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Abstract. Self-assembly has been immensely successful in creating complex patterns at the molecular scale. However, the use of self-assembly
techniques at the macroscopic level has so far been limited to the formation of simple patterns. For example, in a number of prior works,
self-assembling units or tiles formed aggregates based on the polarity of
magnetic pads on their sides. The complexity of the resulting assemblies
was limited, however, due to the small variety of magnetic pads that were
used: namely just positive or negative polarity. This paper addresses the
key challenge of increasing the variety of magnetic pads for tiles, which
would allow the tiles to self-assemble into more complex patterns. We
introduce a barcode scheme which potentially allows for the generation
of arbitrarily complex structures using magnetic self-assembly at the
macro-scale. Development of a framework for designing such barcode
schemes is the main contribution of the paper. We also present a physical model based on Newtonian mechanics and Maxwellian magnetics.
Additionally, we present a preliminary software simulation system that
models the binding of these tiles using magnetic interactions as well as
external forces (e.g. wind) which provide energy to the system. Although
we have not performed any physical experiments, nevertheless, we show
that it is possible to use the simulation results to extract a higher level
kinetic model that can be used to predict assembly yield on a larger scale
and provide better insight into the dynamics of the real system.

1
1.1

Introduction
Motivation

Self-assembly is a process where small components spontaneously organize themselves into a larger structure. This phenomenon is prevalent on all scales, from
molecules to galaxies. Though self-assembly is a bottom-up process not utilizing
an overall central control, it is theoretically capable of constructing arbitrarily
complex objects.
One of the most well-studied sub-fields of self-assembly is molecular selfassembly. However, many interesting applications of self-assembling processes
can be found at a larger scale. Massively parallel self-assembling systems present

a promising alternative to conventional manufacturing (which mostly uses sequential pick-and-place assembly). There are many examples of self-assembling
systems at this scale which may be relevant to robotics and manufacturing such
as self-assembled monolayers, the patterned assembly of electronic components
and MEMS devices and the assembly of micro-robots and/or sensors.
In this paper, we explore magnetic self-assembly with the ultimate goal of
discovering the practical limits for its use in manufacturing and computing systems. Most of the related work described below focuses on the demonstration of
macro- and micro-scale self-assembly. However, this paper focuses more on the
design issues relevant to the generation of more complex structures using our
novel barcode scheme.
1.2

Previous Work

Recent work in the field of macro-scale self-assembly include development of
systems based on capillary interactions among millimeter-scale components either floating at a fluid-fluid interface or suspended in an approximately iso-dense
fluid medium [1–9]. In fact, this technique has been adopted commercially [10,
11]. Rothemund [12] demonstrated the use of hydrophobic and hydrophilic interactions to generate self-assemblies of moderate complexity and scale. His work
was notable since it is the only work which demonstrated computational selfassembly at the macro-scale.
Magnetic Passive and Active Assemblies Magnetic assembly [13–15] is a
form of macro-scale self-assembly that is directed by magnetic dipole interaction. One successful application of magnetic assembly is the spontaneous folding
of elastomeric sheets, patterned with magnetic dipoles, into free standing, 3D
spherical shells [16]. This technique has been shown to generate relatively simple
structures, largely due to the limited nature of the magnetic interactions. This
kind of self-assembly is also known as passive self-assembly since assembly takes
place without external control. Here we address the key challenge of going beyond such limitations and aim to design more complex structures via magnetic
assembly. To increase the complexity of magnetic assemblies, Klavins et al. [17]
developed programmable units that move passively on an air-table and bind to
each other upon random collisions. These programmable units have on-board
processors that can change the magnetic properties of the units dynamically
during assembly. Once attached, they execute local rules that determine how
their internal states change and whether they should remain bound based on
the theory of graph grammars [17]. This form of assembly is referred to as active
assembly. However, our goal is to generate complex magnetic assemblies without
the use of on-board processors (i.e. passive assembly).
Computational Molecular Self-Assemblies In 1966 Berger proved that, in
theory, universal computation can be done via tiling assemblies [18]. This essentially showed that tiling assemblies can generate arbitrarily complex structures.
However, these theoretical ideas were not put to practice until much later.

