; : : : ; 2N 1: We choose a Æ such that the resulting Æ splitter S (Æ) provides a change in angular orientation (Æ) = (2N 1 1=2)0. the Æ splitter
(without the below alterations) simply outputs (a) a pre x sequence of 2N 1
paths 0; 1; : : : ; 2N 1 1 with angular orientation separation of 0 , followed
by (b) an shue sequence of 2N paths 0; 2N 1; 1; 2N 1 +1; : : : ; 2N 1 1; 2N 1
with angular orientation separation of 0 =2, followed by (c) a suÆx sequence
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of 2N 1 paths 2N 1; 2N 1 +1; : : : ; 2N 1 with angular orientation separation
of 0 . That is, it is a merge of the sequence 0; : : : ; 2N 1 with the same
0; : : : ; 2N 1 sequence with a shift of 2N 1 1=2.
The alteration of a Æ splitter used to construct a shuer we simply add
blocking segments to the third most (lower and upper) gadgets B3 and B30
so that: (i) type L basic gadget B3 becomes a lower half blocking type 1
basic gadget that lets the 2N 1 paths 2N 1; : : : ; 2N 1 go through the upper
half of the shuer and blocks the 2N 1 paths 0; : : : ; 2N 1 1 (i.e., the pre x
sequence) from going through gadget B3 in the upper half of the shuer, and
(ii) type R basic gadget B30 becomes a upper half blocking gadget that lets
the 2N 1 paths 0; : : : ; 2N 1 1 go through the lower half of the shuer and
blocks the 2N 1 paths 2N 1; : : : ; 2N 1 (i.e., the suÆx sequence) from going
through gadget B30 in the lower half of the shuer. (The blocking in gadgets
B3 and B30 is done as given in Proposition 4.1.)
With these alterations, the resulting shuer simply blocks the above dened pre x sequence and suÆx sequence, and so outputs the above de ned
shue sequence of 2N paths 0; 2N 1; 1; 2N 1 + 1; : : : ; 2N 1 1; 2N 1 with
angular orientation separation of 0 =2.
In this way, the shuer has made the second bit to be the most signi cant
bit (in the binary encoding of the path numbers). In general, at most N
shues can be used to permute the order of the paths so that each path
i now has binary encoded value de ning a Boolean assignment to the N
variables in rotated order, to expose any given Boolean variable. So we can
let the paths go through a sequence of at most N shuers to expose any bit.
As described in [5], in order to lter all the paths whose Boolean variable
Vj is set to 0 (or 1, respectively) we need to repeatedly shue the paths such
that the Vj becomes the most signi cant bit, and then block the lower half
(or upper half, respectively) 2N 1 paths by application of Proposition 4.1.
Summarizing the above, we have
Proposition 4.2 For each of the encoded Boolean variables, N shuers and
one blockers suÆce to lter all the paths where a given Boolean variable is
set to a particular Boolean value.

(Note: furthermore, if we wish to lter those paths encoding particular
Boolean values for a sequence of two or more Boolean variables, we simply
repeat this process for each of the variables.)
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4.3 Stretchers and Filters
We next describe constructions called stretchers. The e ect of a stretcher of
type 1 is to stretch the paths so that they are longer than the canonical path
by a distinguishable amount, where as the e ect of a stretcher of type 0 is to
not to stretch the paths.
In the above, each path i 2 f0; : : : ; 2N 1g was associated with a binary
assignment to N = n + 2m Boolean variables Y1 Z1 : : : Ym ZmX1 : : : Xn, such
that its binary encoded value is i.
We now introduce N 2 addition Boolean variables W1 ; : : : ; WN . Here each
path i0 2 f0; : : : ; 2N (N +1) 1g was associated with a binary assignment to
N (N +1) Boolean variables Y1 Z1 : : : Ym Zm X1 : : : Xn ; W1 ; : : : ; WN , such that
its binary encoded value is i0. Note that the original set of 2N paths lie in the
rst 2N paths of the 2N (N +1) paths, where all the additional Boolean variables Wj = 0. By N 2 repeated uses of the shuer of Section 4.2, extended to
N (N +1) Boolean variables, we can permute these 2N (N +1) paths, corresponding to a rotation of the N (N + 1) Boolean variables as W1; : : : ; WN ; Y1Z1
: : : Ym Zm X1 : : : Xn .
A stretcher of type 1 consists of these N 2 repetitions of the shuer, as
extended to these to N (N +1) Boolean variables, followed by N 2 repetitions
of the ip of the shuer (which reverses these rotations).
Then Lemmas 5.1 and 5.2 imply that if  is the canonical start angle
entering the rst shuer, an path entering B1 at its start point reaches the
target point of B2 in distance which is the same as the canonical path distance
through the transporter, with O(( )2 ) + O(2 ) error, and with output
angle which is a linear function of , with O(( )2)+ O(2 ) error. But due
to the introduction of the N 2 addition Boolean variables, this error in path
length is signi cant; in particular, it is detectable within cN bits. The error
in path length is additive, and so is not reversed by the nal N 2 repetitions
of the ip of the shuer (which reverses the rotations). On the other hand,
the error of angle orientation is reversed by the nal N 2 repetitions of the
ip of the shuer.
A stretcher of type 0 consists of these N 2 repetitions of the merger, extended to these to N (N + 1) Boolean variables, followed by N 2 repetitions
of the ip of the merger.
After exit from either type of stretcher, the N 2 addition Boolean variables W1; : : : ; WN are not used, and the original N Boolean variables Y1Z1
: : : Ym Zm X1 : : : Xn are in their original order.
2