In 1982, Seeman [19] proposed that DNA nano-structures can be self-assembled
by using Watson-Crick complementarity and thus DNA can form the basis of
programmable nano-fabrication (This was later demonstrated in the 1990s). A
seminal paper by Adleman [20] in 1994 used one-dimensional DNA self-assembly
to solve an instance of the Hamiltonian path problem, thus establishing the
first experimental connection between DNA self-assembly and computation. This
work inspired Winfree [21] to apply the theory of Wang tiles to show that twodimensional DNA self-assembly is capable of performing Turing Universal computation. This proposal was later verified experimentally with the demonstration
of a Sierpinski Triangle pattern composed of DNA tiles [22].
1.3

Our Contribution

The goal of this paper is to develop techniques that will allow the self-assembly
of complex structures at the macro-scale. This task is quite challenging, since
the available binding mechanisms (using magnetic and capillary interaction) currently used at the macro-scale provide only for binary binding (e.g., positive and
negative in the case of magnetic binding and hydrophobic/hydrophilic interactions in the case of capillary binding). By contrast, DNA provides a large number
of specific bindings through the use of complementary pairs of DNA sequences
that can hybridize selectively. Here, we mimic the techniques and principles of
molecular self-assembly to build complex structures at the macroscopic level.
The key challenge is then to extend the binding mechanisms at this scale to a
much larger number of specific bindings, rather than just two. We achieve this
by using a magnetic barcode technique described in this paper.
Our testbed is an example of a distributed system where a large number
of relatively simple components interact locally to produce interesting global
behavior. Square programmable tiles float passively on a forced air-table, mixed
randomly by oscillating fans (simulates Brownian motion of the molecular scale).
The tiles have a magnetic encoding on each of their faces. When they collide,
if the facing poles are exactly complementary, the tile faces bind to each other
and this process repeats to generate our desired final structure.
We discuss how our barcode scheme relates to achievable shapes and how we
can optimize our tile design. We further describe how a rigid-body simulation
environment can be used to model the testbed and performed very preliminary validation of the feasibility of using self-assembly of magnetic tiles (with
barcoded pads) for the generation of patterned lattices using our simulation system. We conclude with a discussion on scalability issues and how we can use our
simulation results to predict yields in larger scales. Since we are yet to perform
physical experiments, the emphasis in this discussion is the methodology that
makes it possible to extract high-level parameters from the low-level simulation
environment.
1.4

Organization of the Paper

Section 1 introduces the main theme of the paper: using magnetic barcodes to
direct tile-assembly. Section 2 presents the overall scheme, in particular the bar-

code scheme and the set of achievable shapes. Section 2.3 discusses the various
combinatorial, thermodynamic and physical optimization rules that can be applied to improve the yield of assembly. It also presents techniques from robot
motion planning that can be applied as well to improve tile designs. Section 3
presents the simulation model and some preliminary results from simulating a
simple two-tile system. It also discusses the feasibility of extracting a higher level
kinetic model based on assembly/disassembly rates from the low level physical
simulation model and includes a discussion on scaling of the system and yield
optimization. Finally Section 4 concludes the paper with some future directions.

2

Design of a Magnetic Self-Assembly System

Self-assembly at the macro-scale can happen through a wide range of forces
viz. gravitational, electrostatic, magnetic, capillary, etc. In the past, the driving
force has been mostly capillary interaction [23]. An important point to note
here that the choice of the driving force depends on several factors like scale
and magnitude of the force, environmental compatibility and influence of the
interactions on the function of the system. We have chosen to use magnetic
force as the driving force for our self-assembling system mainly because magnetic
interactions are insensitive to the surrounding medium and are independent of
surface chemistry. Also range of magnetic forces can be engineered so as to
control the long-range and short-range interactions between components. This
is important because a key issue in the design of programmable self-assembly is
the recognition between components, governed by the design, surface chemistry
and topology of the interacting surfaces.
2.1

The Overall Scheme

The overall design of our system is as follows: the main component of our selfassembling system is a set of square wooden tiles. Each edge of a tile is lined
with a sequence of magnetic dipoles. The latter is perpendicular to each face and
can either have their north pole or south pole facing out. A typical encoding on
a tile face may be {NNNS} where N or S denotes whether the north pole or the
south pole of the dipole is facing out of the tile. The tiles float on a custom made
air-table. A set of fans are placed around the air-table and mix the tiles. Thus all
the interactions between the tiles are due to chance collisions. The idea is that if
a tile face (e.g. with encoding {NNNS}) collides with a tile face with matching
encoding (i.e. {SSSN}), they stick together, thus resulting in an assembly (Fig.
1).
2.2