2

2

2
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If we put stretchers of distinct types in the upper and the lower halves
of a merger, we get a construction called the lter. In the case a stretcher
of type 1 is in the upper half of the merger, and a stretcher of type 0 is
in the lower half of the merger, then the lter lters out paths whose most
signi cant bit is 1, i.e. paths whose most signi cant bit is 1 (going through
the lower half of the merger) will have lengths the same as the canonical
path length, while the paths whose most signi cant bit is 0 (going through
the upper half of the merger) will be stretched by a distinguishable amount.
On the other hand, if a stretcher of type 0 is in the upper half of the merger,
and a stretcher of type 1 is in the lower half of the merger, then the lter
lters out paths whose most signi cant bit is 0.
4.4 Transporters
We now brei y describe constructions which are called transporters. The
e ect of transporters are to translate the group of paths either upward or
downward.
An upward transporter consists of a 2 gadget sequence B1 ; B2 where B1
is a type 1 basic gadget and B2 is a type R basic gadget, positioned exactly
the same as the gadgets B1 ; B2 of a merger, so that B2 is a sequel of B1 .
A downward transporter consists of the ip of an upward transporter.
Since a transporter is a R-gadget sequence, Lemmas 5.1 and 5.2 imply
that if  is the canonical angle entering B1 , then for any input angle  on the
interval [ =4; =4], an path entering B1 at its start point reaches the target
point of B2 in distance which is the same as the canonical path distance
through the transporter, with O(( )2 ) + O(2 ) error, and with output
angle which is a linear function of , with O(( )2 ) + O(2 ) error.
4.5 The 3-SAT Reduction
A naive way to \emulate" a clause, say Xi _ Xj _ Xk , is as follows. First
we let the paths to go through a sequence of shuers so that the bit Xi
becomes the most signi cant bit. We let the paths then go through a lter
that stretches all the paths whose Xi is set to 0 by an amount of . Second
we shue the paths again so that Xj becomes the most signi cant bit. We
then let the paths go through a lter that stretches all the paths whose Xj is
set to 1 by an amount of . Finally we do the same for bit Xk as we did for
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bit Xi. Therefore, the binary encoding of a path satis es clause Xi _ Xj _ Xk
if and only if its length is stretched by no more than 2 .
The above method does not work for the following reason. Take an example of path P1 and path P2 and a 3-SAT formula with two clauses. Path
P1 is stretched by 2 for the rst clause and then by 2 for the second clause,
whereas path P2 is stretched by 3 for the rst clause and then is stretched
by for the second clause. This means path P1 satis es the formula while
path P2 does not. However we cannot tell the di erence in path length of P1
and P2. This is where the extra variables Yi; Zi, for i = 1; : : : ; m, are used.
For the ith clause, the bits YiZi specify which of the 3 clause literals the binary encoding will satisfy. Let y1z1 : : : ymzm x1 : : : xn be the binary encoding
of a path (i.e. yi; zi and xi are the Boolean assignments for variables Yi; Zi
and Xi respectively). The binary encoding indicates that the (2yi + zi +1)th
literal of the ith clause should be satis ed by x1 : : : xn.