The Barcode Scheme and Achievable Shapes

In the context of our magnetic self-assembly a barcode is a series of bar magnet
poles that face out of the tile on any face (e.g. NSN and SNS as in Fig. 1). If
we have a n character long barcode on each face of every square tile in our tile
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Fig. 2. Examples of Complex Assemblies: (a) Unary Square, (b) Binary Tree, (c) Binary
Counter, (d) Beaver Square, (e) Spiral, made with XGROW [25].

binding interactions is limited due to imperfect specificity of binding. It should
be mentioned here that Adelman et al. [27] later proved a tighter bound of
logN
Θ( loglogN
) for the minimum number of distinct tiles required to assemble a N ×N
square uniquely, by demonstrating that self-assembly can compute changes in
the base representation of numbers. A further decrease was achieved by Kao et
al. [28] who proved that using a sequence of O(m) changes in τ (where m is
an arbitrarily long binary number), a general tile set of size O(1) can uniquely
assemble any N × N square.
For arbitrary shapes (e.g. non-squares) no such tight bounds exist as yet.
However, Soloveichik et al. [29] recently showed that the minimal number of
distinct tile types required to self-assemble an arbitrarily scaled structure can be
bounded both above and below by the shape’s Kolmogorov’s complexity where
Kolmogorov Complexity of a string I is defined to be the length of the shortest
program that computes or outputs I, when the program is run on some fixed
reference Universal computer.
2.3

Tile Programming

This section describes our barcode design scheme. We will sometimes refer to
the barcode on a tile face as a word. Here our goal is to design a set of words
such that the energy difference between a pair of perfectly matched faces and

a pair of partially or completely unmatched faces is maximized. Tulpan et al.
[30] proposed a DNA-design algorithm based on local search approach that can
be utilized for our magnetic barcode design with minimal modifications. The
algorithm takes as input: the length of each code word, the number of unique
codewords that need to be generated and a set of constraints that the output set
must satisfy. We describe some of the constraints for magnetic tile design below:
Combinatorial Optimization Some examples of combinatorial constraints
[31] are as follows:
1. The number of mismatches in a perfect alignment of two tile faces must be
above an user-defined threshold. For instance if a tile face encoded as NNNN
aligns up with a face encoded as SNSN then there will be two mismatches in
such an alignment. Note that mismatches need not be consecutive and can
be minimized using prefix codes and Hamming distance maximization.
2. The number of mismatches between a perfect alignment of one tile face
encoding and the complement of another tile face encoding should also be
above some threshold.
3. The situation of tile binding can be made more complicated by the presence
of a slide match configuration (e.g. when a tile face bearing NNNSSNSNSN
matches with another tile face bearing NNSNSNSNNS starting at the fourth
location on the second face and the first one for the first tile). Hence the
number of mismatches in a slide of one tile face over another must be above
some threshold. The problem of slide match configuration can be handled
using shift distinct codes or complementary shapes for tile faces.
4. The maximum number of consecutive matches between all slides of one tile
face encoding over the other must be in an user defined range.
Thermodynamic Optimization Thermodynamic constraints are based on
the free energy of a pair of tile binding. The free energy of an assembly is not just
a function of the encodings, but also the number, orientation and speed of fans
and number of tiles. However, any model incorporating so many free parameters
will be quite complicated. Hence, for simplicity, we will assume that the sole
contributor to free energy in our case is the magnetic interaction between two
tile faces when they are perfectly aligned. Effects of adjacent faces (e.g. north and
east) can be neglected because of shielding (Section 3.1). Some thermodynamic
constraints used in the algorithm [31] are as follows:
1. The free energy of a perfect match must be below a given threshold.
2. The free energy of a code word and the complement of another code word,
two words or two complements must also be in a desired range.
Eventually, the goal is to obtain a positive free energy gap between the perfect
match and imperfect matches of a code word.
Since our magnetic assembly is a mechanical system, we will also take some
physical factors into consideration while designing tiles.