Proposition 4.3 For a 3-SAT formula, there exists a satisfying binary encoding, if and only if there exists a binary encoding y1 z1 : : : ym zm x1 : : : xn ,
such that 1  2yi + zi +1  3 and x1 : : : xn satis es the (2yi + zi +1)th literal
of the ith clause, for i = 1; : : : ; m.
Recall that Yi is the most signi cant bit i the rst half of the (ordered)
2N paths verify Yi = 0 and the second half of the paths verify Yi = 1. We
shue the 2N paths so that Yi becomes the most signi cant bit. Note that
this shuing corresponds to a rotation of the Boolean variables, where Zi
follows Yi. As a consequence, Zi becomes the next most signi cant bit. Using
these two bits, we divide the paths into 4 groups. A group is labeled j , if
2Yi + Zi + 1 = j . Let Xij be the variable for the j th literal of the ith clause.
For the paths in group j , for j = 1; 2; 3, we send them into a subconstruction
that rst exposes the bit Xij (i.e. makes Xij the most signi cant bit) and
then lters the most signi cant bit to be either 0 or 1 as appropriate.
In the meantime, we block all the paths in path group 4. Finally we
reverse this construction so that all the paths come to a common locations
with di erent orientations.
Let y1z1 : : : ymzm x1 : : : xn be the binary encoding of a path. At this moment, this path is not stretched by an amount of , if and only if 1 
2yi + zi + 1  3 and x1 : : : xn satis es the (2yi + zi + 1)th literal of the ith
clause.
The spatial layout of the clause lter constructions. To insure
that the shuers and lter of the three groups not blocked do not overlap
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or intersect in the plane, we use a sequence of transporters, as de ned in
Section 4.4, to route the rst three path groups into distinct and consecutive
vertical sections of the plane, and then use transporters and mergers to route
them together. In particular, the rst group is routed by a sequence of two
upward transporters, the second group is routed by an upward transporter
followed by a downward transporter, and the third group is routed by a
sequence of two downward transporters. The reverse process is used to route
the groups back together.
Furthermore, to layout the sequence of all the clause lter constructions
we also use a horizontal sequence of transporters, as de ned in Section 4.4,
which clearly provides a planar layout. We de ne the nal point pf to be at
the exit to the nal clause lter.
This completes our description of the construction for ltering all paths
satisfying each given clause of the Boolean formula.
Initialization of the Construction. We have shown that we can arrange the obstacles so that there exist 2N shortest paths from an initial
con guration. The initial location is chosen to be at the start point of the
rst gadget de ned in the construction. To complete the construction, we
apply Lemma ?? to show that the the initial orientation exists (note that
since our NP-reduction is via circuits, we do not need formally compute this
initial orientation; just need to show it exists). For a given , we can determine b by the solution of a quadratic equation given in (??). We need to
specify b only up to bits of precision.
Summarizing the above, and applying Proposition 4.3, we have
Lemma 4.1 The initialization and construction for ltering all paths satisfying all the clauses requires a total of O(N 2 ) mergers, shuers, lters,
and other basic and variant gadgets, which can be placed in the plane without
intersection.