Physical Optimization We can minimize intra and inter-magnetic cross-talk
using the following techniques [Fig. 3]:
1. Large tile to magnetic dipole size ratio (minimizes interaction between adjacent tile faces).
2. Barcodes towards the center of the face (minimizes interaction between adjacent tile faces).
3. Use of spacer sequences, thus increasing the alphabet size.
4. Use of long thin magnets, essentially minimizing the effect of one pole on
another.
5. Use of magnetic shields. (a coating of soft iron on the magnets prevents
coupling of flux lines between two adjacent bar magnets). An alternative
method is to use Halbach array, which is a special arrangement of permanent
magnets that augments the magnetic field on one side of the device while
canceling the field to near zero on the other side [32]. Although in this scheme
we can intensify the magnetic field at the end of the tile faces and minimize
it at the other end of magnetic arrangement, the method cannot handle
sideways magnetic crosstalk.
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2.4

Improving Tile Designs using Motion Planning Studies

3 Tile Programming
Complementary shape matching [Fig. 3] is a useful technique in optimal tile
design [33]. We can verify the “goodness” of a match using a motion planning
technique called a probabilistic roadmap [34] which is mostly used to check the
connectivity of a collision free path in a high-dimensional space. It can also be
used to capture the extrema of a continuous function (e.g. potential energy)

e Barcode Scheme

the context of our magnetic self-assembly a barcode is a series of bar mag
les that faces out of the tile on any face. For instance NNNNSSSSSSS wher
notes North Pole and S denote South Pole. Evidently if we have a n character lo
rcode on each face of every square tile in our tile set then number of distinct t
24n . However, there can be different types of assemblies. At one extreme the

over high-dimensional space [35] since this map captures the connectivity of
the low energy subset of the configuration space in the form of a network of
weighted pathways. In our context, it can be used to study the potential energy
landscape of a two tile assembly. Specifically it will be interesting to find out
whether an energetically favorable path exists between any randomly generated
configuration for the tiles and its final bound state and if it exists, compute the
energy barrier. Further, it may be useful to study how the energy barrier varies
with various complementary shapes and depth of the binding site.
The conformational space for a two-tile system with one fixed tile and another
with some initial velocity is essentially three-dimensional (x, y and θ). The energy
function is based on the magnetic interaction model (See Sect. 3.1). Milestones in
this configuration space are generated randomly using rejection sampling where
the probability of accepting a milestone depends on the tile configuration. An
edge exists between any two milestones in the configuration space if the path
between them is energetically favorable and the weight is determined by the
energy of the path. Once the graph is constructed there are many ways to use
it. One typical query is the shortest weight path between two configurations;
another query is to use it to characterize a true binding site based on the energy
barrier mentioned above.

3
3.1

Simulation of a two tile system
Simulation Model

Since actual experimentation would require elaborate patterning of tiles and
careful placement of fans with appropriate driving force, we evaluated our barcode scheme by simulating a two tile assembly. This section presents the physical
model underlying the simulation.
Tile Motion Model The air-table provides a two-dimensional fluid environment for the tiles. As tiles traverse the testbed, they will lose kinetic energy due
to friction and variations in their air cushion. In our model, we assume that our
air-table surface has a very low coefficient of friction, minimizing energy losses
as the tiles traverse on the air-bed.
Fan Model We use an exponentially decaying function to model the fans. Our
→
simulation assumes that the potential energy Ef is a function of the distance −
r
2
−|r|
from a tile to a fan and takes the form of Ef = e
. Hence the fan force can
be obtained as the gradient of potential energy. Interestingly, the oscillating fans
simulate the Brownian motion which is the main driving force behind diffusion
and self-assembly in the molecular level.
Collision and Friction Model We assume that the coefficient of restitution
between two tiles is small to allow short-range magnetic forces decide whether

a binding event will take place or not. Our friction model is essentially an approximation of Coulomb’s friction model.

Magnetic Interaction Model Since the magnets are glued to the tile surface
and are shielded, intra-tile magnetic interaction is negligible. For interfacing tiles,
our design ensures that only the magnets on the nearest face will have any effect
on a given bar magnet.