The error analysis of the 3-SAT Construction, and in particular the proof
of Lemma 2.3, is given in Section 5.4. This implies our main result:
Theorem 4.1 Using circuits of polynomial size we can give a reduction
from any given a 3-SAT formula in CNF form with n Boolean variables
and m clauses, with N = 2m + n, to a unit curvature-constrained path
problem with N O(1) segments and speci ed within = O(N 2 ) bit precision, such that the formula is satis ed by a Boolean assignment i there
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is a unit curvature-constrained path of speci ed length L, and otherwise all
unit curvature-constrained paths are of length  L
(2 ).
5

Error Analysis

We will prove here
Lemma 5.1 For any input angle  on the interval [ =4; =4], such that  is
suÆciently close to , the path P () exists and reaches the target in distance
() = () + O(( )2 ) + O(2 ) and with output angle () which is
c0 + c1 ( ) + O(( )2 ) + O(2 ) for constants c0 ; c1 (where the sign of
c1 depends on whether the basic gadget is type L or type R).

We will also show this implies Lemma 2.3.
5.1 Error analysis of the di erence angle of a gadget
sequence
Consider, as in Section 2.2, a gadget sequence S of  basic gadgets, consisting
of a sequence of basic gadgets Bi for i = 1; : : : ; , such that Bi+1 is a sequel of
Bi, for i = 1; : : : ;  1. Let P () be the canonical path of the gadget sequence.
Let () = 0 be the canonical output angle of canonical path P () . Recall
that the di erence angle is the angle from an output ray of canonical path
P () to the output ray of a given path P () .
De ne f (x) = ( + x) 0. What this function does is the following.
Let  be the input angle of a given path P () and x =   be the angle
from the input ray of P () to the input ray of canonical path P (). Note that
for type L basic gadgets, x > 0 if the angle is counter-clockwise and x < 0 if
the angle is clockwise, whereas for type R basic gadgets, x > 0 if the angle is
clockwise and x < 0 if the angle is counter-clockwise.
Then f (x) = () 0

(

)
is the angle from the output ray of P to the output ray of P (). Also, note
that for type L basic gadgets, f (x) > 0 if the angle is counter-clockwise and
f (x) < 0 otherwise, whereas for type R basic gadgets, f (x) > 0 if the angle
is counter-clockwise and f (x) < 0 otherwise. De ne g(x) = f ( x).
De ne
F (S; x) = F () (x) = F (F (: : : F (x)) : : :);
(2)
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such that the ith F (from right) is f (x) if Bi is a type L sequel of Bi 1 and
g (x) if the sequel is type R, for i = 2; : : : ;  . Therefore F (S; x) computes the
di erence angle at the end of a gadget sequence S .
When jxj is close enough to 0, f (x) can be represented by a converging
Taylor series as,
f (x) = a0 +


X
j =1

aj xj + O(2

);

where  > 0 is an integer and that Pj> aj xj = O(2 ), for any x in a
predetermined range. Since f (0) = 0, a0 = 0. Let k be the integer such that
aj = 0, for j = 1; : : : ; k 1, and ak 6= 0.
Let 1 and 2 be two di erent input angles and are represented with
= O(N 2) bits of precision. Let Æi be the output di erence angle (from the
canonical path output angle) for a path with input angle i after a gadget
sequence of  basic gadgets, for i = 1; 2. It is easy to see that to distinguish
Æ1 and Æ2 , it requires ( k ) bits of precision. The number of bits required
is ( kN ) to represent di erence angles after a gadget sequence of O(N ). If
k > 1 we are in trouble since we cannot a ord such a large number of bits
of precision.
Instead of showing that k = 1, we do the following trick to deal with the
case when k > 1. We rotate a basic gadget around the entering point by an
angle of . By doing this, we change an entering angle of x to x + . Let h
be a map that maps an entering angle before the rotation to an exiting angle
(after the rotation). Thus,
h(x)

= f (x + )

X
= aj (x + )j + O(2 )
j =1

=


X
j =1

+
=
=

aj j +

0
1

X
@ jaj j 1 A x

0

X
@ j j
j =1

(

j =1

1)

1
aj j 2 = A x2

2

+ : : : + O(2 )

c0 () + c1 ()x + c2 ()x2 + : : : + O(2
c0 () + c1 ()x + O(x2 ) + O(2 ):
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We require an  > 0 such that c1() 6= 0 so that the angular changes
have nonzero linear terms. Forthermore, this  needs to have at most bits.
To do this, we choose an  randomly, with a uniform random choice, within
the range of small values [0; 2 ]. Since c1() is a non-zero polynomial in
, the Schwartz-Zippel Lemma [17, 15] insures that with probability 1, the
coeÆcient c1() is nonzero. Once such an  is chosen, ci = ci() are constants,
for i = 0; 1; : : :. This proves the part of Lemma 5.1 concerning ().
The di erence angle after a R-gadget sequence is
h(2) (x)

= c0() + c1 ()(c0() + c1()x + ) + O(x2) + O(2 )
(2)
2
= c(2)
0 () + c1 ()x + O(x ) + O(2 );
where h(2) means h(h(x)),
c(2)
0 () = c0 () + c0 ()c1 () + c1 ();
and
2
c(2)
1 () = (c1 ()) ;
so the coeÆcient c(2)
1 is nonzero.
By induction on  we have:
Proposition 5.1 The di erence angle after an  -gadget sequence is
h() (x) = c(0) () + c(1) ()x + O(x2 ) + O( 2 );
(3)
where c(1) = c1 () ; and the coeÆcient c(1) () 6= 0:
Note that the function c(0) is bounded by O(c0() ). Since  is xed, we
only need to provide up to bits of precision for c(0) and c(1) .