Magnetic Dipole Approximation : We approximate our bar magnets as magnetic
dipoles. We do not have any source of electric current in our system; so Maxwell’s
equations for magnetostatics apply in this case specifically,

− −
→
→
5·B =0
→ −
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→ 4π −
→
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(1)

→
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where B is the flux density of the magnet and J is its electric current density. If
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→
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m. B ). In particular, suppose we want to compute the force experienced
→
−
by a magnet M1 on tile T1 due to the magnetic field B 2 of a magnet M2 on tile
→
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→
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We can compute the dipole moment of a bar magnet of length l and square
cross-sectional area with a = 4r2 as follows. With long thin magnets, we can
approximate the bar magnet with a cylindrical bar magnet which can be further
approximated by a solenoid which is l units long, has N turns each of which has
area πr2 sq units and current i. The magnetic field at the end of the coil is
µ0 N i
B0 = √
2 l2 + r 2

(4)

and following the analogous calculation for an electric dipole, the magnetic dipole
moment
2B0 al
|M | = √
(5)
l2 + r 2
and the direction is from the north pole to the south pole. In our case the |M |
is same for all magnets and can be set to some pre-defined value.
FEMM Simulations : We used Finite Elements Method Magnetics[36] to verify
the effect of all the techniques described above. FEMM has a much greater
capacity to represent physical situation than the rigid body simulation. The
results in Fig. 4 clearly shows that magnetic shielding is an effective technique
for minimizing magnetic crosstalk.

Tile Motion Model Once the individual forces have been calculated, we can
model the tile motion. On the testbed, a tile’s motion is described in terms of
2
2
its two-dimensional linear acceleration ( ddt2x , ddt2y ) and one-dimensional angular
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lines surrounding the magnet.
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Fig. 4. FEMM Simulations showing the effect of magnetic shielding: left tile has minimum magnetic crosstalk due to magnetic shielding on its dipoles unlike the right tile
with no shielding on its dipoles.
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acceleration ( ddt2θ ):
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where g is the acceleration due to gravity, m is the mass of the tile, I is the
moment of inertia about the axis passing through its centroid perpendicular to
−→
the bed, µ is the coefficient of friction, Fm is the magnetic dipole force, −
τ→
m is
−→
→
the torque exerted on the tile by the force Fm acting at the magnetic point −
r
relative to the tile’s center of mass. For simplicity, we apply the fan force to the
center of the tile making the torque due to the fan force equal to zero. Tiles also
receive impulse forces and torques when they collide with each other or the sides
of the air-table. The force and torque imparted during these events conserve
linear and angular momentum but not kinetic energy, since the collisions are
partially inelastic.
3.2

Fig. 5. Effect of magnetic shielding on magnetic bi
of two tiles with polarity of the magnets facing out
tiles with polarity of the magnets facing out bein
view), (d)Dipole-dipole interaction with shielding(
Preliminary Simulation Results

Our simulation uses the Open Dynamics Engine [37] library, which can compute
trajectories of all the tiles and determine the results of the collisions. The goal
of our simulation is to discover the range of the magnetic force effective for tile
binding in the absence of wind energy. Here, one tile has fixed position and the
other tile has an initial random position. We gave the second tile some initial
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permanent magnets were 14 × 2cm2 and they
dipole size is 150 : 1. In an isolated environm
of 10−1 T at the outer ends of the magnets wh

Fig. 5. (Top to Bottom, Left first, then Right) A simulation snapshot of two selfassembling square magnetic tiles (decorated with four bar magnets on each face and
without complementary shapes) based on the original simulator from Klavins et al.
[17].

velocity and computed the likelihood of a correct match, given the kinodynamic
(position, orientation and velocity) constraints on this tile. Note that by providing the random initial velocity we are essentially simulating the exponentially
decaying potential function of the wind energy source. It is important to note
here that in our simulation, we call two tile faces connected if the corresponding
matching dipoles are within some pre-defined threshold distance. Also, for estimating the likelihood of match in any simulation, we declare the tiles connected
only when they remain connected until the end of the simulation.
Our air-bed is 2 m wide and 2 m long. The air-table has a very small coefficient of friction, specifically 0.0005. The dimension of a tile is 43 × 43 × 1.3
cm3 while that of each bar-magnet is 1 × 1 × 0.3 cm3 . This ensures a large tile
to dipole size ratio. Each tile has a mass of 100 g. The frictional coefficient between two tile surfaces is assumed to be 0.3 while the coefficient of restitution
for inter-tile collision is 0.01. An example simulation of a two-tile assembly is
shown in Figure 5. It should be remembered that the emphasis of this paper is
the design framework and hence we presented only preliminary experiments.
3.3