5.2 Path length of gadget sequences
Consider, as in Section 2.3, a canonical path of a gadget sequence. By Lemma
2.2, the canonical path of a gadget sequence S is a shortest path from the
start point s of S to the end point t of S , among all paths from (s; 1 ) to
(t; 2 ), where i 2 [0; =2], and the length of the canonical path is , where
 is the number of basic gadgets of S and  = (), where  is as de ned in
(1).
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There exists a small real number 1 > 0, such that if 1 <   < 1 ,
then () can be represented by a converging Taylor series,
() = () +


X
j =1

dj (

)j + O(2

);

where  > 0 is some integer and that Pj> dj ( )j = O(2 ) for all
 2 [ 1 ;  + 1 ], and dj are real constants. Since  = () is a minimum,
and we have avoided extrema where  is =4 or =4,
This implies that

d
j  = 0:
d =

Proposition 5.2 d1 = 0.

This proves the part of Lemma 5.1 concerning ().
Then there exists 2 > 0, such that 2 < 1 and that
jX
=
j =2

(2 )j < 2

:

(4)

Hence there exists  , 0 <  < 2 , such that the accumulation of path
length error (as given in (4)) over a gadget sequence of  = O(N 2) basic
gadgets is no more than 2 . This proves Lemma 2.3.
5.3 Error analysis of a variant gadget
Consider, as in Section 2.4 and Figure 4 a variant gadget B(Æ) derived from
basic gadget B. Recall the angle, oriented clockwise, between segment vt and
segment v0t0 is Æ if the variant gadget of type L, and the angle is Æ if the
variant gadget of type R. We assume the angle between segment vt and ` is
oriented clockwise. We also assume that Æ = o(2 ).
Let Æ () and Æ () be the path length and the output angle of PÆ() ,
respectively. We can represent by converging Taylor series (extending the
above proof for functions () and () of the basic gadget) the variant
gadget functions Æ () and Æ (), as follows:
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There exists a small constant real number 1 > 0, where for all  such
that 1 <   < 1 , we have:
Æ (Æ + ) = Æ + d0  2 + O( 3 );
(5)
and
2

 0
(6)
Æ (Æ + ) = Æ + c  + O ( );
where d0, and c0 are some constants. Hence we have:
Lemma 5.2 For any input angle  on the interval [ =4; =4], such that 
is suÆciently close to Æ , and for suÆciently small Æ; the path PÆ() exists and
reaches the target in distance Æ () = Æ (Æ ) + O(( Æ )2 ) + O(2 ) and
with output angle Æ () which is c00 + c01 ( Æ ) + O(( Æ )2 ) + O(2 ) for
constants c00 ; c01 (where the sign of c1 depends on whether the basic gadget is
type L or type R).

This also implies (as in the proof of Lemma 2.3) Lemma 2.5.
5.4 Error Analysis of the 3-SAT Construction
Finally, to show that the 3-SAT construction works, we have to show the
following two things. First, we have to show that the 2N paths have the same
length as the canonical path up to = cN 2 number of bits of precision, i.e.,
the accumulated error in path length over all the gadgets is no more than
2 . Second, we have to show that the 2N paths are distinguishable with
bits of precision, i.e., we can construct 2N paths such that the output angles
of these paths are all di erent with bits of precision.
Since each path has to pass through O(N 2) gadgets, to show the rst
claim, it is suÆcient to show that for each gadget, the di erence in path
length is no more than 2 =O(N 2). Let 0 = ( =2 + log ). Let  be an
input angle; we require that j j < 2 . By Lemma 5 and Lemma 12,
we have that () can be approximated as a polynomial in ( ) and its
second coeÆcient (for the linear term) is 0. This implies that j() ()j =
O(( )2 ) = O(2 2 ) = O(2 2log ) = O(2 = 2 ) < 2 =O(N 2 ).
On the other hand, we also require that j j  2 3 =4. The intuition
behind this is that we don't want input angles which are too close to ,
because the output angles may also become too close to the canonical output
angle to be distinguished within bits of precision. Recall that the di erence
0

0
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angle has a linear term c(1) ( ) as proved in Lemma 10, where c(1) = c(1) ()
depends on a small rotation angle . We can choose an  such that c(1) 
2 =4. This implies that the di erence angles cover a range of [2 ; 2 3 =4 ]
and [ 2 3 =4 ; 2 ]. This range contains at least 2 =4 distinct values within
bits of precision. Therefore we have enough di erent output angles to make
2N paths. This concludes the NP-hardness proof (Theorem 4.1) of the 2D
curvature-constrained shortest-path problem.
6

Open Problems and Acknowledgments
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