Interpretation of Simulation Data

Kinetic Model The low-level simulation model based on Newtonian mechanics
and Maxwellian magnetics serves as the basis for a higher level kinetic model
based on on/off rates, very similar to chemical kinetics [38]. Chemical kinetics
is useful for analyzing yields in large assemblies and understanding assembly
dynamics without having to consider the innumerable free parameters in the
low-level physical model. Although the number of tiles in our preliminary experimental setup is quite small and is not very suitable for deducing higher level
model parameters, the goal here is to establish the feasibility of the process. Hence
if we model tile attachment as a Poisson process, their on-rates λon will be exponentially distributed. We, however, use the simulation data with Monte Carlo
Integration to estimate λon . Similarly, the off-rate can be determined using the
data on time interval between when the tiles are attached and disconnected.
Figure 6 gives the probability distribution of a correct match in an assembly
when the relative orientation of the two tiles is in (− π2 , π2 ), relative velocity is in
(0, 1.3m/s) (based on tile mass and dimensions) and relative distance between
(0, 2.82m) (based on the dimensions of the air-table). Unfortunately, there is
no reality check on this probability distribution since we have not performed
any physical experiments. Consequently this discussion is meant to present the
feasibility of such an interpretation and its related benefits. As a part of future
work, we intend to perform an actual validation with real data.
Scaling of the Simulation System We consider two types of scaling. In the
first interpretation, we consider the relationship between the yield of assembly
and the number of component tiles in the system. Intuitively, if the system is
too crowded, random collisions are not possible. However, if the system is well
mixed such that random collisions are possible, then, the yield of an assembly

over 104 simulations which is 5.334828
is 2.717822 × 10−1 s−1 .
Overall probability for a correct match
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is directly proportional to the number of component magnetic tiles. We discuss
more on yield optimization in Section 3.3.
Another interpretation of scale is the length scale. A major limitation to
down-scaling our system is the rapid increase of the magnitude of the interactions
between magnetic dipoles with the decreasing size of the particles [39]. The dipole
dipole forces are attractive and scale as d−4 where d is the distance between their
centers. In particular, in the nanometer scale, there is a critical length beyond
which coercivity almost vanishes and the material becomes superparamagnetic
[40].
Yield Optimization Since our low-level physical model leads to a model similar
to a chemical kinetics model, it is possible to extract the steady state component
distribution and hence use this information to design better tiles. In particular, if
we interpret the system as a Markov process then we can use Master’s Equation
[38] to obtain the time evolution of the probability of the system to adapt one
of the exponentially many configurations. We can derive the average behavior of
the system using Kolmogorov’s Forward Equation [41] and, thus, compute the
expected number of tiles of each type in the steady state. Based on the Markov
Chain interpretation it is also possible to construct a linear program in order
to obtain the probabilities that would maximize the yield subject to the rate
constraints, as was done by Klavins et al. [42] for active magnetic assembly.
However, our system is essentially passive, hence the best we can do is to use

these values to make small changes in the parameter space and alter the effective
on and off rates and hence make incremental improvements to our yield.

4

Future Directions

One of the immediate goals is to extend the simulation model to a multi-tile system with fans. However, the significance of demonstration of an actual magnetic
assembly cannot be undermined. Hence, one possible future direction will be the
actual demonstration of the assembly and then a comparison of the experimental
and simulation results, particularly the yield and the size of assembly. Another
possible direction is to study the potential of a magnetic self-assembling system
in three dimensions. The situation becomes more complicated in 3D due to the
increase in the degrees of freedom. We would also like to study our encoding
technique in a more general manner so that it can be applied to any macro and
micro-scale self-assembling system. For instance, one possible direction can be
the study of complex self-assembly using the capillary interaction of MEMS tiles
patterned with wetting codes. Nonetheless, as an enabling technique, our hope is
that this assembly approach will be applicable to generic tiles for the generation
of arbitrary complex macro-scale systems.
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